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Chapter 1

Introduction

Classical switched power converters have some limitations in high voltage appli-
cations. They commonly require switching and passive energy storage compo-
nents with operating voltages higher than the output voltage [1],[2]. With the
increase of high voltage applications (several kilovolts), these converters, such
as boost and buck, need high voltage and fast switching components, which are
not fabricated with current technologies.

At the beginning of the 1990s, a new breed of power converters, called mul-
tilevel converters, appeared; these converters solved the problem of the high
voltage on classical converters using a series connection of several basic cells [3],
[4], [5], [6]. This technique allows the converter to manage high voltage using
low voltage components. Multilevel converters have shown a good performance
in high power applications [7], [8] for DC/DC [9], [10], [11] and DC/AC [12],
[13], [14] conversion.

Within the multilevel topologies, there are some that use only capacitive
storage elements such as Flying Capacitors and Ladder. Despite this type of
converters, called switched capacitors converters, are widely used nowadays [15],
[16], [17], due to its principle of functionality, they produce undesirable losses
due to the capacitors charge process [18], [19]. Moreover, conduction and switch-
ing losses in the semiconductor devices and losses in the ESR of the capacitors
occur because of the current spikes when two capacitors are interconnected [20],
[21], [22], [23]. In [24], these current spikes are reduced using resonant tech-
niques adding a small inductance in series with the capacitors, minimizing also
the switching losses. Nevertheless, at high frequencies these inductors contribute
to the converter losses [21].

Average models are widely used to obtain equivalent linear models of hybrid
and non linear systems [25]. This eases the design of a control law allowing to
use classical control design techniques [26, 27]. One of the possible applications
for the average model is to find equilibrium points and admissible references in
switched systems when the switching devices are assumed to be ideal [28].

The averaging technique is commonly used in power electronics (switching
power supplies). It allows to remove the nonlinearities of the switching devices
and obtain equivalent linearized models [29, 1, 30, 31, 32, 33, 34, 35]. Indeed,
classical average models work under the assumption of slow state space dynamics
compared to the period of one switching cycle. Although the classical technique
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Introduction

is simple, the assumptions of slow switching are not always fulfilled, leading to
inaccurate models. In [36] several modeling techniques, such as Fourier series
[37] and discrete time models [38] are reviewed. Also in [39] and [40] some
drawbacks of the classical average model are discussed and alternative methods
are mentioned. A modeling technique using series expansion, explained in more
detail in [41, 42], corrects the error of the classical average model, nevertheless,
it requires the assumption of a triangle ripple function in order to correctly
estimate the average; this technique is also applied to a current control power
converter in [43].

This document is organized as follows

Chapter 2

In this chapter three DC/DC ladder multilevel converters are compared. The
first one is the classical ladder topology and the two other topologies presented
are based on the classical one. A mathematical calculation of the output re-
sistance and the gain of the converter as a function of the number of levels is
carried out for the three topologies in order to estimate the voltage drop due
to the output current. These calculations are validated with simulations and
experimental results. Finally, the behavior of the three topologies is compared
through experimental tests. Results show higher performance for the presented
converters compared to the classical ladder.

Papers derived from this chapter: [44], [45], [46]

Chapter 3

In this chapter, a new technique of continuous modeling for switched systems
represented as piecewise LTI systems over the state space variables is proposed.
A procedure to calculate the Root Mean Square (RMS ) value based on this
technique is also enounced. In order to validate these models, a numerical ex-
ample with a DC/DC power converter is used. The calculations of the state
space matrices using the proposed model are performed and compared with the
classical average model, and the time response is contrasted with simulations
demonstrating its effectiveness. A linearized model of the proposed continuous
model is obtained numerically due to its analytical complexity, and the fre-
quency response for both models is also analyzed. The calculation of the RMS
is validated with simulations.

Paper derived from this chapter: [47]

Chapter 4

In this chapter, different control methods for a classical ladder multilevel con-
verter (CLT) (three levels) are evaluated. An analysis of the classical average
model allows to chose an operation point. With the set of operation points, an
uncertain model of the converter is constructed. Moreover, perturbation vari-
ables and performance masks are also defined. All this information is used to
design an H∞ “mixed sensitivity” and µ (DK) control laws for the uncertain
case. The performance and robustness of the different controllers are compared
through simulation with a classical PI control law.

Paper derived from this chapter: [48]
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Chapter 5

The ladder multilevel converter uses switched capacitors in order to transfer
energy between its input and its output. These types of converters have fast
dynamics on each switching state compared to the switching frequency which
produces model inaccuracies when the classical averaging modeling technique
is applied. In this chapter two ladder multilevel converters (classical ladder
topology (CLT) and double ladder topology (DLT)) are analyzed using a new
averaging modeling technique. The CLT is analyzed using the classical and the
new technique and the results are compared in order to illustrate the need of
the procedure. Finally, a DLT converter of eight cells is analyzed and opti-
mized for a glow discharge applications and some efficiency results are validated
experimentally.

Paper derived from this chapter: [49]

Chapter 6

An accurate modeling technique is important in order to design a model-based
control law. For switched system the classical state space averaging is a widely
used modeling technique. However, this technique works under the assumption
of slow dynamics of the state space variables. For certain power converters, such
as switched capacitor converters, this assumption is not satisfied. In this chap-
ter, comparisons of stability of robust control laws designed with the classical
average are carried out in order to illustrate the need of a more accurate mod-
eling technique. A ladder multilevel converter is modeled and analyzed using a
new modeling technique for switched systems and its effectiveness is validated
with experimental measurements. A robust control law is designed for a glow
discharge application and its performance is tested experimentally.
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Chapter 2

Analysis and Comparison of
Three Topologies of the
Ladder Multilevel DC/DC
Converter

2.1 Introduction

The equivalent circuit of a switched capacitor converter in steady state is il-
lustrated in Fig. 2.1. This equivalent circuit consists of a DC/DC transformer
with turns ratio N and an equivalent output resistance Rout which represents
all the losses and the output voltage dropout [9].

Vin

1 : N Rout

load

−
V
o
u
t
+

I o
u
t

Figure 2.1: Equivalent model of a switched capacitor converter

This chapter analyzes the classical ladder multilevel topology and two vari-
ations. A general mathematic expression of Rout for the three topologies as a
function of the number of cells is derived. In [23], the calculation of Rout is
based on a state space model, this requires the re-computation of the matrices
when a new cell is added or removed. The method proposed in this chapter
allows the calculation of Rout as a function of the number of cells and without
the computation of the state space matrices. The analysis proposed is validated
through simulation and with experimental measurements using a prototype cir-
cuit. Finally it is demonstrated which topology produces less output resistance.
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Analysis and Comparison of Three Topologies of the Ladder Multilevel DC/DC
Converter

2.2 Classical ladder topology (CLT)

The classical ladder topology, shown in Fig. 2.2, is a simplified form of the flying
capacitors topology. Both topologies (Classical ladder and Flying capacitors)
are compared in [50]. The simplicity of the ladder topology is demonstrated
since it requires less control signals an less switching and capacitive components
[51]. As in [44], the converters studied in this work are analyzed as voltage
elevators. However, since these converters are bidirectional [52], the analysis
can be extended to step-down applications.

This topology requires only two control signals, HC1 and its complementary
HC2. These control signals have a constant duty cycle d equal to 50%, leading
to an ideal output voltage with Nc cells of

Vout = (Nc + 1)Vin (2.1)

and the number of necessary capacitors NCap and switches NS , as follows

NCap = 2Nc

NS = 2Nc + 2
(2.2)

HC1

HC1

HC1

HC2

HC2

HC2

C2Nc

C2Nc−1

C3

C2

C1

Vin

+
V
o
u
t

−

Iout

2Iout

(2Nc − 1)Iout

2NcIout

(2Nc − 2)Iout

Iout

load

2NcIout

2NcIout

Figure 2.2: DC/DC voltage multilevel elevator in CLT with Nc cells. HC1

denotes the half-cycle 1 and HC2 the half-cycle 2. Average currents are shown
during each half-cycle. The current through the switches is 2Iout except for
those at the bottom cell.

The analysis of this topology is performed over its basic cell, shown in Fig.
2.3, without loss of generality

2.2.1 Basic Cell of the ladder topology

The basic cell of the ladder topology in Fig. 2.3 consists of two capacitive
elements (C1 and C2) and four switching components (SW1, SW2, SW3 and

6



SW4). When SW1 and SW3 are ON , the input voltage source Vin charges the
capacitor C1. In the other half cycle, with SW2 and SW4 ON , the capacitor
C1 charges the capacitor C2 leading, in an ideal case, to Vout = 2Vin

SW1

SW2

SW3

SW4

C2

C1

Vin

−
V
o
u
t
+

Figure 2.3: Basic cell of the ladder topology

The connection between capacitors, illustrated in Fig. 2.4, are affected by the
ON resistance of the switches and the ESR of each capacitor, producing voltage
drops. Furthermore, the time constant of the equivalent circuit (τ), which
depends of the capacitance and resistance values, affects the current waveform
on the capacitors: a large τ produces a square waveform, and a small τ produces
an exponential waveform. These waveforms are illustrated in Fig. 2.5.

It is important to mention that when the equivalent τ is small compared with
the switching period, the dynamic models of [31] can not produce an accurate
model, because the conditions in [53] are not satisfied. However, alternative
methods such as discrete time modeling can be used [54].

Ca Cb

SWa

SWb

Figure 2.4: Connection between capacitors on a half-cycle

In steady state, the charge in the capacitor must be balanced, thus the
average current in one switching period must be 0. In Fig. 2.5 both waveforms
have the same average on each half cycle and 0 in the whole switching period,
The exponential waveform has clearly higher spikes and therefore, a higherRMS
value.

I c

τ ↑↑
τ ↓↓

Figure 2.5: Current waveform for different τ values

This basic cell is the same for all the structures studied in this chapter.
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Analysis and Comparison of Three Topologies of the Ladder Multilevel DC/DC
Converter

2.2.2 Calculation of N and Rout for Nc cells

In order to evaluate the voltage drop due to the load current, it is necessary
to calculate the output resistance Rout and obtain an expression which allows
to scale the converter for design purposes. A mathematical analysis under the
assumption of square current waveforms in the capacitors is performed in this
section, considering two possible states.

For the following procedures Rc represents the ESR of the capacitors and
Rs represents the ON resistance of the switches. The generalized connection
between capacitors is as shown in Fig. 2.6.

(2Nc − 2n − 1)Iout

(2Nc − 2n)Iout(2Nc − 2n + 1)Iout

2Iout

2Iout
Rc

Rc

Rc

C2n+2

Rs

Rs

C2n+1

C2n

(a) HC1 = OFF , HC2 = ON

(2Nc − 2j + 1)Iout

(2Nc − 2j + 2)Iout

(2Nc − 2j + 3)Iout

2Iout

2Iout

Rc

Rc

Rc

C2j

Rs

Rs

C2j−1

C2j−2

(b) HC1 = ON , HC2 = OFF with j =
n+ 1

Figure 2.6: Generalized connection between capacitors on each half-cycle

State 1 (HC1 = OFF and HC2 = ON)

It is necessary to calculate the voltage of the capacitor C1 in a different way
than the voltage of the other capacitors since the current through the switches
of the first cell is different compared to other cells, as seen in Fig. 2.2 (Note that
the current of the switches connected to Vin is the same as for C1; for all the
other cases, is the current difference of the capacitors connected to the switch,
i.e. 2Iout). Therefore, this voltage is expressed as follows

VC1 = Vin − 2Iout(NcRc +Rs(Nc + 1)) (2.3)

where Nc is the number of cells in the converter. In general, for this half-
cycle the connection between capacitors is as shown in Fig. 2.6(a). Therefore,
the voltage of the capacitor C2n+1 can be expressed in terms of voltage of the
capacitor C2n as follows:

VC2n+1 = VC2n − Iout(4Nc + 1− 4n)Rc (2.4)

where n ∈ [1, Nc − 1]. The output voltage Vout during this half cycle is the sum
of the voltages of the capacitors with even subindex (C2, C4, . . ., C2Nc) plus
Vin (see Fig. 2.2). Since each capacitor has an internal ESR, it is necessary to
include its voltage drop. Therefore Vout can be expressed as

Vout1 =Vin +

[
Nc−1∑

n=1

(VC2n − (2Nc + 1− 2n)IoutRc)

]

+ VC2Nc
− IoutRc

(2.5)
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Note that the voltage drop in all the Rs resistances is cancelled, except at the
bottom cell (2.3).

State 2 (HC1 = ON and HC2 = OFF )

Again, it is necessary to calculate the voltage of the capacitor C2 differently.
This voltage can be expressed in terms of VC1 as follows

VC2 = VC1 − Iout(2Rs(Nc + 1) +Rc(4Nc − 1)) (2.6)

for this state the connection between capacitors is as shown in Fig. 2.6(b).
Therefore, the voltage of the capacitor VC2j can be expressed recursively as

VC2j = VC2j−1 − IoutRc(4Nc + 3− 4j) (2.7)

with j = n+ 1. The output voltage, as in the previous case, can be expressed
during this half cycle as

Vout2 =Vin + VC2 + (2Nc − 1)IoutRc

+





Nc∑

j=2

(
VC2j + (2Nc − 1− 2j)IoutRc

)




(2.8)

As in state 1, voltage drop in Rs resistances is only seen at the bottom cell (2.6).

