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Abstract

This thesis is essentially an introduction to the study of Hecke operators acting on
the equivariant K-theory of the classifying space for proper actions of Bianchi groups.

The document is divided in two parts. The first part gives definitions and gen-
eralities on proper actions, Bredon (co)homology, K-theory, and Hecke operators;
these are given always thinking in the application to Bianchi groups, which are dis-
crete groups of matrices. After this, we define a Hecke operator in K-theory using a
decomposition by conjugacy classes of elements of finite order.

In the second part, we describe the algebraic structure of Bianchi groups, that is,
their decomposition as amalgamated products, including the explicit decompositions
for Euclidean Bianchi groups. We focus on the group I'y = PSLy(Z[i]), for which
we compute group cohomology, Bredon cohomology, and equivariant K-theory of
the classifying space for proper actions. Then, given a prime in Z[i], we define
an associated congruence subgroup of I'; in order to compute a Hecke operator in
Kt (ET') factoring through the K-theory of this subgroup. We conclude with explicit
calculations for p =1+ 1.
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1 Introduction

The study of Bianchi groups began, personally, as a natural next step from the study
of the modular group PSLy(Z). The theory of Hecke operators corresponding to mod-
ular forms and cohomology of congruence subgroups of the modular group has been
widely studied, and also, has been generalized to other groups and different contexts.

The Bianchi group associated with a positive square-free integer d is defined as
[y = PSLy(0,) = SLy(Qy) / {£ 1d}

where Q, is the ring of integers of the imaginary quadratic extension Q(v/—d). There
are several interesting, important arithmetic properties of Bianchi groups, and they
have gained a lot of interest in the last decades. For instance, one of the works that
gave direction to this thesis is an article by Mesland and Sengiin, where they study
Hecke operators in the context of KK-theory and K-homology.

In this document, we study the classifying space for proper actions and the
equivariant K-theory associated to Bianchi groups, specifically to the group I';. A
way to describe this space is considering the action of PSLy(C) of the hyperbolic
3-space, which can be viewed as quaternions, then the classifying space can be seen
as a subspace of it. This action also leads to some important properties of Bianchi
groups, such as their decomposition as amalgamated products.

Then, following some of the geometrical interpretations of Hecke operators, we
can define a Hecke operator in the groups K7 (EI'y). This is done by factoring the
operator as a composition of restriction and corestriction, which means that we need
to define morphisms going up and down between the K-theory associated to I'y and
to a particular subgroup. All being well, these operators will have, or lead to, some
arithmetic, algebraic, and/or geometric properties associated to the groups, as they
already do in the context of modular forms and group cohomology.



Part 1
K-theory and Hecke operators

We begin with an introduction to spectral sequences, where the Mayer-Vietoris spec-
tral sequence is defined. Then, we define proper actions, Bredon (co)homology, K-
theory and Hecke operators. The main core of this part is the interpretation of Hecke
operators that leads to the corresponding definition in K-theory.

2 Spectral Sequences

Spectral sequences are algebraic objects used mostly in algebraic topology. We will
describe briefly what this objects are and some of their applications. For a complete
introduction and development of this subject see [20].

2.1 Basic notions

A differential bigraded module over a ring R, is a collection of R-modules,
{EP1}, ez, together with an R-linear mapping d : E** — E**, of bidegree (s,1—5),
or (—s,s — 1), for some s € Z, such that d od = 0. Sometimes we use the same
indices in d to specify the particular domain. indexes The mapping d is called the
differential. The bidegree (m,n) means that d goes from EP? to EPT"™4t™  for each
pair p, q. With this, we can take the homology of a differential bigraded module with
bidegree (s,1 — s); we define it as

HPY(E** d) = Ker(d : EP? — EPTS9H1=5) [ Tm(d . BP9 1t o pPa),

This gives another bigraded module { H??(E**,d)}, 4ez. The same can be done with
a differential bigraded module of bidegree (—s,s — 1).

Now we can give the definition.



Definition 2.1. A spectral sequence is a collection of differential bigraded R-
modules {EX*}>° |, such that the differentials are either all of bidegree (—r,r — 1)

r=1’
(for homological type) or all of bidegree (r,1 —r) (for cohomological type) and, for
all p,q,r, there is an isomorphism EYY, = HPI(E** d,). The module E}* is called
the E,.-term of the spectral sequence.

It is important to mention that E'* and d, determine the EYf, but not d,1, so
one term of the spectral sequence is not enough to describe it all.

There is another way to describe an spectral sequence. Let { E}?}, ,ez be a family
of R-modules. Suppose that for each p,q € Z there is a tower of submodules

BfcpBMc-..cBtlC..czPiC-Cc Mz C BT
together with short exact sequences

0 — 20/ BYY — Z58/ B — BT B,
These define a spectral sequence by setting E}'Y, = Z49/BP9 and

dra . Bpa = zP4 BPA __y pptnatlon peinatlon o ppingtlon

taken from the exact sequences. See [20] for the complete explanation.

A spectral sequence is said to collapse at the N-th term if d, =0 for r > N.
This would imply that E}* = E77, then we define the limit term, E, as Ey".

T

Let F* be a filtration on an R-module M, that is, a family of submodules
{F?PM} ez, which could be decreasing, so FFT'M C FPM, or increasing, so FPM C
FPHLM | such that

("M =0 and | JFPM =M
PEL PEZL
Now, define its associated graded module, Ej(M), as
EP(M. F) — FPM/FPTM, for F* fiecreas'ing;
FPM/FP~'M, for F* increasing.

Also, if we have a graded R-module M*, in order to examine its filtration on each
degree, we define FPM* = FPM* N M* and the associated graded module as

Egﬂ(ﬂ4*7ﬁv::

FPNPHa/FPH NPT for F* decreasing;
FPNPTa/FPINPTa for F* increasing.
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Using these notions, we say that a spectral sequence {E** d,}, converges to a
graded R-module M* if there is a filtration F* on M* such that, for each p, ¢,

EP9 = ERI(M*|F).

If M has a differential structure, then we can construct a spectral sequence from
it. We call an R-module M a filtered differential graded module if

e M is a direct sum of submodules, M = @, , M™;

e there is an R-linear mapping, d : M — M, of degree 1 (so d : M™ — M"!) or
degree —1 (so d : M™ — M™ 1) satisfying d o d = 0; and

e M has a filtration F™* and the differential d respects the filtration, which means
that d : FPM — FPM.

Then, we have the next theorem.

Theorem 2.2. Each filtered differential graded module (M, d, F*) determines a spec-

o

tral sequence, {E**,d.}>° |, with d,. of bidegree (r,1 —r) and
EPT =~ HPTUFPM/FPTIM).

If we suppose further that the filtration is bounded, that s, for each dimension n,
there are values s = s(n) and t = t(n), so that

0=FM"C FF'M"C ... C F"'"'"M™ c F'M™ = M",
then the spectral sequence converges to H(M,d), that is,
E&q (Y] FpHerq(M, d)/Fp“Herq(M, d).

For a proof, see [20].

In general, there are much more different (weaker, stronger) algebraic structures
on which spectral sequences can be used, such as taking R to be a graded ring, or
M to be a graded vector space, a graded algebra, or simply a graded group (a direct
sum of groups).

Spectral sequences are objects that usually are given with the purpose of discov-
ering or describing some graded object M, although arriving to M may be impossible
without enough information. One of the main obstacles could be the so-called ez-
tenston problem. We will discuss this in the next paragraphs.



Suppose that there is a spectral sequence which converges to a graded object
M and that we already know what is the limit term F.,, but without any relation
between the E2?. The convergence guarantees that there is a (decreasing) filtration
F* on M for which, for all p, q,

EP = FpMp+q/Fp+1 MPta
This is the same as saying that there are short exact sequences
0 — FPHMPYE oy PPAPYE oy PO () (1)

for any p, q.
We cannot say much more without assuming something else.

For the case when M is a graded finite vector space, it can be recovered taking
the direct sum, for any n,

M= @ FM P R
PEZL p+q=n

since these vector spaces are determined up to isomorphism just with their dimension.