Output Average Voltage

Since the duty cycle is constant and equal to 50%, the average output voltage
Vout of the two previous cases is

Vout =
Vout1 + Vout2

2
= Vin +

Nc∑

m=1

VC2m (2.9)

Note that the resistive drop is canceled. From (2.4) and (2.7) it can be obtained
in terms of n

VC2n+2 = VC2n − 4IoutRc(2Nc − 2n) (2.10)

The initial conditions for this difference equation are obtained from (2.3) and
(2.6), where

VC2 = Vin − IoutRc(6Nc − 1)− 4IoutRs(Nc + 1) (2.11)

Solving the difference equation in (2.10), the voltage on the capacitors is

VC2m =Vin − 4IoutRs(Nc + 1)

− IoutRc(2Nc(4m− 1)− 4m2 + 4m− 1)
(2.12)

with m ∈ [1, Nc]. Using (2.9), Vout can be calculated, resulting in

Vout =Vin (Nc + 1)
︸ ︷︷ ︸

N

− Iout

[

4NcRs(Nc + 1) +NcRc
8N2

c + 6Nc + 1

3

]

︸ ︷︷ ︸

Rout

(2.13)
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2.3 Symmetric Ladder Topology (SLT)

Fig. 2.7 shows the SLT. The functionality principle of this topology is the same
as for CLT. It has two control signals, HC1 and its complementary HC2, with
duty cycle d equal to 50%. The number of cells Nc must be even. A similar
topology is used in [55] to maintain voltage balance in the capacitors of a diode-
clamped converter. However, it is not analyzed as a voltage elevator considering
parasitic resistances.

The main difference of this topology is how the current is distributed through
the circuit (see Fig. 2.7). The current in the capacitors is up to NcIload in
contrast to 2NcIload of the CLT.

HC1

HC1

HC1

HC1

HC1

HC2

HC2

HC2

HC2

HC2

CNc

CNc−1

C3

C2

C1

Vin

+
V
o
u
t

−

Iout

Iout

2Iout

2Iout

(Nc − 1)Iout

(Nc − 1)Iout

NcIout

NcIout

(Nc − 2)Iout

(Nc − 2)Iout

Iout

load

Ca2

CaNc

Ca1

Ca3

Ca(Nc−1)

2NcIout

2NcIout

Figure 2.7: SLT as a DC/DC voltage multilevel elevator with Nc cells. HC1

denotes the half-cycle 1 and HC2 the half-cycle 2. Average currents are shown
during each half cycle. The current through the switches is 2Iout except for
those of the cell connected to the input voltage source Vin.

The number of necessary capacitors NCap and switches NS for its implemen-
tation is

NCap = 2Nc

NS = 2Nc + 2
(2.14)
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One of the advantages of this topology is the interleaving between the upper-
half part and the lower-half part of the circuit. Notice how, in the same half-
cycle, the current in the capacitors Cn flows in the opposite direction of the
current in the capacitors Can. This implies that the converter output voltage
and its input current have a smaller ripple than in CLT [56], [57], [58], as it is
analyzed in the next subsection.

2.3.1 Calculation of N and Rout for Nc cells

In an analogous procedure as in Section 2.2.2, in this section, the output re-
sistance Rout for the topology B is calculated under the assumption of square
current waveforms.

State 1 (HC1 = OFF and HC2 = ON)

The voltage of the capacitor C1 for this topology is

VC1 = Vin − Iout(NcRc + 2Rs(Nc + 1)) (2.15)

WhereNc is the number of cells in the converter and must be even. The recursive
expression of the capacitors voltage can be written as follows (see Fig. 2.6(a))

VC2n+1 = VC2n − Iout(2Nc + 1− 4n)Rc (2.16)

where n ∈ [1, Nc/2− 1].

It is necessary to compute the voltage in the capacitors Can to calculate the
output voltage for this half-cycle. Thus, the voltage of the capacitor Ca2 is

VCa2 = VCa1 − Iout(2Rs(Nc + 1) +Rc(2Nc − 1)) (2.17)

and the recursive expression for the voltage of the capacitors Caj is (see Fig.
2.6(b))

VCa(2j)
= VCa(2j−1)

− IoutRc(2Nc + 3− 4j) (2.18)

with j = n+ 1. Then the output voltage Vout for this half-cycle is

Vout1 =Vin +





Nc/2−1
∑

n=1

(VC2n − (Nc + 1− 2n)IoutRc)





+ (VCNc
− IoutRc) + (VCa2 + (Nc − 1)IoutRc)

+





Nc/2∑

j=2

(
VCa(2j)

+ (Nc − 1− 2j)IoutRc

)





(2.19)

Note that in (2.19), the resistive voltage drop due to Rc is canceled, leading to

Vout1 =Vin +

Nc/2−1
∑

n=1

(VC2n) + VCNc
+ VCa2 +

Nc/2∑

j=2

(
VCa(2j)

)
(2.20)

11
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State 2 (HC1 = ON and HC2 = OFF )

The voltage of the capacitor C2 is

VC2 = VC1 − Iout(2Rs(Nc + 1) +Rc(2Nc − 1)) (2.21)

The recursive expression for the voltage of the capacitors Cj , as in the previous
cases, for this half cycle is

VC2j = VC2j−1 − IoutRc(2Nc + 3− 4j) (2.22)

with j = n+ 1.
Again it is necessary to compute the voltage of the capacitors Can. Then

the voltage of the capacitor Ca1 is

VCa1 = Vin − Iout(NcRc + 2Rs(Nc + 1)) (2.23)

and the recursive expression for the voltage of the capacitors Can can be ex-
pressed as

VCa(2n+1)
= VCa(2n)

− Iout(2Nc + 1− 4n)Rc (2.24)

For this half-cycle, the output voltage can be written as follows

Vout2 =Vin +





Nc/2−1
∑

n=1

(
VCa(2n)

+ (Nc + 1− 2n)IoutRc

)





+ (VCaNc
− IoutRc) + (VC2 + (Nc − 1)IoutRc)

+





Nc/2∑

j=2

(
VC2j + (Nc − 1− 2j)IoutRc

)





(2.25)

Again, the resistive voltage drop due to Rc is canceled, and the output voltage
can be reduced to

Vout2 =Vin +

Nc/2−1
∑

n=1

(
VCa(2n)

)
+ VCaNc

+ VC2 +

Nc/2∑

j=2

(
VC2j

)
(2.26)

Output Average Voltage

From (2.16), (2.22), (2.17) and (2.24) it can be obtained in terms of n

VC2n+2 = VCa(2n+2)
= VC2n − 4IoutRc(Nc − 2n) (2.27)

besides VCa(2n)
= VC2n = VC2m with m ∈ [1, Nc/2]. Therefore, the average

output voltage Vout on the two half-cycles is

Vout =
Vout1 + Vout2

2
= Vin + 2

Nc/2∑

m=1

VC2m (2.28)

Solving the difference equation in (2.27), the voltage of the capacitors is

VC2m =Vin − 4IoutRs(Nc + 1)

− IoutRc(Nc(4m− 1)− 4m2 + 4m− 1)
(2.29)
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then, using (2.28), Vout can be expressed as follows

Vout =Vin (Nc + 1)
︸ ︷︷ ︸

N

− Iout

[

4NcRs(Nc + 1) +NcRc
2N2

c + 3Nc + 1

3

]

︸ ︷︷ ︸

Rout

(2.30)

Table 2.1: Topology comparison

Topology NCap NS N Rout Ripple Cancelation

CLT 2Nc 2Nc + 2 Nc + 1 4NcRs(Nc + 1) + NcRc
8N2

c+6Nc+1

3
No

SLT 2Nc 2Nc + 2 Nc + 1 4NcRs(Nc + 1) + NcRc
2N2

c+3Nc+1

3
Yes

DLT 2Nc 2Nc + 4 Nc + 1 2NcRs(Nc + 2) + NcRc
2N2

c+3Nc+1

3
Yes

2.4 Double Ladder Topology (DLT)

Fig. 2.8 shows the DLT, its principle of functionality is the same of the two
previous topologies and, as for SLT, the number of cells Nc must be even

HC1

HC1

HC1 HC1

HC1

HC1

HC2

HC2

HC2

HC2

HC2

HC2

CNc

CNc−1

C3

C2

C1

Vin

+
V
o
u
t

−

Iout

Iout

2Iout

2Iout

(Nc − 1)Iout

(Nc − 1)Iout

NcIout

NcIout

(Nc − 2)Iout

(Nc − 2)Iout

Iout

load

Ca2

CaNc

Ca1

Ca2

Ca(Nc−1)

NcIout

NcIout

NcIout

NcIout

Figure 2.8: DLT of a DC/DC voltage multilevel elevator with Nc cells. HC1

denotes the half-cycle 1 and HC2 the half-cycle 2. Average currents are shown
during each half-cycle. The current trough the switches is 2Iout except for those
of the cell connected to the input voltage source Vin

For its implementation, the number of necessary capacitorsNCap and switches
NS is

NCap = 2Nc

NS = 2Nc + 4
(2.31)
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This topology requires the same number of capacitors and two more switching
devices in comparison with the two previous topologies. This topology has the
same interleaving properties as SLT if the control signals are distributed as
shown in Fig. 2.8, producing a small output voltage ripple and small input
current ripple.

2.4.1 Calculation of N and Rout for Nc cells

The calculation of N and Rout for this topology is the same as for SLT. The
difference between this topology and SLT is how the first capacitors are charged,
therefore, these voltages (VC1 , VC2 , VCa1 and VCa2 ) need to be recalculated.

This section illustrates the calculation of the topology parameters using the
results of SLT.

State 1 (HC1 = OFF and HC2 = ON)

The voltage of the capacitor C1 and Ca2 is

VC1 = Vin − Iout(NcRc +Rs(Nc + 2)) (2.32)

VCa2 = VCa1 − Iout(Rc(2Nc + 1) + Rs(Nc + 2)) (2.33)

The recursive expression of the voltage of the capacitors as well as the output
voltage for this half cycle are the same as in (2.16), (2.18) and (2.20) respectively.

State 2 (HC1 = ON and HC2 = OFF )

The voltage of the capacitor C2 and Ca1 is

VC2 = VC1 − Iout(Rs(Nc + 2) + Rc(2Nc + 1)) (2.34)

VCa1 = Vin − Iout(Rs(Nc + 2) +RcNc) (2.35)

Again, the recursive expression and the output voltage for this half cycle are
the same as in (2.22), (2.24) and (2.26) respectively.

Output Voltage Average

The difference equation for the capacitor voltages is the same as in (2.27). In
contrast with the previous topology, the initial conditions for this equation are
derived from (2.32), (2.33), (2.34) and (2.33) leading to the following result

VC2m =Vin − 2IoutRs(Nc + 2)

− IoutRc(Nc(4m− 1)− 4m2 + 4m− 1)
(2.36)

then, using (2.28), Vout is

Vout =Vin (Nc + 1)
︸ ︷︷ ︸

N

− Iout

[

2NcRs(Nc + 2) +NcRc
2N2

c + 3Nc + 1

3

]

︸ ︷︷ ︸

Rout

(2.37)
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Figure 2.9: Comparison of theoretical, simulation and experimental results for
CLT, SLT and DLT with capacitors Celec and Cpoly (a), (b), (c) Value of N
without load for theoretical and simulation results, and experimental results for
Cpoly and Celec; (d), (e), (f) Theoretical, simulation and experimental results of
output resistance Rout for different values of Nc using the capacitor Celec; (g),
(h), (i) Theoretical, simulation and experimental results of output resistance
Rout for different values of Nc using the capacitor Cpoly

2.5 Topology comparison

Table 2.1 shows a comparison between the three topologies analyzed. Electrical
and hardware characteristics are taken into account. For example, Table 2.2
shows a numerical comparison with Nc = 6, Rc = 2Ω and Rs = 1.8Ω. Although
DLT uses two more switching components, it can be observed that this topology
has the lowest output resistance Rout, up to 3 times smaller than for CLT ,
producing less voltage drop.

Table 2.2: Topology comparison with Nc = 6, Rc = 2Ω and Rs = 1.8Ω

Topology NCap NS N Rout

CLT 12 14 7 1602Ω
SLT 12 14 7 666Ω
DLT 12 16 7 537Ω
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2.6 Implementation and Experimental Results

2.6.1 Experimental set-up

In order to validate the theoretical analysis carried out for the three topologies
in the previous sections, and to test the performance of the converter for a future
application in a 3000V , 100mA glow discharge; experimental measurements are
taken. The measurements are made with an input voltage Vin = 300V and an
output current Iout = 50mA and Iout = 100mA.