Now, going back to the general case, suppose that for some ng, we have £E%? = 0
whenever p + g = ng, that is, the (anti-)diagonal is zero. Then, from the exact
sequences (1) we can conclude that FPT1Mm = FPM™ for all p, and then clearly
M™ = 0.

Now, suppose that EP{ is not zero only for one pair py, go. We have
0= = FPF2NM0 = FRFLAm C FPOM™ = FPOTIM™ = ..o = MM
but also we have an exact sequence
0 — FPotipmo —y PPN —y BP0 —s ()
00 9

so we obtain the isomorphism
no o~ 'P0,90
M = PO,

Following with the idea, suppose that E%:? is not zero only for two pairs po, qo
and pq, q1, with py > p;. Then,

0 == FPtipfio € oo — ... = FRrlpmo ¢ PP — ... — ™



so the exact sequences
0 — FPHIMT™0 — FPIMT — EPL 5 (0, 0 — FPOTIAM0 — FPONM0 — EPO% s ()
imply we have the exact sequence

0 — BB —3 M™ — EPVT —3 0

and the isomorphism EP!9 = )™ /EPo-9% . With this result, M™ is not determined
yet, thus it depends on each particular case.

We see that, after this, with more than two non zero terms in a diagonal n, the
object M™ is hard to describe.

In the next section we will discuss a spectral sequence that will be useful to
compute the cohomology of the Bianchi group I'y.

2.2 The Mayer—Vietoris spectral sequence

The following spectral sequence obtains its name (although it is not standard) be-
cause it may be considered as the generalization of the Mayer—Vietoris long exact
sequence relating the cohomology groups of two spaces and their union by a sub-
space. For a little more detailed construction and for alternative constructions see
[26] and [29]. The spectral sequence is constructed in [29] for homology groups; here
we will use the same method to obtain cohomology groups.

We will require a topological space that is a simplicial complex. These are the
A-complexes whose simplices are uniquely determined by their vertices; this is the
same as saying that each n-simplex has n + 1 different vertices, and that no other
n-simplex has this same set of vertices. Anyway, we will not use this concepts in the
construction of the spectral sequence (but the assumption should be necessary for
everything in the background to work well).

Let X be a simplicial complex and suppose there is a covering U = {U,; };cs for
X, where [ is an ordered set. We define the nerve of U as the family N (U) of finite
subsets o C I for which the subspace X, := (., U; is not empty. (N(U) is obtained
to be an abstract simplicial complex.)

For each k£ > 0, take N (U) as the set of the o € N(U) of order k and define the
(co)chain complex

ct= P Cc(x,)

c€NL(U)
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where C*(—) denotes the cellular cochain complex (see [13] for a definition). Now,
for each 0 < i < k there is a boundary map 0; : Ni(U) — Ni_1(U), given by

az‘U:ai{j0<"'<jk}:{j0<"'<3;<"'<jk},

which gives the inclusions X, — Xy, that induce morphisms 0; : C*(Xy,,) —
C*(X,). Then, taking 0 = Zfzo(—mi@- and extending linearly over the direct sum
we obtain a chain map 9 : C*~1 — C* k> 1.

With this, define
B = H(C") = @ H(X.)
ocE€NR(U)

together with the differentials d : EP? — EP™% induced from 9. Here, H,(C?)
denotes the homology on the ¢-th dimension of the cochain complex C?.
Note that if we restrict to the image of d for some o € N,(U), the map

@ Hq(Xam) — Hq(XU)

1=0

has to be the direct sum of the induced morphisms in cohomology from the inclusions
)((7 — Xaig.

Then we can obtain the E5“, and it can be shown that E** converges to H*(X).
This is called the Mayer-Vietoris spectral sequence for X associated to the cov-
ering U.

An example for this spectral sequence will be presented in Section 10.1; it is the
computation of the group cohomology H*(I'y;Z), where I'y is a Bianchi group.

3 Proper actions

We first review the definitions given in [4]; these will serve only as useful illustrations,
since later in the thesis we will use the definitions given by Liick ([16], [17]), which
are more oriented to the context of discrete groups.