A P8NK100Z N-channel MOSFET is used as the switching component. This
switch has a breakdown voltage of 1000V and an ON resistance Rs = 1.8Ω.

For driving the gate control signals, four pulse transformers are employed,
these transformers are built with 3000V isolation between each of its windings.

To evaluate the influence of the capacitor on the converter performance, two
different capacitors are used as shown in Table 2.3.

2.6.2 Influence of the capacitor

The current waveform for each capacitor is shown in Fig. 2.10. It is observed
that the electrolytic capacitor Celec produces a square waveform due to its large
ESR. On the other hand the polyester capacitor Cpoly produces an exponential
waveform due to its small ESR even with a larger capacitance value.

Table 2.3: Tested Capacitors

Capacitance ESR Voltage Material
Celec 1µF 11Ω 450V Aluminium (Electrolytic)
Cpoly 2, 2µF 2Ω 450V Polyester

(a) Cpoly (b) Celec

Figure 2.10: Measured current waveform on the capacitors

2.6.3 Experimental results

The number of levels of the converter Nc are varied between 1 and 7. For
SLT and DLT only even numbers are used. Figs. 2.9(a), (b) and (c) show the
elevation ratio N with Iout = 0mA for the three topologies.
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Output current is set to 50mA and 100mA by a variable resistive load.
The experimental output resistance of the converter Rout is calculated for both
currents, and then, the average value is computed. Figs. 2.9(d), (e) and (f)
show a comparison of theoretical, simulation and experimental results of the
output resistance Rout using the capacitor Celec for the three topologies. This
procedure is also carried out using the capacitor Cpoly (Figs. 2.9(g), (h) and
(i)).

The experimental results in Fig. 2.9 show that the theoretical analysis is con-
sistent with the experimental and simulation results. However, for the capacitor
Cpoly , a larger error is presented due to the exponential current waveform. Both
current waveforms (exponential and square), have the same average in order to
satisfy the charge balance on the capacitor. It can be seen that the exponential
waveform has a higher AC component and therefore, a higher RMS. In the
parasitic resistances, the losses are proportional to the RMS of the current,
with higher losses for the exponential waveform. This can be observed for Celec

in Fig. 2.9(d), where the error between the theoretical and experimental results
with Nc = 7 is less than 5%, whereas for Cpoly the error is 17% (see Fig. 2.9(g)).

Despite the higher error of Cpoly, for all the other topologies the output
resistance is significatively less with this capacitor (see for SLT Figs. 2.9(e) and
(h), for DLT Figs. 2.9(f) and (i)). For Nc = 6 the output resistance with Celec

is over 2000Ω for SLT and DLT. However, with Cpoly is under 800Ω for the same
two topologies.

For the capacitor Celec, the value of the converter gain N is slightly reduced
with the increase of the number of cells. This is mainly due to the switching
losses. Since the current waveform is square, the switches are turned off with a
higher current value than for an exponential waveform, producing higher switch-
ing losses. For SLT and DLT , this effect is reduced (see Figs. 2.9(a), (b) and
(c)).

The results show that in general the capacitor Cpoly produces less output
resistance due to its lower ESR for the three topologies. Furthermore, with no
load the capacitor Cpoly does not produce voltage drop.

2.6.4 Topology comparison

Output resistance Rout

Fig. 2.11 shows a comparison of the experimental results for the three topologies
with the capacitor Cpoly . DLT shows, in general, less output resistance than
the other two topologies. This is more noticeable for the capacitor Cpoly, since
in this case, a greater percentage of the value of Rout is due to the switches
resistance Rs. For Celec, DLT also shows less output resistance the the other
two topologies (see Figs. 2.9(d), (e) and (f))

Output voltage ripple

Fig. 2.12 shows the measured voltage output ripple of CLT and DLT, as it is
shown in the previous sections one of the advantages of DLT is the low voltage
ripple. For SLT the voltage ripple is the same as for DLT, nevertheless SLT
produces more voltage drop.
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Figure 2.12: Output voltage ripple of CLT and DLT with Nc = 4, Vout = 100V
and Iout = 100mA

2.7 Conclusions

In this chapter three different DC/DC topologies of the ladder multilevel con-
verter were analyzed. A mathematical calculation of the gain and the output
resistance for each one of the three topologies were carried out. In order to
validate the theoretical analysis a prototype circuit was implemented, and sim-
ulations were performed. It was shown that the mathematical expressions are
consistent with the experimental and simulation results and they can be used
as a design criterium.

It was demonstrated that the DLT, presented in this chapter reduces the
output resistance compared with the other two topologies, leading to less losses.
Also other advantages were mentioned, such as low input current ripple and low
output voltage ripple. Nevertheless, since the outputs for SLT and DLT do
not have the same reference as the input, it is difficult to measure the output
variables, either current or voltage. In a high voltage application, the differential
voltage between the outputs and the input reference can be several kilovolts,
requiring high voltage isolation sensors.

The capacitors that produce less losses are those with small ESR and conse-
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quently small time constant τ . In general the polyester capacitors have smaller
ESR producing better results than electrolytic capacitors. However, a smaller
time constant implies a higher current spike on the capacitors and switches
which needs to be considered on the selection of these components.

As a future work, the dynamics of the converters will be studied, also control
laws will be designed for the DLT converter in a glow discharge application [59].
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Chapter 3

An Equivalent Continuous
Model for Switched
Systems

3.1 Introduction

Recently, new switched systems have been proposed for applications such as IC
power converters and low distortion inverters [20, 8]. Some of these systems
present fast dynamics, and the classical averaging technique cannot be used.
Moreover, classical converters with a triangle ripple waveform, at low switching
frequencies, present exponential ripple waveform, thus the technique in [41, 42]
leads to inaccurate modeling. An alternative numerical technique that is able
to model the system with an arbitrary ripple waveform is proposed in [60].
This chapter aims to analytically compute an equivalent continuous model for
any switched system described by several LTI systems regardless of the speed
of its dynamics. Equivalent state space matrices are obtained with analytical
calculations conserving the nonlinearities related with the manipulable variables
of the original system. In order to make it suitable in a general case, the
method is presented for a class of switched systems with N modes. Analytical
calculations for a special case of a boost power converter, which is described by
two modes, are carried out.

The ripple waveform influences directly not only the average, but also the
RMS value [61]. This value is directly related to the electric power dissipated
by a resistive element in power electronics applications [22, 9, 1], which allows
to estimate the power losses on transient and steady state. An RMS value
calculation using the dynamics of the generalized equivalent continuous model,
also enounced in this chapter, is proposed and validated.

The following notation and terminology will be used: All vectors are column
vectors. If x is a vector, xT is its transpose. 〈x〉 and ‖x‖RMS are the average and
RMS value of each element of vector x respectively. If A is a matrix, diag(A)
represents a vector that has the diagonal elements of A, ker(A) is the null space
of A. I is the identity matrix.
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3.2 Classical Average Model and Problem For-

mulation

Let a switched system be described by N individual LTI subsystems

ż = Aσz + Bσu , (3.1a)

y = Cσz +Dσu , (3.1b)

where σ ∈ [1, N ] ⊂ Z
+, N is the number of subsystems (modes), Aσ ∈ Rν×ν ,

Bσ ∈ Rν×µ, Cσ ∈ Rd×ν , Dσ ∈ Rd×µ; with z ∈ Rν the state vector and y ∈ Rd

the output vector.

Assumption 1. The system follows the mode sequence σ = 1, σ = 2, σ =
3, . . . , σ = N , and the σth subsystem is ON for dσT units of time (see Fig. 3.1).

In the previous assumption T represents the duration of the whole sequence,
also called the period of one switching cycle. dσ is then the fraction of period
in which the system stays in mode σ. Furthermore,

∑

σ

dσ = 1 (3.2)

must be satisfied.
The average of vector ż can be written as

〈ż〉 =
1

T

∫ t+T

t

(
∑

σ

Aσz + Bσu

)

dτ (3.3)

and the average of the output vector y as

〈y〉 =
1

T

∫ t+T

t

(
∑

σ

Cσz +Dσu

)

dτ . (3.4)

d1Td1T d2Td2T

σ = Nσ = N σ = 1σ = 1 σ = 2σ = 2 σ = 3σ = 3

kT (k + d1)T(k + d1 + d2)T (k + 1)T
(k + 1 + d1)T

(k + 1 + d1 + d2)T

z1,iz1,i

z2,iz2,i

z3,iz3,i

t

Figure 3.1: Switched system S, k ∈ Z
+ and zσ,i is the initial condition of the

state vector of subsystem σ

The classical average model, proposed in [53], approximates the dynamics
of the system, described by the transition state matrix eAσt, with the first
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constant term of its series expansion 〈eAσt = I + Aσt + · · · 〉; this implies that
the variations in the state vector through time must be slow compared with the
value of T to verify the approximation. Besides, it is supposed that the input
vector u has slow variations compared to the duration of one switching cycle.
This approximation implies that (3.3) and (3.4) lead to the following results:

〈ż〉 =
∑

σ

(Aσ〈z〉+ Bσu)dσ , (3.5a)

〈y〉 =
∑

σ

(Cσ〈x〉+Dσu)dσ . (3.5b)

Notice that dσ is multiplying each vector field. This is an approximation of
the real average model and it is a technique which is widely used in order to
model power converters and obtain an equivalent linear system to easily design
a control law [33, 1, 62, 63].

Suppose that each subsystem of the switched system (3.1) has dynamics as
fast as (or even faster than) the duration of the sequence. Thus, the state tran-
sition matrix cannot be approximated as mentioned before and the model (3.5)
will not represent the average behavior of the switched system (3.1). The prob-
lem that is addressed in this chapter is the following:

Problem 1. Find an equivalent continuous model of the switched system (3.1)
which describes its average dynamics regardless of the ratio between the varia-
tions in the state vector and the value of the duration of one switching cycle.

3.3 General Equivalent Continuous Model

In order to consider the whole system dynamics, it is necessary to calculate
the average of vector ẋ considering the complete state transition matrix eAσt

for each subsystem. In contrast to the classical average model, for this anal-
ysis no approximation of this matrix is carried out. In the next subsections
the mathematical procedure for the calculation of the general average model is
explained.

3.3.1 Model

In order to simplify the analysis of the mathematical procedure, a new state
space vector x be constructed as follows:

x =
[
zT uT

]T
. (3.6)

Therefore, the new system matrices are

Aσ =

[
Aσ Bσ

0 0

]

, Cσ =
[
Cσ Dσ

]
, (3.7)

and the system is transformed into

ẋ = Aσx , (3.8a)

y = Cσx , (3.8b)
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where x ∈ Rn, (n = ν + µ), Aσ and Cσ have suitable dimensions. Notice that
the dimension of the state vector x is greater than that of the original vector z.

For each subsystem σ, the solution of the state equation is

xσ(t) = ϕσ(t, xσ,i) = φσ(t)xσ,i (3.9)

where

φσ(t) = eAσt

and xσ,i is the initial condition of the state vector x for mode σ.

The multiplication of the φσ matrices is carried out by the operator Λ which
is defined as

Λ(a, b) =

{∏a
j=1 φb−j(db−jT ) , 1 ≤ a ≤ N ∧ 1 + a ≤ b ≤ N + a ;

I , ∼ .
(3.10)

With the solution of the state equation for each subsystem, the initial con-
dition of the state vector of subsystem σ + 1 can be expressed as a function of
the initial condition of the state vector of subsystem σ as

xσ+1,i = ϕσ(dσT, xσ,i) . (3.11)

Moreover, the initial condition of the first subsystem σ = 1 can be expressed in
terms of the initial condition of the last subsystem σ = N as

x1,i = ϕN (dNT, xN,i) . (3.12)

The equivalent continuous model, which is one of the main results presented
in this chapter, follows.

Proposition 1. Let the switched system be described by (3.8). Then, an equiv-
alent continuous model which describes its behavior in average is

i) Dynamics of the state x

˙〈x〉 = 〈A〉〈x〉 , 〈A〉 = ΓAcΓ
−1 , (3.13)

where

Ac =
1

T
ln(Aδ) , (3.14)

Aδ = Λ(N,N + 1) , (3.15)

Γ =

N∑

j=1

ΩjΛ(j − 1, j) , (3.16)

and

Ωj =
1

T

∫ djT

0

φj(τ)dτ . (3.17)
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ii) Dynamics of the output y

〈y〉 = 〈C〉〈x〉, 〈C〉 = ΓCΓ
−1 , (3.18)

where

ΓC =

N∑

j=1

CjΩjΛ(j − 1, j) . (3.19)

Proof. Part i) of Proposition 1 consists of the continuous model for the state
x. Using (3.11) and (3.12), the initial condition of the subsystem σ = 1 in
t = (k + 1)T can be expressed as a function of the initial condition of the same
subsystem in t = kT , with k ∈ Z

+ as

x1,i((k + 1)T ) = Aδx1,i(kT ) (3.20)

where Aδ is defined in (3.15). Notice that the matrix Aδ has the form

Aδ =

[
Aδ Bδ

0 I

]

. (3.21)

Matrices Aδ and Bδ are part of the state space model of the original vector z
and its initial conditions z1,i:

z1,i((k + 1)T ) = Aδx1,i(kT ) + Bδu(kT ) . (3.22)

On the other hand, the mobile average of any subsystem can be expressed
as

1

T

∫ t+
∑m−1

j=1 djT+α

t+
∑m−1

j=1 djT

ϕ



τ + t+
m−1∑

j=1

djT, xmi



 dτ =
1

T

∫ α

0

ϕ(τ, xmi )dτ

Therefore, the average of the state vector in (3.9) is

〈x〉 =

N∑

j=1

1

T

∫ djT

0

xj(t) dt , (3.23)

which, using (3.9), can be written as

〈x〉 =

N∑

j=1

1

T

∫ djT

0

ϕj(t, xj,i) dt . (3.24)

With (3.11) and (3.12), the initial conditions of subsystem σ = j, xj,i, can be
written as a function only of the initial conditions of subsystem σ = 1, x1,i,
using (3.10) as follows:

xj,i = Λ(j − 1, j)x1,i . (3.25)

Then (3.24) can be expressed in the form

〈x〉 = Γx1,i . (3.26)
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Now it is necessary to include the dynamics of the initial conditions of the
model, and the state vector average on a continuous system. The continuous
system can bee obtained with a classical transformation between a discrete and
a continuous system as it is indicated in (3.14).