Let G be a topological group. A space X with a continuous action G x X — X
is called a G-space. A G-map between two G-spaces X and Y is a continuous map
f:X — Y such that g - f(z) = f(g-x), for all g € G, x € X, which means that it
is G-equivariant.



Definitions from Baum—Connes—Higson

Let G be a second countable, locally compact, Hausdorff topological group and X a
G-space. Assume X and G\ X are metrizable.

Definition 3.1. For a G-space X, we say that the action is proper if for allp € X
there exist an open neighbourhood U of p, a compact subgroup H of G, and a map p
such that

o forallge G andue U, g-ueU; and
e p:U— G/H is a G-map.

For example, let H be a compact subgroup of G and let S be an H-space. Then
GxgS=(GxS)/~, where (gh,s) ~ (g,h-s), has a natural G-action. This space
is sometimes known as the induction of S and it is a proper G-space.

Two G-maps fy, f1 : X — Y are called G-homotopic if they are homotopic
through G-maps. This means that there exists a continuous map f: X x [0,1] = Y,
where each map f(-,¢) : X — Y is a G-map for every ¢ € [0, 1], with f(-,0) = fo and
f('a 1) - fl'

Definition 3.2. A universal example for proper actions of G, denoted EG,
1s a proper G-space that satisfies the following universality property:

o [f X is any proper G-space, there exists a G-map f : X — EG which is unique
up to G-homotopy.

From the definition, it is clear that EG is unique up to G-homotopy.

There are a couple of explicit constructions for this space, depending on the
structure of the group, but a universal example for proper actions always exists.

The following is a very useful characterization for this space.

Proposition 3.3. A proper G-space Y is universal if and only if the following hold:

e If H is any compact subgroup of G, then there exists y € Y with hy =y for
allh e H.

o ConsideringY XY as a G-space with the diagonal action g(yo, 1) = (9Y0, 9y1),
the two projections pg, p1:Y XY =Y are G-homotopic.

See [4] for proofs, examples, and more details.

8



Definitions from Liuck

Let G be a locally compact, Hausdorff topological group. We define a G-CW-
complex X as a G-space together with a G-invariant filtration

XocX;Cc--CcX,C--C | X=X,

n>1

where X has the colimit topology with respect to the filtration (which means that

a subset U C X is closed if and only if U N X, is closed in X, for all n), and X, is
obtained from a pushout

I—lieln q;'
|_| G/H; x S*! X, .
el l
Lies, @F
| | G/H; x D X,

i€l
attaching equivariant n-cells. The space X, is called the n-skeleton.

Recall that a map f : X — Y is called proper if the preimage of every compact

set in Y is compact in X; or, equivalently, if f is closed and f~!(y) is compact for
any y € Y.

From [16] and [17] we conclude the following.

Theorem 3.4. The following three conditions are equivalent definitions for a proper
G-CW-complex X :

(i) For each pair of points x,y € X there are open neighbourhoods V,, and V, such
that the closure of {g € G : (gVy) NV, # 0} in G is compact.

(ii) The map 0 : G x X — X x X, (g,2) — (z,gx), is proper.
(iii) All the isotropy groups G, x € X, are compact in G.

Definition (iii) will be the most convenient for us to use.
Now, the classifying space for proper actions EG is defined the same as
we previously did for a universal example for proper actions. Here, in the case of

CW-complexes, there is a better homotopy characterization for EG, as stated below.

9



Theorem 3.5. A G-CW-complex X is a model for EG if and only if all its isotropy
groups are compact in G and, for each H C G compact, the H-fized point set X! is
weakly contractible.

4 Bredon cohomology

We define Bredon homology and cohomology as in [25].

Let G be a group with a family of subgroups §, closed under conjugation and
finite intersections. Define the orbit category OzG as the category whose objects
are the sets G/H, for H € §, and morphisms are G-maps f, : G/H — G/K, de-
termined by an element gK € G/K such that g"'Hg C K, so that it sends the coset
H to the coset gK.