From (3.26),
˙〈x〉 = Γẋ1,i . (3.27)

Finally, with (3.26) and (3.27), the dynamics of the general average model can
be written as it is shown in (3.13).

Part ii) of the proof focuses on the dynamics of y. Using (3.7), the average
of the output vector y can be written as

〈y〉 =
1

T

∫ t+T

t

(
∑

σ

Cσx

)

dτ. (3.28)

This term can be expressed as a function of the initial conditions of the model
σ = 1, x1,i and, analyzing as for the state vector x,

〈y〉 = ΓCx1,i (3.29)

where ΓC is given by (3.19).
With (3.26), the average of the output vector y can be expressed in terms

of the average of the state vector as (3.18).

Remark 1. Ωj can be computed analytically, or numerically in the case that
matrix A is singular or badly scaled.

Remark 2. Matrix 〈A〉 has the form

〈A〉 =

[
〈A〉 〈B〉
0 0

]

(3.30)

where matrices 〈A〉 and 〈B〉 are part of the state space model of the original
vector z

˙〈z〉 = 〈A〉〈z〉+ 〈B〉u . (3.31)

Remark 3. Matrix 〈C〉 has the form

〈C〉 =
[
〈C〉 〈D〉

]
(3.32)

where matrices 〈C〉 and 〈D〉 are part of the state space model of the original
vector z

〈y〉 = 〈C〉〈z〉+ 〈D〉u . (3.33)

It is important to notice that if the switching frequency tends to infinity, the
classical average model and the model in Proposition 1 yield the same results.

3.3.2 Linearization

In order to easily design the control laws, an input-output linearized model is
always desired. Thus, it is necessary to eliminate the nonlinearities associated
with the input variables. It can be observed that matrix 〈A〉 given in (3.13) can
be written using operator Λ from (3.10) which is function of the state transition
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matrix φσ(dT ). Therefore, matrix 〈A〉 is a non linear function with respect
to the input dσ. Notice that the linearization process does not simplify the
dynamics of the system in the operation point, this is the main difference with
the assumption of the classical model that simplifies the state transition matrix
to a constant term, simplifying its dynamics.

Let dσ = d̄σ + d̃σ, where d̄σ produces an operation point ¯〈x〉, i.e. ¯〈x〉 ∈
ker
(
〈A〉|d̄σ

)
, and d̃σ is the increments. The linearized model can be written as

follows
˙̃

〈x〉 = ˜〈A〉 ˜〈x〉 + 〈B̃dσ〉d̃σ ,

˜〈y〉 = ˜〈C〉 ˜〈x〉 + 〈D̃dσ〉d̃σ ,
(3.34)

where

˜〈A〉 = 〈A〉|d̄σ
, 〈B̃dσ 〉 =

(

∂〈A〉

∂dσ

∣
∣
∣
∣
d̄σ

¯〈x〉

)

,

˜〈C〉 = 〈C〉|d̄σ
, 〈D̃dσ 〉 =

(

∂〈C〉

∂dσ

∣
∣
∣
∣
d̄σ

¯〈x〉

)

.

Remark 4. Matrices 〈B̃dσ 〉 and 〈D̃dσ〉 have the form

〈B̃dσ〉 =

[
〈B̃dσ〉
0

]

, 〈D̃dσ〉 =

[
〈D̃dσ〉
0

]

,

where matrices 〈D̃dσ〉 and 〈B̃dσ〉 are part of the state space model of the origi-
nal vector z. Remember that matrices 〈A〉 and 〈C〉 have the form described in

remark 2 and remark 3, respectively. Therefore, ˜〈A〉 and ˜〈C〉 have the same
form.

Since an analytical linearization is mathematically complex, it is proposed to
carry out a numerical calculation that approximates the derivatives as follows:

∂〈A〉

∂dσ

∣
∣
∣
∣
d̄σ

≈
〈A〉|d̄σ+∆dσ

− 〈A〉|d̄σ−∆dσ

2∆dσ

, (3.35)

∂〈C〉

∂dσ

∣
∣
∣
∣
d̄σ

≈
〈C〉|d̄σ+∆dσ

− 〈C〉|d̄σ−∆dσ

2∆dσ

, (3.36)

where ∆dσ is a small variation of dσ and must be small enough in order to obtain
a good approximation. This analysis can be extended to any other variable
matrices 〈A〉 and 〈C〉 depend on.

3.4 RMS Value

See [47] in the attached papers.

3.5 Two sub models case example

In this section, results of the conventional average model and the equivalent
continuous model are calculated for a typical case with only two sub models
(N = 2). Also assuming d1 = d and d2 = 1− d.
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An Equivalent Continuous Model for Switched Systems

Suppose a power converter in boost configuration as shown in Fig. 3.2. S1

and S2 represent switches; L and RL an inductance an its series resistance; C
a capacitor and R the load resistance.

Vin

+ L − RL

S1

S2

R

+
C

−

+
V
o
u
t

−

Figure 3.2: Boost power converter

The converter works at a constant switching frequency f . The switches S1

and S2 are complementary, and S1 is turned-on during a time equal to d/f
and its complementary, S2, during (1− d)/f . The state space variables are the
inductor current iL and the capacitor voltage vC . The input variable is Vin.
Therefore the state space vector x and the input vector u are

z = [iL vC ]
T , u = Vin . (3.37)

The output of the system is the load voltage Vout which is equal to vC . Thus,
the state space matrices of the systems for σ = 1 are

A1 =

[
−RL

L 0
0 − 1

CR

]

, B1 =

[
1
L
0

]

,

C1 =
[
0 1

]
, D1 = 0 ;

(3.38)

and for σ = 2

A2 =

[
−RL

L − 1
L

1
C − 1

CR

]

, B2 =

[
1
L
0

]

,

C2 =
[
0 1

]
, D2 = 0 .

(3.39)

The numeric values of the parameters are L = 0.1 mH, RL = 5 Ω, C = 40 µF,
R = 100 Ω, f = 6 kHz, and d = 0.6.

3.5.1 Classical average model

As shown in (3.5), the classical average model can be written as

˙〈x〉 = (A1d+A2(1 − d))〈x〉 + (B1d+ B2(1 − d))u , (3.40a)

〈y〉 = (C1d+ C2(1− d))〈x〉 + (D1d+D2(1− d))u . (3.40b)

Then the state space matrices are

〈A〉 = A1d+A2(1− d) , 〈B〉 = B1d+ B2(1− d) ,

〈C〉 = C1d+ C2(1− d) , 〈D〉 = D1d+D2(1− d) .
(3.41)
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Using the numerical values of the boost converter, the matrices can be writ-
ten as follows

〈A〉 =

[
−20 −4
10 −0.25

]

· 103 , 〈B〉 =

[
10
0

]

· 103 ,

〈C〉 =
[
0 1

]
, 〈D〉 = 0 .

(3.42)

This model is valid only for d = 0.6.

3.5.2 General equivalent continuous model

Matrices Aδ, Γ, and ΓC – from (3.15), (3.16), and (3.19) respectively – for a
two sub models case are

Aδ = Λ(2, 3) = φ2((1 − d)T )φ1(dT ) , (3.43)

Γ = Ω1Λ(0, 1) + Ω2Λ(1, 2) , (3.44)

ΓC = C1Ω1Λ(0, 1) + C2Ω2Λ(1, 2) , (3.45)

where Λ(0, 1) = I,Λ(1, 2) = φ1(dT ). Using these, matrices 〈A〉 y 〈C〉 can be
computed with (3.13) and (3.18). 〈A〉 and 〈B〉 can be decomposed using (3.30)
and (3.32) respectively, leading to the following numerical results for the boost
converter:

〈A〉 =

[
−18.72 −3.83
7.17 −1.53

]

· 103 , 〈B〉 =

[
9.32
1.70

]

· 103 ,

〈C〉 =
[
0 1

]
, 〈D〉 = 0 .

(3.46)

This model is valid only for d = 0.6. The results in (3.42) and (3.46) show a
noticeable difference on the numerical values of the resulting state space matrices
〈A〉 and 〈B〉. However, the results for 〈C〉 and 〈D〉 are equal.

Fig. 3.3 shows the step response of the state space variables of the classical
average model and the general equivalent continuous model compared with the
simulated converter and the calculated average which was numerically computed
in simulation. Clearly, the model proposed in this work is able to model the
real converter dynamics with more accurate results than the classical average
model. The classical average fails to model the DC gain of the converter for
both variables, iL and vC . Some additional comparisons of the dynamics are
performed in the next subsection.

3.5.3 Linearization

Since the system dynamics dependence on parameter d is not linear, a lineariza-
tion is performed. Further information on the linearization process can be found
in [1].

The new input vector for the linearized system is

ũ =
[

Ṽin d̃
]T

(3.47)
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Figure 3.3: Comparison of a unitary step response from Vin to Vout

where Vin = V̄in + Ṽin and d = 0.6 + d̃. The linearized model is valid only
for small values of d̃ and Ṽin, i.e d̃ ≪ 0.6 and Ṽin ≪ V̄in.

Matrix ˜〈B〉 is an expanded version of 〈B〉 with the result of the linearization
˜〈Bdσ〉, i.e

˜〈B〉 = [〈B〉 ˜〈Bdσ〉].

Classical average model

The numerical results of the linearized system (3.40) are

˜〈A〉 =

[
−20 −4
10 −0.25

]

· 103 , ˜〈B〉 =

[
10 22.22
0 −1.39

]

· 103 ,

˜〈C〉 =
[
0 1

]
, ˜〈D〉 = 0 .

(3.48)

General equivalent continuous model

The linearization of the system described by the matrices in (3.13) and (3.18)
with (3.43), (3.44), and (3.45) is performed as proposed in Section 3.3.2 with
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∆d = 1 m, leading to the following results:

˜〈A〉 =

[
−18.72 −3.83
7.17 −1.53

]

· 103 , ˜〈B〉 =

[
9.32 17.07
1.70 1.21

]

· 103 ,

˜〈C〉 =
[
0 1

]
, ˜〈D〉 = 0 .

(3.49)

Fig. 3.4 shows the Bode diagram for the transfer function Vout/Vin for the
classical model and the general equivalent model. It is shown that the general
equivalent model has a higher gain value at low frequencies but a lower one at
high frequencies. Also, the classical model produces a higher phase variation
raising up to 45◦.
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Figure 3.4: Comparison of Bode diagrams of the transfer function Vout/Vin

Fig. 3.5 shows the Bode diagram for the transfer function Vout/d for the
classical model and the general equivalent model. Although the magnitude is
similar, the classical model produces a higher gain noticeable at low frequencies.
A remarkable difference is found in phase: notice that the classical averagemodel
has a non-minimum phase zero, and the general equivalent continuous model has
minimum-phase zero almost at the same frequency. Also, the classical model has
a 180◦ inversion. This differences affect the dynamical behavior of the system
and affect the stability and performance of a closed loop control law.

3.5.4 RMS

See [47] in the attached papers.

3.6 Conclusion

In this chapter, a complete analytical calculation of a new equivalent continuous
model and RMS value computation for switched systems was proposed. The
models were validated with a boost power converter example showing their
improvement and differences compared to the classical average model. This
model can be applied to any switched system.
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Figure 3.5: Comparison of Bode diagrams of the transfer function Vout/d

The proposed numerical linearization method worked well for the example
exposed. On the other hand, some problems were found during the numerical
computation of the model with the logarithm of Aδ on the conversion from
discrete to continuous. Also, if the matrices An are singular, the numerical
calculation of Ωn produces some inaccuracies.
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Chapter 4

Comparison of Robust
Control Laws for a DC/DC
Classical Ladder Multilevel
Converter (CLT)

4.1 Introduction

[64], [65], [66], have designed control laws for a classical clamping- capacitors
multilevel structures. However this converter requires a very complex control
[62]. This chapter deals with a particular multilevel voltage elevator topology
which was proposed in [50]. This converter requires less control signals, switches
and capacitors compared to the other multilevel topologies. Thus, its design and
control is easier. The goal of this converter is to maintain a constant voltage even
if the load changes. In this chapter, robust control laws are designed considering
the load as an external disturbance in the model. Moreover, the performance of
the control laws are compared in simulation. The results show that the µ (DK)
controller has the best response with respect to load changes. The classic PI
control works better for nominal parameters. This chapter presents shortly the
design of the control laws.

4.2 Classical Ladder Multilevel converter CLT

The manipulable variables of the converter (see Fig. 2.8) are: the duty cycle
d, where HC1 switches are ON the first half of the cycle (d/fs), and HC2

switches are their complementary, where fs denotes the switching frequency of
the converter which is constant; and the input voltage (Vin). The main objective
of the control system is to regulate the output voltage, maintaining its value
under load and operating point changes. In order to regulate the voltage, any
of the two input variables mentioned above can be used.
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Comparison of Robust Control Laws for a DC/DC Classical Ladder Multilevel
Converter (CLT)

4.2.1 Model parameters

The assumed parameters of the multilevel converter are: number of levels (Nc =
3); switching frequency fs = 50kHz ; switches ON resistances Rsx = 1Ω;
capacitors Cx = 1µF ; capacitors ESR = 1Ω; load resistance Rload = 100Ω;
input voltage Vin = 10V ; load current Iload. All these values are nominal and
are taken from an implemented design of a ladder multilevel converter.

4.3 Steady State Analysis

In order to decide the operational region of the converter for the control law, a
steady state analysis is performed. From this analysis some conclusions about
the stability and power transfer ratio of the converter are carried out and a
region of operation for the control is chosen. With a state space model of the
multilevel converter the relation between the input u and the output y in steady
state is described by

0 = 〈A〉〈x〉 + 〈B〉u

y = 〈C〉〈x〉 + 〈D〉u (4.1)

The relation y/u for different values of Rload was obtained as shown in Fig.
4.1. This relation is strongly dependent of Rload, varying the maximum gain of
the converter between 0.4 and 2.7. Gains less than 1 can be achieved when the
capacitors are set to a negative voltage due to the voltage drop on the resistances.
However the duty cycle of maximum gain for each Rload is almost constant as
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Figure 4.1: DC gain of the converter for different values of Rload

shown in Fig. 4.2. Due to the change in the slope sign of the converter gain
after the duty cycle of maximum gain, the controller could lead to instability if
that duty cycle is reached, nevertheless a high gain of the converter from y/u is
needed. Therefore, work near the maximum gain point is necessary.
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Fig. 4.3 shows the power transfer ratio PTR (Pout/Pin) of the converter
for different values of Rload. The higher PTR is found for d < 0.5, thus the
operating point for the duty cycle is chosen to d = 0.4.
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Figure 4.3: Power transfer ratio PTR (Pout/Pin) of the converter for different
values of Rload
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4.4 Masks

4.4.1 Uncertainty masks

Three uncertainty masks are constructed, these masks are used to consider other
dynamics of the converter outside the nominal values and to design a controller
that meets stability, and also performance characteristics for parameters outside
nominal values.

An additive non structured uncertainty was constructed as shown in Fig.
4.5, where

W1 =





wRload
0 0

0 wVin 0
0 0 wd





W2 = wVout
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Figure 4.5: Uncertainty model P (Pn is the nominal converter)
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∆ is an 1x3 matrix and represents all the possible uncertainties such that
‖∆‖∞ ≤ 1. In order to construct the mask W1 the parameters Rload, d and
Vin are varied over their nominal values as follows: Rload = 100Ω ± 50Ω, d =
0.4± 0.06, Vin = 10V ± 5V .

For each mask wRload
, wV in and wd, the variation on all the parameters are

taken in account. The mask wV out represents the maximum variation of the
output voltage y over its regulation point and was set to wV out = 3V .

All the masks are computed taking the difference between the transfer func-
tion of the nominal converter and the converter with non-nominal values, and
then, finding a 1st order transfer function that covers all the possible differences
between the nominal and the non-nominal converter. The results are shown in
Fig. 4.4, and show that the transfers functions y/Rload and y/d are considerably
affected by the uncertainty, varying its gain from −10dB to 20dB.

4.4.2 Performance masks

Three performance masks are used (Fig. 4.6). These performance masks are
employed to get a desired response from the control signals and a small error
between the output voltage an the reference voltage. Two masks are employed
for the control signals that guarantee the maximum allowed amplitude (wdd

and
wVind

) (d = [0 1], Vin = [5V 15V ]) and penalize dynamics with frequencies
over fs/10; one more mask is employed for the error signal (we), that guarantees
very low steady state error and neglects the high frequency ripple from the Vout

signal.
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Figure 4.6: Performance masks.
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4.5 Design of the Control law

4.5.1 Classical controller

A PI controller is designed. This controller stabilizes the converter, meets
a settling time less than 100ms and a 0 steady state error for the nominal
operational conditions. The complete system structure is shown in Fig. 4.7.
This controller does not guarantee performance or stability out of the nominal
operational conditions since the uncertainties are not taken in to account.

PI
[u d]

Pn
y

Figure 4.7: Control system structure for the PI controller

The resulting controller has the form

[
u(s)/e(s)
d(s)/e(s)

]

PI

=

[
0.1985·10−3s+12.23

s
1.388·10−3s+28.92

s

]

(4.2)

4.5.2 Robust controllers

The objective of a robust controller design is to take into account the behavior of
the converter outside the nominal case and, for all the possible uncertainties, to
guarantee stability and desired performance. Any further information in robust
control theory can be found in [?].

The control system structure for the robust controller is described in Fig.
4.8

where K is the controller. Two controllers are synthesized; an H∞ mixed
sensitivity and a µ(DK). These controllers are both robust and consider the
uncertainty.

H∞ mixed sensitivity (H∞ MS)

The H∞ problem consist in find a proper, real rational controller K that sta-
bilizes G internally and minimizes the H∞ norm from w (perturbations) to z
(performance measurement) (min‖Tzw‖∞) , where Tzw is the transfer function
form w to z. See Fig. 4.9

There exists a controller Ksub such that ‖Tzw‖∞ < γ ,γ is a constant, with
the form

Ksub =

{

k̇ = A∞k +B∞y

u = C∞k
(4.3)
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Figure 4.9: Block diagram of the extended converter G and the controller K

Where A∞, B∞ and C∞, are the solutions given by the H∞ algorithm.
This is a suboptimal controller since the optimal solution is numerically an
theoretically complicated.

The H∞ MS problem includes the uncertainty and uses the H∞ algorithm,
reducing the H∞ norm from w and w∆ to z and z∆ as a non structured case as
shown in Fig. 4.10.

The synthesized controller is 10th order and met nominal performance and
robust stability. The results of the H∞ MS controller synthesis are shown in
Table 4.1.

A balanced reduction of the controller to 5th and 1st order are evaluated
(Fig. 4.11), in both cases the robust stability and nominal performance are
maintained. Moreover, the numerical results of the indexes in Table 1 are prac-
tically the same for the full order controller and its reductions.

The transfer function of the 1st order reduction of the H∞ MS controller is

[
u(s)/e(s)
d(s)/e(s)

]

H∞MS

=

[
33.61·10−3s+9.186

s+10−4

0.2447·10−3s+0.1092
s+10−4

]

(4.4)

µ DK controller

The µ problem consist in finding a controller K that minimizes the structured
singular value form w and w∆ to z and z∆ (Fig. 4.10). In contrast to the H∞
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K

Figure 4.10: Block diagram of the extended converter G and the controller K
with the uncertainty ∆
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Figure 4.11: Bode diagram of the H∞ MS controller and its reductions.

MS case, there is no relation between, z∆ and w, and , z and w∆, leading to a
less conservative analysis.

The resulting controller was 16th order and does not meet robust perfor-
mance, however the controller guarantees robust stability and nominal perfor-
mance.

Again, a balanced reduction of the controller to 5th and 1st order was eval-
uated (Fig. 4.12) maintaining robust stability and nominal performance. The
numerical results of the indexes in Table 4.1 are practically the same for the full
order controller and its reductions.

The transfer function of the 1st order reduction of the µ DK controller is

[
u(s)/e(s)
d(s)/e(s)

]

µ(DK)

=

[
−5.165·10−3s+20.52

s+10−4

−0.9087·10−3s+0.674
s+10−4

]

(4.5)

The results obtained in Table 4.1 show that the PI controller only satisfies
nominal performance as expected. However, the two robust controllers fulfill
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Figure 4.12: Bode diagram of the µ DK controller and its reductions.

Table 4.1: Controller order an indexes comparison, an index lower than 1 indi-
cates that the controller fulfill the requirement.

Controller Order Rob. stab. Nom. perf. Rob. perf.
PI 1 3.001 0.901 4.254
H∞ MS 10, 5, 1 0.964 0.714 2.766
µ DK 16, 5, 1 1.015 0.677 2.707

the requirement of nominal performance too and moreover, they are robustly
stable as well. The µ (DK) controller has lower indexes than H∞ MS in the
nominal performance and robust performance, that means it has a better re-
sponse. However, the H∞ MS controller has a better stability index but still
both are robustly stable. Since the µ (DK) controller is less conservative it is
expected that has lower indexes than the H∞ MS and still be robustly stable.

None of the controllers fulfills the robust performance requirement. However,
the µ (DK) controller has the better response.

4.6 Simulation Results

The three controllers are compared on a simulation over the nonlinear average
model. Two cases are evaluated with a step perturbation of +/ − 50Ω of the
load resistance over its nominal value. The results are shown in Fig. 4.13 and
Fig. 4.14. It can be concluded that the H∞ MS and µ (DK) controllers are
robustly stable and the µ (DK) controller has a faster response than the H∞

MS controller.

41



Comparison of Robust Control Laws for a DC/DC Classical Ladder Multilevel
Converter (CLT)

For this simulation both control signals are bounded, the duty cycle d be-
tween 0 and 1; and the input voltage Vin between 0V and 30V .

4.6.1 Load perturbation +50Ω

A load perturbation from 100Ω to 150Ω is applied. Fig. 4.13 shows the response
of PI, H∞ MS and µ (DK) controllers. All the controllers are stable for this load
perturbation. The PI controller has the fastest response, furthermore, the PI
and µ (DK) controllers use a higher amplitude of the duty cycle control signal
in order to regulate the output voltage. The H∞ MS controller nevertheless,
uses less amplitude in the duty cycle control signal and almost the same Vin

input voltage of the µ (DK) controller with the slowest time response.
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Figure 4.13: Response to a load perturbation of PI, H∞ MS and µ (DK)
controllers.

4.6.2 Load perturbation −50Ω

A load perturbation from 100Ω to 50Ω is applied. Fig. 4.14 shows the response
of PI, H∞ MS and µ (DK) controllers. The PI controller is clearly unstable
for this perturbation; this instability is mainly due to the change of phase and
gain augmentation in the y/d transfer function near the duty cycle of maximum

42



gain as shown in Fig. 4.1 and Fig. 4.3. The PI controller uses d more than Vin

in order to correct the output voltage, reaching the point of maximum gain of
y/d too fast. Furthermore, the Vin control signal is not fast enough to correct
the error leading to the system instability.

The H∞ MS and µ (DK) controllers consider the converter uncertainties,
and both are stable to the load perturbation as expected. However the µ (DK)
analysis is less conservative than the H∞ MS giving to µ (DK) controller better
performance maintaining its robustness.
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Figure 4.14: Response to a load perturbation of PI, H∞ MS and µ (DK)
controllers.

4.7 Conclusions

In this chapter a dynamic and static model of a multilevel converter was ana-
lyzed, the conventional average model showed a poor performance in order to
model the converter for the given values of capacitors and resistances; how-
ever the dynamics were too similar. The controllers showed that in order to
meet robust stability, an analysis including the system uncertainties was needed
and therefore, an uncertain model of the converter was required. An H∞ MS
method and a µ (DK) synthesis were required to meet robust stability, and the
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µ (DK) controller had better time response than the H∞ MS but with a greater
order, however the balanced reductions showed to maintain the robustness and
performance indexes reducing the controller even to 1st order.
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Chapter 5

Ladder Multilevel
Converter Analysis Using a
New Equivalent Continuous
Model

5.1 Introduction

In a switched capacitor converter, capacitors with different voltages can be
connected producing current spikes. Since the ESR of the capacitors and the ON
resistance of the interconnection switches are usually small the equivalent time
constant τ of the resulting circuit is also small therefore the dynamics are rapid
compared to the switching period (see Fig. 5.1). Due to the rapid dynamics of
the current of the capacitors the assumption for the classical average model is
not fulfilled. In chapter 3 a new analytical modeling technique that allows to
obtain an equivalent continuous model of a switched converter regardless the
dynamics on each switching state is proposed. In this chapter this technique is
used in order to analyze the behavior of the converter and optimize its efficiency.