Denote Ab for the category of abelian groups, or Z-modules. A Bredon module
is defined to be a functor M : O3G — Ab, could be covariant or contravariant. A
morphism ¥ : M — N between Bredon modules is a natural transformation; this
means that for each H € § there is a morphism of abelian groups

V(G/H): M(G/H) — N(G/H),
and these commute with the images by M and N of any morphism in OzG.

If M and N are both covariant, or contravariant, the group structure in each
of the Hom(M(G/H), N(G/H)) induces an abelian group structure in the set of
natural transformations mor(M, N).

Also, if M is contravariant and N is covariant, we define an abelian group

M @z N = M(G/H) @, N(G/H) / ~

Heg

where for each f : G/H — G/K, m € M(G/K), and n € N(G/H), we identify
M(f)(m) ®n with m ® N(f)(n).

Let X be a G-CW-complex. Its cellular chain complex is denoted by C,.(X). For
each n, we can define a contravariant Bredon module given by

Co(X) : G/H — Cp(XH),

10



where X is the subspace fixed by the subgroup H. Let {d,} be the n-cells of X, then
we know that C,(X#) =2 @, Z[6¥], where 6% means d,, if the cell is fixed by H, or
empty, in which case it does not count in the sum. For a morphism f, : G/H — G/K
we have

Jo = Co(X)(f,) : Cu(XT) = Cu( X, 05— g- 88 = 55;.

There is a boundary map 9 : C,(X#) — C,_1(X) for each H € §, so this
induces a boundary map
0: On<X) — Cnfl(X).

This is well defined, since the commutativity of the diagram

Co(XE) — 2 o (X5)

o Jo

Co(XHY — 2 o (xH)

is obtained from the commutativity of the G-action in the cells of X and the bound-
ary map in the cellular chain complex.

Let M and N be contravariant and covariant Bredon modules, respectively. We
have chain complexes

mor(C(X), M) and C.(X)®zN,

and we define the Bredon cohomology and homology groups with coefficients in
M and N, respectively, as

He(X; M) = H" (mor(Cy(X), M))

and
HE(X;N) = H,(C.(X) @5 N).

Now, let K € §. We define the standard projective contravariant Bredon module
Py given as

Px(G/H) = Z[mor(G/H,G/K)], for H € §,

11



and for a morphism f : G/H, — G/H,, the morphism Pg(f) : Px(G/Hy) —
Px(G/Hy) is the linear extension of pre-composing with f.

For this module and any other contravariant module M, we have the isomorphism
of abelian groups

evk : mor(Pg, M) — M(G/K), v = evg(p) = p(G/K)(1).

The inverse homomorphism is the one that sends an =z € M(G/K) to the natural
transformation given, in each G/H, as the linear extension of the map

mor(G/H,G/K) — M(G/H), X M(\)(x).

This isomorphism, mor(Px, M) = M(G/K), may be interpreted as the Yoneda
Lemma in category theory.

In a similar manner, if N is a covariant Bredon module, we will have an iso-
morphism

Py @3 N 2 N(G/K).

See [22] for more information on these isomorphisms.

Now, as before, let {d,} be the n-cells of X, and let {es} be a set of G-
representatives of those n-cells; we know that

Co(X™M) = P zf | = P ZI(G - es)").
o 3

Besides, there is a geg fixed by H if and only if that g is such that g"'Hg C Sg,
where S is the stabilizer of the cell e, and the ¢’s are taken as representatives in
G/ Sg, so we have a bijective correspondence

(G- ep) =mor(G/H,G/Sp).

Therefore, we obtain

Co(XM) 2 @) Zlmor(G/H,G/S3)] = D) Ps, (G/H).
B B

s0, as Bredon modules, C,,(X) = P, Ps, .

With Bredon modules, in the same way as with Z-modules, the morphisms from
a direct sum to another module is the direct product of the sets of morphisms from

12



each in the direct sum to the other module. Then, we have an isomorphism of chain
complexes

morg(C.(X), M) = HmOr(Psﬁ*,M) = HM(G/S/J’*)’
B* B

where {8*} indexes the G-representatives of #-cells. This becomes a direct sum
assuming there are finite representatives for the cells.