I c

τ ↑↑
τ ↓↓

Figure 5.1: Current waveform for different τ values

It can be seen in Fig. 5.1 that for small τ (i.e. small ESR and switches
ON resistance) the current waveform presents an exponential shape and higher
current spikes than for greater τ values (i.e. higher ESR and switches ON
resistance). Moreover, due to charge balance, both waveforms must have the
same average en each cycle. Since the average is the same it can be concluded
that the exponential waveform has a higher RMS value. Notice how reducing
the resistor value implies the increase in the RMS and, since the power losses
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are given by ‖i‖2RMSR, no conclusion about the power losses in the resistor can
be made easily.

In [22], [67], [20], [18], [19], [23] power losses in switched capacitor converters
are treated an analyzed. It is mentioned that in SC converters reducing the ON
resistance of the switches or the ESR not necessarily implies higher efficiency.
In this chapter a different approach to the converter analysis and optimization
is addressed using a new averaging technique applied to a design problem of a
DLT converter with eight cells for high voltage application. The components of
the converter are chosen to optimize its efficiency. Moreover, the converter is
implemented and experimental measurements are taken.

5.2 CLT Analysis

In this section the model obtained with the classical technique is compared
with the model obtained with the generalized continuous technique and some
conclusions about the behavior of the CLT are carried out.

Fig. 5.2 shows a comparison of the step response of the two modeling meth-
ods with the switched system in simulation. It is clear that with the classical
model an inaccurate DC gain is obtained. The new method however, seems to
be accurate and is able to obtain a correct value of the DC gain.
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Figure 5.2: 10V step response of the converter of Vout/Vin for the nominal
conditions, with d = 0.4 and Rload = 100Ω

In power converters it is common to use the duty cycle in order to control the
output variable. Fig. 5.3 shows a comparison of the DC gain of the converter
for different duty cycles using the two models. The differences on the DC gain
mentioned before can be noticed now for different duty cycles; a maximum
gain near 2 is obtained with the classical model and a maximum gain near
1.3 is obtained with the new model. These differences are mainly due to the
fast dynamics of the converter on each switching state. In order to apply the
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classical average model and obtain an accurate results these dynamics must be
slow. Another noticeable difference is the duty cycle of maximum gain, for the
classical model is near d = 0.47 and for the new model is near d = 0.3 (see
chapter 4).
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Figure 5.3: Comparison of the DC gain of the converter Vout/Vin for Rload =
100Ω with the two models

Fig. 5.4 shows the DC gain of the converter using the new model and for
different resistive load values. It can be seen how the gain of the converter
Vout/Vin varies from more than 2.5 for small loads to less than 0.5 for bigger
load which limits the regulation capabilities of the converter if only the duty
cycle is used as control signal. Moreover, the duty cycle of maximum gain
is dependent on the load, making it difficult to obtain the maximum gain of
the converter in a practical situation. Fig. 5.5 shows how the duty cycle of
maximum gain varies with the load resistance. Moreover, this duty cycle varies
with the switching frequency of the converter.

Since the input voltage source Vin is analyzed with zero output resistance
the duty cycle of maximin gain is in all cases different form 0.5 and varies with
load changes.

A comparison of the frequency response of the converter with the two models
is shown in Fig. 5.6. The difference of the DC gain is noticed in de magnitude
plot. Furthermore, the differences on the phase plot show than the pole and
zero are closer than in the classical model producing a different time response.

The analysis shows an inaccuracy of the classical model due to the fast
dynamics of the converter on each switching state. However, the new method
is able to model correctly the SC converter since it is not dependent of the
switching states dynamics.
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Figure 5.4: DC gain of the converter Vout/Vin using the new average model
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Figure 5.5: Duty cycle of maximin gain of the converter for different values of
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5.3 DLT Analysis

Since the new modeling technique is able to model accurately the SC converter,
it is used to analyze and optimize the DLT for further implementation.

The nominal values of the converter are: input voltage Vin = 350V ; output
voltage Vout = 3000V ; output current Iout = 100mA; number of cells Nc = 8.
Since the capacitors voltage must be rated at least 400V and they must be
physically small, a commercial value C = 2.2µF is chosen.

48



−2

0

2

4

6

M
a
g
n
it
u
d
e
(d
B
)

New
Class.

103 104 105 106
−20

−15

−10

−5

0

Frequency (rad/s)

P
h
a
se

(d
eg

re
es
)

Figure 5.6: Bode diagram comparison of Vout/Vin for the two models

5.3.1 Duty Cycle of maximum gain

The DC gain of the converter as a function of the duty cycle d for different load
values is shown in Fig. 5.7. As a main difference with CLT it can be seen that
the duty cycle of maximum gain is independent of the load value and is always
d = 0.5. Moreover, this value of duty cycle is independent of the switching
frequency of the converter. This is another advantage not mentioned in chapter
2 respect to CLT if a maximum gain is desired.
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Figure 5.7: Voltage gain Vout/Vin of a DLT with Nc = 8 for different values of
resistive load
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5.3.2 Efficiency

As it is mentioned before, an easy conclusion about the efficiency can not made
due to the effect on the current waveform when the resistances are small. In Fig.
5.8 the efficiency of the converter as a function of the capacitor ESR RC and
the switches ON resistance RS is shown. The higher efficiency (lighter zone)
is not obtained with the lower resistance values; actually, for these values the
efficiency is under 50%. However, for values near RC = 1.3Ω and RS = 3.1Ω
efficiency is up to 96.9%.

The resistance RC affects the efficiency more than RS , notice how for greater
values of RC the region is darker (lower efficiency). This effect is due to the
current distribution in the converter (see Fig. 2.8)
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Figure 5.8: Efficiency of DLT for different values of capacitor ESR (RC) and
switches ON resistance (RS) at a switching frequency f = 75kHz. (Max effi-
ciency 96.9%)

When a lower frequency is used, the efficiency (only conduction losses) is re-
duced. Fig. 5.9 shows the difference of the efficiency obtained for two switching
frequencies f = 50kHz and f = 75kHz. Notice how all the values are negative
which means a reduction of the efficiency. For the higher efficiency points of
Fig. 5.8, Fig. 5.9 shows a reduction of the efficiency around 1.5%. The highest
efficiency reduction can be found for low resistance values; for these values the
efficiency of Fig. 5.8 is already low (near 50%).

Fig. 5.10 shows the output resistance of the DLT with f = 75kHz. Notice
how for RC < 3.5Ω and RS < 10Ω Rout stabilizes near 580Ω. Nevertheless, the
efficiency of Fig. 5.8 varies on this region. Comparing Fig. 5.8 and Fig. 5.10 it
can be seen that the higher efficiency is reached near the point where the output
resistance Rout of the converter begin to stabilize.

When the switching frequency is reduced the output resistance Rout is incre-
mented as shown in Fig. 5.11. Notice how near the points of maximin efficiency
Rout is incremented in around 250Ω.

Since the current ripple through the capacitors is more than 1A due to
current spikes, a low ESR is preferred. A commercial capacitor with C = 2.2µF
and RC = 2.5mΩ is chosen. Therefore, RS and f will be chosen in order to
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Figure 5.9: Efficiency difference for different values of capacitor ESR (RC) and
switches ON resistance (RS) at a switching frequency of f = 50kHz respect of
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Figure 5.10: Output resistance Rout of DLT for different values of capacitor ESR
(RC) and switches ON resistance (RS) at a switching frequency f = 75kHz.
(Min Rout = 580Ω)

optimize the efficiency.

In Fig. 5.12 the efficiency for different values of RS and f is shown. It
can be seen that the efficiency is higher for higher frequency values (conduction
losses only). Due to hardware limitations, the highest frequency that can be
obtained is f = 75kHz; for this frequency the values of RS that are nearest the
highest efficiency point are 1.7Ω < RS < 6.3Ω. A commercial N-MOS transistor
P8NK100Z with RS = 1.8Ω is chosen resulting in a theoretically efficiency of
96%.

It can be seen in Fig. 5.13 how the lowest output resistance (lighter zone) not
necessarily means higher efficiency (see Fig. 5.12). For the selected resistance
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Figure 5.11: Output resistance Rout difference for different values of capacitor
ESR (RC) and switches ON resistance (RS) at a switching frequency of f =
50kHz respect of the output resistance at f = 75kHz; positive values means an
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10
−2

10
−1

10
0

10
1

10
2

10
4

10
5

10
6

 

 

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

RS

F
re
q
u
en
cy

(H
z
)

Efficiency ·100%

Figure 5.12: Efficiency of DLT for different values of switching frequency (f)
and switches ON resistance (RS) with C = 2.2µF and RC = 2.5mΩ. (Max
efficiency 99.2%)

values, an output resistance Rout = 790Ω is obtained.

Fig. 5.14 shows a comparison of the efficiency for the selected switch RS =
1.8Ω an other with RS = 0.18Ω. Clearly a higher efficiency is obtained with
RS = 1.8Ω for frequencies f < 800kHz. Above f = 800kHz the switch with
RS = 0.18Ω presents higher efficiency. However, this analysis only takes into
account the conduction losses, at f = 800kHz the switching losses can become
very high and the efficiency can be reduced.
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5.3.3 Duty Cycle effect

With the selected parameters, the variation of the converter gain Vout/Vin with
the duty cycle d is shown in Fig. 5.15. This variation is not significant and
therefore the duty cycle can not be used as control signal. Since all the switches
control signals are driven by pulse transformers as in [46], [44] and the duty
cycle of maximum gain is constant and equal to 0.5 this value is chosen for the
converter implementation.
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Figure 5.15: Voltage gain Vout/Vin of a DLT with nominal values (i.e. Nc = 8,
RS = 1.8Ω, C = 2.2µF , RC = 2.5mΩ, f = 75kHz.

5.3.4 Converter implementation

The final nominal values of the parameters chosen for the implementation of
the converter are shown in Table 5.1

Table 5.1: Converter parameters

DLT converter
NC 8
Vin 0-350V
Vout 0-3000V
Iout 0-100mA
Switch N-MOS P8NK100Z
RS 1.8Ω
C 2.2µF
RC 2.5mΩ
f 75kHz
d 0.5

5.4 Experimental Results

In order to validate the theoretical analysis, experimental measurements are
taken. Table 5.2 shows a comparison between theoretically and experimental
efficiency. The experimental efficiency was measured at 300W (i.e. Vout =
3000V and Iout = 100mA).
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Table 5.2: Comparison of theoretical and experimental efficiency

20kHz 50kHz 75kHz
Theoretical 87% 93.5% 96%
Experimental 84.5% 90.5% 92%

The results show a difference on the efficiency up to 4% at 75kHz. This
difference is mainly attributed to switching losses since they are not taken into
account on the analysis carried out in this chapter. However, The higher effi-
ciency is achieved at 75kHz as expected.

5.5 Conclusions

In this chapter, CLT was analyzed using different modeling techniques. The
classical average model shows poor accuracy modeling the converter. There-
fore, a new modeling technique is used. It was showed that the duty cycle of
maximum gain of the CLT is dependent with the load and the frequency.

The DLT was analyzed with the new model and the optimal parameter values
was founded. These parameters were subjected to constraints of hardware and
commercial components. Thus, higher efficiencies could be achieved. It was
shown that the highest efficiency is not achieved necessarily with the smallest
resistor values and it is strongly dependent on the frequency; therefore, a careful
analysis is needed in order to obtain the highest efficiency point.

Since the analysis carried out did not take into account the switching losses
the experimental results are different from the theoretical. However, the increase
of the switching losses at 75kHz were low enough to maintain this frequency
with high efficiency. For higher frequency values the switching losses can become
more important.
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Chapter 6

Modeling and Control
Design of a Double Ladder
Multilevel Converter for a
Glow Discharge Application

6.1 Introduction

When the system does not satisfy the suppositions of the modeling technique,
an inaccurate model is obtained. In chapter 4, several control laws are designed
for a ladder multilevel converter using the classical average model [53]. However,
the poor accuracy of this modeling technique for this particular converter leads
to a degraded performance of the control law on the switched converter. In this
work the inaccuracy of the classical average technique is verified. Moreover, the
technique from chapter 3 is evaluated and validated with accurate results on
a converter in double ladder topology (DLT) proposed in chapter 2. Finally,
a robust control law is designed an implemented in a NI cRIO FPGA mod-
ule for a 3000V , 100mA glow discharge application. Its performance is tested
experimentally.

6.2 Robust Control Design

6.2.1 Classical average model problem

In chapter 4 three control laws to regulate the output voltage were designed
for the CLT, two robust controllers using H∞MixedSensitivity and synthesis
µDK , and a classical PI. For the controllers design the classical average model
is used.

The performance of the controllers to a load perturbation at t = 0.5s is
tested in simulation with the nonlinear classical average model and the results
are shown in Fig. 4.14. It can be seen that the three controllers are stable for the
nominal case, and only the robust controllers are stable to the load perturbation.

57



Modeling and Control Design of a Double Ladder Multilevel Converter for a
Glow Discharge Application

In Fig. 6.1 the performance of the controller is tested on the switched model. For
this case the robust controllers are stable for the nominal case. Nevertheless only
the H∞MixedSensitivity is stable for the load perturbation. The PI controller
is unstable for the nominal case.

Notice that the control signals for both controllers using the switched model
(Fig. 6.1) have higher amplitude than the control signals with the averaged
model (Fig. 4.14).
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Figure 6.1: Response of the robust controllers on the switched converter

The response obtained for both simulations shows that the controllers per-
formance is as expected since they are designed using the classical averaged
model (Fig. 4.14). However, in the switched case the performance is clearly
different. Fig. 5.2 shows the step response of the classical averaged model and
the switched system. It can be seen clearly that the averaged model does not
represent accurately the dynamics of the converter, and can not be used in order
to design control laws in this case.
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6.2.2 Glow discharge control using the General Equivalent
Continuous Model

The main objective of the control law is to start-up and regulate the current of
a glow discharge generated at atmospheric pressure.

System Description

Due to the advantages of the DLT topology, this is used for the final implemen-
tation. The structure of the system is shown in Fig. 6.2. The system consists
in a buck-boost converter, a ladder multilevel converter (DLT) and an external
load. The buck-boost controls the input voltage to the multilevel converter us-
ing its duty cycle dBB. The multilevel converter boost the output voltage of the
buck-boost to a higher DC level (up to 3000V ).
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Figure 6.2: System scheme

The load is shown in Fig. 6.3. The glow discharge is generated between two
electrodes at atmospheric pressure with a maximum current of 100mA. Lload

and Rload are used to limit the the load current when the discharge occurs. The

Lload Rload

Glow Disch.

Figure 6.3: Load description

glow discharge is modeled as a voltage source.
For the control design the variables taken into account are: the controlled

variable is the current through the load Iload, this current is the same as for the
glow discharge; the control variable is the duty cycle of the buck-boost converter
dBB, which modifies the output voltage of the buck-boost and therefore, the
output voltage of the DLT.

Performance measurement

Two performance measurements are used. One for the error signal (difference
between the desired output current and the actual output current) which guar-
antees high frequency rejection, typically noise due to the switching frequency,
and low steady state error. Another performance measurement is used for the
control signal dBB which guarantees dynamics only of frequencies ten time lower
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than the buck-boost switching frequency and limits the amplitude of the control
signal between 0 and 1.

6.3 Implementation

A buck-boost and a DLT converter are implemented as shown in Fig. 6.2.
The buck-boost controls the input voltage of the DLT between 0V and 350V
using its duty cycle dBB. For its implementation bidirectional switches are used
(NMOS SPP17N80C3) with an external antiparallel diode and a blocking diode
(C4D02120A). Finally, an inductance LBB = 100µH and an output capacitor
CBB = 6.6µ are used with a switching frequency fBB = 100kHz.

The DLT was implemented as shown in Fig. 2.8. For its implementation
eight cells are used Nc = 8 leading to a maximum output voltage Vout = 3000V .
A NMOS P8NK100Z with ON resistance Rs = 1.8Ω and capacitors Cx = 2.2µF
with ESR RC = 2.5mΩ are employed. The converter uses a switching frequency
fDLT = 75kHz with a constant duty cycle dDLT = 0.5. In order to drive the
gate control signals for this converter insolated pulse transformer are used. The
load parameters of Fig. 6.3 are: Rload = 25kΩ and Lload = 10H .

For the implementation of the controller a NI-CRio9022 is used, this con-
troller has an internal FPGA running at 40MHz. To manage the input an
output signals two I/O digital modules (NI 9401 and NI 9403) are employed.
The analog input signals are acquired with a NI 9201 module with a sample
rate of 500KS/s.

Since the µ(DK) controller provides better performance than the H∞MS
with the same robust stability as shown in chapter 4, only this controller is
implemented and tested on the glow discharge.

6.4 Experimental Results

6.4.1 Model Validation

In order to validate the modeling technique presented in chapter 3, experimen-
tal measurements are taken for the implemented DLT converter. In Fig. 6.4
the experimental step response is compared with the model obtained with the
classical average method, the results show clearly the inaccuracy of the model
obtained with this technique.

Fig. 6.5 shows a comparison between the experimental results and the results
obtained with the model proposed in chapter 3 of the step response of the DLT
at different switching frequencies. A clear dependence of the dynamics of the
converter with the switching frequency is noticed. Moreover, a lesser settling
time is obtained for higher frequency values as well as the output voltage is
greater with a higher frequency. Table 6.1 shows the numeric results for Fig.
6.5 of a performance index calculated as follows

FIT = 100

(

1−
‖y̌ − y‖

‖y − ȳ‖

)

% (6.1)

where ‖ ∗ ‖ represents the norm of the argument, y̌ the results obtained with
the theoretical model, y the experimental measurements and ȳ the average of
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using the classical average model to a 31V step of the DLT with a resistive load
Rload = 2.1kΩ
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Figure 6.5: Comparison of the experimental and theoretical response Vout/Vin

using the general equivalent continuous model to a 31V step of the DLT with a
resistive load Rload = 2.1kΩ

Fig. 6.6 shows the comparison of the incremental step response from fDLT

(input) to Vout (output) of the analytical model and the experimental results for
different operating frequencies. Again, the results obtained with the theoretical
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Table 6.1: FIT index for the step response Vout/Vin of Fig. 6.5
80kHz 40kHz 20kHz

FIT 97% 94% 89%

model are consistent with the experimental results for the tested cases. The
numerical results of the FIT indexes are shown in Table 6.2
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Figure 6.6: Comparison of the experimental and theoretical response (incremen-
tal) Vout/fDLT using the general equivalent continuous model to a 31V step of
the DLT with a resistive load Rload = 2.1kΩ

Table 6.2: FIT index for the step response Vout/fDLT of Fig. 6.6
70kHz 50kHz 20kHz

FIT 91% 94% 94%

Fig. 6.7 shows a comparison the DC gain of the DLT as a function of switch-
ing frequency, it can be seen how the converter gain Vout/Vin increases with the
frequency. Moreover, the experimental and theoretical results are consistent.
The numerical result of the FIT index is shown in Table 6.3

Table 6.3: FIT index for the DC gain v.s. frequency of Fig. 6.7
DC Gain

FIT 95%

The FIT index shows in all the cases a clear accuracy of the analytical
modeling technique compared to the experimental results. Therefore, it can be
used in order to design a control law.
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Figure 6.7: Comparison of the experimental and theoretical DC gain Vout/Vin

of DLT using the general equivalent continuous model with a resistive load
Rload = 2.1kΩ

Glow discharge

Fig. 6.8 shows the glow discharge voltage as a function of the current, it can be
seen that for currents less than 50mA the voltage varies with the current as a
negative resistance. However, for currents more than 50mA the discharge volt-
age remains steady. Moreover, the discharge voltage depends on the breakdown
voltage VBD between the electrodes, which also depends on the distance. The
possible variations on the discharge voltage are taken as perturbations in order
to design the control law.

6.4.2 Controller

One objective of the control law is to be able to start-up the discharge and
maintain its current to a certain value. Fig. 6.9 shows the discharge start-up by
the controller with a current set point of 50mA. The discharge begins when the
voltage between the electrodes Vgd reach 3000V approximately. At this instant
the voltage between the electrodes falls immediately to a voltage under 250V
and the current through the discharge iload starts to raise. The controller reduce
the buck-boost voltage VBB and therefore the DLT voltage VDLT in order to
set the current to the desired level.

The step response of the controller with the glow discharge already generated
is shown in Fig. 6.10. It can be seen VBB and VDLT raising in order to obtain
the desired current. Furthermore, the discharge voltage Vgd falls at 0.2s while
the current is rising. However this perturbation is considered in the controller
design and it is rejected by this as expected. In Fig. 6.11 the response of the
controller to a perturbation in the discharge voltage Vgd is showed resulting in
a fast correction of the load current iload.

The behavior of the Vgd voltage becomes unpredictable at higher current
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Figure 6.9: Glow discharge start-up by the controller

values. For low currents (i.e iload = 20mA) the discharge voltage remains con-
stant. However, for higher current values (i.e iload = 75mA) the discharge
voltage varies in the time with a constant current set point as shown in Fig.
6.12. Since these perturbations are taken into account in the controller design
their effects on the load current iload are reduced.
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Figure 6.11: Step response to a perturbation in the discharge voltage Vgd

6.5 Conclusions

A DLT converter was successfully implemented with a 3000V 100mA output
for a glow discharge application. Moreover, the poor accuracy of the classical
average modeling technique is demonstrated and its effects on the controllers are
evaluated. A new modeling technique proposed in chapter 3 is evaluated and
validated with experimental measurements, this technique showed a great accu-
racy measured with FIT index. Moreover, the effects of the switching frequency
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Figure 6.12: Glow discharge voltage behavior at iload = 75mA

on the converter response are evaluated showing a strong dependence.
Since the output voltage of DLT is differential and not referenced to a com-

mon point, the measurement of the output current is performed with a high
voltage insulated hall sensor.

Due to the principle of functionality of the multilevel converter, abrupt
changes on its input voltage generates very high current spikes through the
DLT switches. Therefore, the controller speed was limited to avoid over-current
on the switches. The use of the duty cycle of the DLT dDLT as a control sig-
nal was evaluated. However, for the particular values of RC and RS used of
the implementation this duty cycle has minimum effect on the output voltage
and current. Finally, the performance of a µ(DK) controller is tested on the
discharge start-up successfully.

In order to reduce the current spikes produced by abrupt voltage changes,
small inductances could be added in series to the capacitors of DLT.

66



Bibliography

[1] R. W. Erickson and D. Maksimovic, Fundamentals of Power Electronics.
Kluwer Academic Publishers, 2 ed., 2001.

[2] N. Mohan, T. M. Undeland, and W. P. Robbins, Power Electronics, Con-
verters, Applications, and Design. John Wiley & Sons, INC., 2 ed., 1995.

[3] T. A. Meynard and H. Foch, “Multi-level conversion: high voltage choppers
and voltage-source inverters,” in Proc. rd Annual IEEE Power Electronics
Specialists Conf. PESC ’92 Record, pp. 397–403, 1992.

[4] Y.-S. Kim, B.-S. Seo, and D.-S. Hyun, “A novel structure of multi-level
high voltage source inverter,” in Proc. Computer, Communication Control
and Power Engineering.1993 IEEE Region 10 Conf TENCON ’93, no. 0,
pp. 503–508, 1993.

[5] O. C. Mak and A. Ioinovici, “Small size and low weight dc/dc converter
with no magnetic elements,” in Proc. th Int. Telecommunications Energy
Conf. INTELEC ’94, pp. 573–580, 1994.

[6] J.-S. Lai and F. Z. Peng, “Multilevel converters-a new breed of power
converters,” IEEE Transactions on Industry Applications, vol. 32, no. 3,
pp. 509–517, 1996.

[7] F. Z. Peng, F. Zhang, and Z. Qian, “A magnetic-less dc-dc converter for
dual-voltage automotive systems,” IEEE Transactions on Industry Appli-
cations, vol. 39, no. 2, pp. 511–518, 2003.

[8] T. A. Meynard, H. Foch, P. Thomas, J. Courault, R. Jakob, and
M. Nahrstaedt, “Multicell converters: basic concepts and industry ap-
plications,” IEEE Transactions on Industrial Electronics, vol. 49, no. 5,
pp. 955–964, 2002.

[9] M. D. Seeman, A Design Methodology for Switched-Capacitor DC-DC Con-
verters. PhD thesis, University of California at Berkeley, May 2009.

[10] M. Marchesoni and C. Vacca, “A new dc-dc converter structure for power
flow management in fuel-cell electric vehicles with energy storage systems,”
in Proc. IEEE 35th Annual Power Electronics Specialists Conf. PESC 04,
vol. 1, pp. 683–689, 2004.

[11] K. Jin, M. Xu, and F. C. Lee, “A switching-capacitor pwm dc–dc converter
and its variations,” IEEE Transactions on Power Electronics, vol. 25, no. 1,
pp. 24–32, 2010.

67



BIBLIOGRAPHY

[12] J. Rodriguez, J.-S. Lai, and F. Z. Peng, “Multilevel inverters: a survey of
topologies, controls, and applications,” IEEE Transactions on Industrial
Electronics, vol. 49, no. 4, pp. 724–738, 2002.

[13] M. F. Escalante, J.-C. Vannier, and A. Arzande, “Flying capacitor mul-
tilevel inverters and dtc motor drive applications,” IEEE Transactions on
Industrial Electronics, vol. 49, no. 4, pp. 809–815, 2002.

[14] F. Z. Peng, “A generalized multilevel inverter topology with self voltage
balancing,” in Proc. Conf Industry Applications Conf. Record of the 2000
IEEE, vol. 3, pp. 2024–2031, 2000.

[15] A. Ioinovici, “Switched-capacitor power electronics circuits,” IEEE Circuits
and Systems Magazine, vol. 1, no. 3, pp. 37–42, 2001.