4.1 Coefficients in the representation ring

We will use the contravariant Bredon module R sending G/H to R(H ), the represen-
tation ring of the subgroup H. The morphisms are obtained from the composition
of restriction and the isomorphism given by conjugation: for any f, : G/H — G/L
the morphism R(f,) is the composition

L
Resqug

R(L) R(g"'Hg) — R(H).

Then, as seen before, we have the isomorphism

morg(C(X), R) = GB R(Sa),

given that there are finite orbit representatives of n-cells. Here, the differential is
given by restriction of representations, from the stabilizer of an n-cell to the stabilizer
of the corresponding (n + 1)-cell that contains it.

Similarly, we can consider R as a covariant Bredon module, setting R(f,) to be
the composition
Ide—ng

R(H) = R(g™'Hy)

Then we have the chain complex

Co(X) @5 R = P R(Sa),

R(L).

where the differential is given by induction of representations.
The following is an important result from [22] regarding conjugacy classes of a

group and the 0-th Bredon homology group associated. We will use it as a check for
the computations to the Hecke operator.

13



Theorem 4.1. Let G be any group and let FC(G) be the set of conjugacy classes of
elements of finite order in GG. There is an isomorphism

HE(EG;R) ®;,C = C[FC(G)].

In particular, if H§(EG;R) is a free abelian group, its rank is equal to the number
of conjugacy classes of elements of finite order in G.

5 K-theory

First we recall the basic, classical definitions needed for K-theory, which are given
for compact, Hausdorff spaces. Then, we give the definitions developed by Liick and
Oliver for finite proper G-CW-complexes, with GG discrete, the ones we are interested
in. Everything is done over the complex numbers.

Let X be a topological space (compact, Hausdorff). A vector bundle over X
is a space E together with a map p: F — X such that for any z € X

e p~!(x) = E, has a vector space structure over C, compatible with the topology
given from F, and

e there is a neighbourhood U C X of x for which the preimage p~!(U) is iso-
morphic to the space C" x U, for some integer n, where p~*(y) = E,, for any
y € U, is identified with C" x {y} as an isomorphism of vector spaces.

The second condition is known as local triviality.

Here, X is called the base space, E the total space, p the projection map,
and, for each x € X, F, is called the fibre over x. We may refer to a vector bundle
using both E and p or just with the total space E. If the number n is constant over
all X we say that F is a vector bundle of dimension n.

Given two vector bundles p : E — X and ¢ : FF — X. A continuous map
¢ : F— F is said to be a homomorphism of vector bundles if

e goy =np, and

e for any x € X, ¢ : B, — F, is a linear transformation.
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The map ¢ is an isomorphism if it is a homeomorphism, in which case we write
simply £ = F'. A vector bundle is called trivial bundle if it is globally trivial, i.e.,
it is isomorphic to the vector bundle C"* x X, for some n.

If there is a continuous map f : Y — X and a vector bundle p : E — X, there is
a pullback vector bundle f*(p) : f*(E) — Y, where

f(E)={(e;y) e EXY : ple) = f(y)}

and f*(p) is the projection to Y. Note that if f is an inclusion, the pullback is the
same as the restriction of p to the subspace Y; this is usually denoted E|y or E|Y.

Having two vector bundles F and F' over a space X, we can define the direct
sum E @ F and the tensor product E ® F', defining each fibre to be the direct sum
and tensor product of the fibres, respectively. This operations are commutative, and
the tensor product distributes over direct sum, modulo isomorphism. For detailed
demonstrations see [2].

There is a well known construction of an abelian group GG up from an abelian
semigroup A, named after Grothendieck. The simplest way to describe this group G
is as the set of formal differences a — b making the identification a; — by ~ ay — by if
there exists ¢ € A such that a; + by + ¢ = a9 + by + c.

Now, if we define (Vect(X),®) to be the set of isomorphism classes of vector
bundles over X, then it is an abelian semigroup. Note that any map X — Y induces
a map Vect(Y) — Vect(X). Also, an elementary fact here is that if the map is a
homotopy equivalence, then the map Vect(Y') — Vect(X) is a bijection.