[16] E. Babaei and J. Ebrahimi, “A new topology of cascaded multilevel con-
verters with reduced number of components for high-voltage applications,”
IEEE Transactions on Power Electronics, no. 99, 2011. Early Access.

[17] Y. Hsieh, J. Chen, T. Liang, and L. Yang, “Novel high step-up dc-dc
converter with coupled-inductor and switched-capacitor techniques,” IEEE
Transactions on Industrial Electronics, no. 99, 2011. Early Access.

[18] C. K. Tse, S. C. Wong, and M. H. L. Chow, “On lossless switched-capacitor
power converters,” IEEE Transactions on Power Electronics, vol. 10, no. 3,
pp. 286–291, 1995.

[19] C. K. Tse, S. C. Wong, and M. H. L. Chow, “The simplest lossless switched-
capacitor ac/dc converter,” in Proc. th Annual IEEE Power Electronics
Specialists Conf., PESC ’94 Record, pp. 1212–1217, 1994.

[20] M. D. Seeman and S. R. Sanders, “Analysis and optimization of switched-
capacitor dc–dc converters,” IEEE Transactions on Power Electronics,
vol. 23, no. 2, pp. 841–851, 2008.

[21] F. Zhang, L. Du, F. Z. Peng, and Z. Qian, “A new design method for high-
power high-efficiency switched-capacitor dc–dc converters,” IEEE Trans-
actions on Power Electronics, vol. 23, no. 2, pp. 832–840, 2008.

[22] S. Ben-Yaakov, “On the influence of switch resistances on switched capaci-
tor converters losses,” IEEE Transactions on Industrial Electronics, no. 99,
2011. Early Access.

[23] J. M. Henry and J. W. Kimball, “Practical performance analysis of complex
switched-capacitor converters,” IEEE Transactions on Power Electronics,
vol. 26, no. 1, pp. 127–136, 2011.

[24] Y. P. B. Yeung, K. W. E. Cheng, S. L. Ho, K. K. Law, and D. Sutanto,
“Unified analysis of switched-capacitor resonant converters,” IEEE Trans-
actions on Industrial Electronics, vol. 51, no. 4, pp. 864–873, 2004.

[25] J. Sanders, F. Verhulst, and J. Murdock, Averaging Methods in Nonlinear
Dynamical Systems. Springer, 2 ed., 2007.

68



[26] S. Aimer, H. Fujioka, U. Jonsson, C.-Y. Kao, D. Patino, P. Riedinger,
T. Geyer, A. Beccuti, G. Papafotiou, M. Morari, A. Wernrud, and
A. Rantzer, “Hybrid control techniques for switched-mode dc-dc converters
part i: The step-down topology,” in Proc. American Control Conf. ACC
’07, pp. 5450–5457, 2007.

[27] C. Olalla, R. Leyva, A. El Aroudi, and I. Queinnec, “Robust lqr control
for pwm converters: An lmi approach,” IEEE Transactions on Industrial
Electronics, vol. 56, no. 7, pp. 2548–2558, 2009.

[28] J. Buisson, H. Cormerais, and P.-Y. Richard, “Analysis of the bond graph
model of hybrid physical systems with ideal switches,” in Proceedings of
the Institution of Mechanical Engineers, Part I: Journal of Systems and
Control Engineering, vol. 216, pp. 47–63, 2002.

[29] G. W. Wester and R. D. Middlebrook, “Low-frequency characterization
of switched dc-dc converters,” IEEE Transactions on Aerospace and Elec-
tronic Systems, no. 3, pp. 376–385, 1973.

[30] M. T. Bina, “Switching frequency dependent averaged model for statcom,”
in Proc. Fifth Int. Conf. Power Electronics and Drive Systems PEDS 2003,
vol. 1, pp. 136–140, 2003.

[31] K. D. T. Ngo and R. Webster, “Steady-state analysis and design of a
switched-capacitor dc-dc converter,” in Proc. rd Annual IEEE Power Elec-
tronics Specialists Conf. PESC ’92 Record, pp. 378–385, 1992.

[32] K. Mahabir, G. Verghese, J. Thottuvelil, and A. Heyman, “Linear averaged
and sampled data models for large signal control of high power factor ac-dc
converters,” in Proc. st Annual IEEE Power Electronics Specialists Conf.
PESC ’90 Record, pp. 372–381, 1990.

[33] R. D. Middlebrook, “Small-signal modeling of pulse-width modulated
switched-mode power converters,” Proceedings of the IEEE, vol. 76, no. 4,
pp. 343–354, 1988.

[34] R. Middlebrook and S. Cuk, “General unified approach to modelling switch-
ing DC to DC converters in discontinuous conduction mode,” in Proceedings
of IEEE Power Electronics Specialists Conference, pp. 36–57, California,
USA, 1977.

[35] H. Sira-Ramirez, “A geometric approach to pulse-width modulated con-
trol in nonlinear dynamical systems,” IEEE Transactions on Automatic
Control, vol. 34, no. 2, pp. 184–187, 1989.

[36] M. Poshtan, S. Kaboli, and J. Mahdavi, “On the suitability of modeling
approaches for power electronic converters,” in Proc. IEEE Int Industrial
Electronics Symp, vol. 2, pp. 1486–1491, 2006.

[37] S. R. Sanders, J. M. Noworolski, X. Z. Liu, and G. C. Verghese, “General-
ized averaging method for power conversion circuits,” IEEE Transactions
on Power Electronics, vol. 6, no. 2, pp. 251–259, 1991.

69



BIBLIOGRAPHY

[38] F. Huliehel and S. Ben-Yaakov, “Low-frequency sampled-data models of
switched mode dc-dc converters,” IEEE Transactions on Power Electronics,
vol. 6, no. 1, pp. 55–61, 1991.

[39] J. Sun and H. Grotstollen, “Averaged modelling of switching power convert-
ers: reformulation and theoretical basis,” in Proc. rd Annual IEEE Power
Electronics Specialists Conf. PESC ’92 Record, pp. 1165–1172, 1992.

[40] P. T. Krein, J. Bentsman, R. M. Bass, and B. L. Lesieutre, “On the use of
averaging for the analysis of power electronic systems,” IEEE Transactions
on Power Electronics, vol. 5, no. 2, pp. 182–190, 1990.

[41] B. Lehman and R. M. Bass, “Switching frequency dependent averagedmod-
els for pwm dc-dc converters,” IEEE Transactions on Power Electronics,
vol. 11, no. 1, pp. 89–98, 1996.

[42] B. Lehman and R. M. Bass, “Recent advances in averaging theory for
pwm dc-dc converters,” in Proc. 35th IEEE Decision and Control, vol. 4,
pp. 4467–4471, 1996.

[43] J. Sun and R. M. Bass, “A new approach to averaged modeling of pwm
converters with current-mode control,” in Proc. 23rd Int. Conf. Industrial
Electronics, Control and Instrumentation IECON 97, vol. 2, pp. 599–604,
1997.

[44] A. Lopez, R. Diez, G. Perilla, and D. Patino, “Convertidor multinivel dc/dc
de alto voltaje en topologia escalera,” Ingenieria y Universidad, 2012. Ac-
cepted, In publication (In spanish).

[45] A. Lopez, R. Diez, G. Perilla, and D. Patino, “Analysis and comparison of
three topologies of the ladder multilevel dc/dc converter,” IEEE Transac-
tions on Power Electronics, 2012. Accepted, In Publication.

[46] A. Lopez, D. Patino, R. Diez, and G. Perilla, “A dc/dc multilevel converter
for high voltage applications,” in Proc. IEEE IX Latin American and IEEE
Colombian Conf Robotics Symp. Automatic Control and Industry Applica-
tions (LARC), pp. 1–5, 2011.

[47] A. Lopez, D. Patino, and R. Diez, “An equivalent continuous model for
switched systems,” System & Control Letters. In review.

[48] A. Lopez, D. Patino, R. Diez, and G. Perilla, “Comparison of robust control
laws for a dc/dc ladder multilevel converter,” in IEEE ICIT 2012, 2012.
Accepted, In publication.

[49] A. Lopez, D. Patino, R. Diez, and G. Perilla, “Validation of generalized
continuous equivalent model on a dc/dc ladder multilevel converter.” In
review for ECCE 2012.

[50] J. A. Castano, G. Perilla, R. Diez, and D. Patino, “Small scale prototype of
a dc/dc multilevel converter for high voltage applications,” in Proc. IEEE
ANDESCON, pp. 1–6, 2010.

70



[51] F. Zhang, F. Z. Peng, and Z. Qian, “Study of the multilevel converters in dc-
dc applications,” in Proc. IEEE 35th Annual Power Electronics Specialists
Conf. PESC 04, vol. 2, pp. 1702–1706, 2004.

[52] K.-Y. Lee and Y.-S. Lai, “A novel magnetic-less bi-directional dc-dc con-
verter,” in Proc. 30th Annual Conf. of IEEE Industrial Electronics Society
IECON 2004, vol. 2, pp. 1014–1017, 2004.

[53] R. Middlebrook and S. Cuk, “A general unified approach to modelling
switching-converter power stages,” pp. 73–86, IEEE Power Electronics Spe-
cialist Conference, June 1976.

[54] F. H. Khan, L. M. Tolbert, and W. E. Webb, “Start-up and dynamic
modeling of the multilevel modular capacitor-clamped converter,” IEEE
Transactions on Power Electronics, vol. 25, no. 2, pp. 519–531, 2010.

[55] J. Zhao, Y. Han, X. He, C. Tan, J. Cheng, and R. Zhao, “Multilevel circuit
topologies based on the switched-capacitor converter and diode-clamped
converter,” IEEE Transactions on Power Electronics, no. 99, 2011. Early
Access.

[56] K. Guepratte, P.-O. Jeannin, D. Frey, and H. Stephan, “High efficiency
interleaved power electronics converter for wide operating power range,” in
Proc. Twenty-Fourth Annual IEEE Applied Power Electronics Conf. and
Exposition APEC 2009, pp. 413–419, 2009.

[57] J. Han, A. von Jouanne, and G. C. Temes, “A new approach to reduc-
ing output ripple in switched-capacitor-based step-down dc/dc converters,”
IEEE Transactions on Power Electronics, vol. 21, no. 6, pp. 1548–1555,
2006.

[58] S.-C. Tan, S. Kiratipongvoot, S. Bronstein, A. Ioinovici, Y. M. Lai, and
C. K. Tse, “Adaptive mixed on-time and switching frequency control of a
system of interleaved switched-capacitor converters,” IEEE Transactions
on Power Electronics, vol. 26, no. 2, pp. 364–380, 2011.

[59] Z. Machala, E. Marode, C. O. Laux, and C. H. Kruger, “Dc glow discharges
in atmospheric pressure air,” Journal of Advanced Oxidation Technologies,
vol. 7, no. 2, pp. 133–137, 2004.

[60] A. Davoudi, J. Jatskevich, and T. De Rybel, “Numerical state-space
average-value modeling of pwm dc-dc converters operating in dcm and
ccm,” IEEE Transactions on Power Electronics, vol. 21, no. 4, pp. 1003–
1012, 2006.

[61] G. T. Kostakis, S. N. Manias, and N. I. Margaris, “A generalized method
for calculating the rms values of switching power converters,” IEEE Trans-
actions on Power Electronics, vol. 15, no. 4, pp. 616–625, 2000.

[62] D. Patino, Control of limit cycles in hybrid dynamical systems: An intro-
duction to cyclic switched systems. Application to power converters. LAP
Lambert Academic Publishing, 2009.

71



BIBLIOGRAPHY

[63] C. K. Tse, Complex Behavior of Switching Power Converters. CRC Press
LLC, 2004.

[64] M. Baja, D. Patino, H. Cormerais, P. Riedinger, and J. Buisson, “Hybrid
control of a three-level three-cell dc-dc converter,” in Proc. American Con-
trol Conf. ACC ’07, pp. 5458–5463, 2007.

[65] M. Baja, D. Patino, P. Riedinger, H. Cormorais, J. Buison, and C. Iung,
“Alternative control methods for a four-level three-cell DC-DC converter,”
IEEE Transactions on Control Systems Technology, vol. N, p. N, 2009.

[66] J. N. Chiasson, L. M. Tolbert, K. J. McKenzie, and Z. Du, “Control of a
multilevel converter using resultant theory,” IEEE Transactions on Control
Systems Technology, vol. 11, no. 3, pp. 345–354, 2003.

[67] M. N. Gitau, C. K. Konga, and J. G. v. d. Westhuizen, “Loss reduction
in generalised multilevel converters,” in Proc. AFRICON ’09. AFRICON,
pp. 1–6, 2009.

[68] M. S. Agamy and P. K. Jain, “A new zero voltage switching single stage
power factor corrected three level resonant ac/dc converter,” in Proc. 31st
Annual Conf. of IEEE Industrial Electronics Society IECON 2005, 2005.

[69] J. C. Alvarez, J. E. Molina, and R. Sarmiento, “DiseÑo y construcciÓn de
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