Applying the construction of the Grothendieck group, we obtain and define the
K-theory group of X, K(X). In this case, Vect(X) is also a semiring, and K (X)
will have a commutative ring structure as well, but we will not use this.

Example. We give an outline of the computation for the K-theory group of the
sphere S?.

First, we consider the sphere as the union of two hemispheres, whose intersection
is a copy of S!. Restricted to each hemisphere, any vector bundle is trivial, since these
are contractible, so we can determine a vector bundle over S* by how the (trivial)
bundles, necessarily of same dimension, on each hemisphere are joined along the
circle. It can be proved that any vector bundle, modulo isomorphism, is uniquely
determined by a continuous function f : S' — GL,(C), modulo homotopy. The
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associated bundle can be defined as
Ef = D> xC"UDi xC" /) ~,

where (z,v) € D> x C" is identified with (z, f(x)(v)) € 9D% x C™. Then, for each
n, there is a bijection from the set of homotopy classes of maps f : S' — GL,(C)
and the set of isomorphism classes of vector bundles over S? of dimension n.

Furthermore, with the one-dimensional bundles 1 (trivial) and the canonical line
bundle H, given canonically from the identification S* = C P!, it can be proved that
(He H)® 1= H@ H, or, written as in K(S?), (H —1)?> = 0. Later, we get an
isomorphism of rings

Z[H]/(H — 1) — K(S?).
In particular, as a group, we have K(S*) = Z @ Z. O

There is a way to obtain a cohomology theory K*(—) in the category of compact,
Hausdorff spaces; see [2] for the complete definitions that give rise to this.

5.1 Equivariant K-theory

Let G be a topological group and X be a G-space. A G-space E is a G-vector
bundle over X if

e F' is a vector bundle over X,
e the projection map £ — X is a G-map, and

e for each z € X and g € GG, the map E, — E,,, given by the action of g, is a
linear transformation.

A G-CW-complex is called finite if it has finitely many orbits of cells. A G-
CW-pair is a pair of G-spaces (X, A), where X is a G-CW-complex and A is a
G-invariant subcomplex.

Definition 5.1. For any discrete group G and any finite proper G-CW-complex
X, let Kg(X) = KQ(X) be the Grothendieck group of the semigroup Vectq(X) of
isomorphism classes of G-vector bundles over X. Define K;"(X), for alln >0, by
setting

KZ"(X) = Ker( Kg(X x S*) 229 Kg(X)).
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For any proper G-CW-pair (X, A), and n > 0, set

K5"(X, A) = Ker( K5"(X U X) —25 KZ"(X)).

And, let KEL(X) = K;"(X) and KL(X,A) = K;"(X, A).

With these definitions, K(—) is a Z/2Z-graded multiplicative equivariant co-
homology theory in the category of finite proper G-CW-complexes. See [19] for
further information.

Now, we give the isomorphism that will allow us to define a Hecke operator in
K-theory.

First, note that there is a natural action of a group G over the K-theory of a
G-space X, given by the pullback of the action on the space. Furthermore, for any
g € G, there is an action of the centralizer C(g) C G on the fixed (point set) space
X9, and thus on its K-theory. In this way, by K*(X9)¢ we mean the subgroup of
K*(X9) fixed by the action of C(g).

Theorem 5.2. Let G be a discrete group and X a finite proper G-CW-complez, then

Eo(X)oC=PK(X9)DecC

9]
where [g] runs over conjugacy classes of elements of finite order in G.

This isomorphism is described by Atiyah and Segal in [3] for a finite group and a
compact manifold and is given explicitly on K-theory groups in [7] by, with 7 : £ —

X vector bundle,
[E]— D D r(Elxa)s] @ A,

9] Aes?

where m(E|xq) denotes the vector bundle of A-eigenvectors considering the action
of the element g over m(E|xs).

But, reviewing through the proof in [3] and considering the wide results obtained
by Liick and Oliver in [19] and [18] for discrete groups and finite proper G-CW-
complexes, where the definitions of K-theory are given in terms of vector bundles as
well, we can state the version in Theorem 5.2.
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5.2 The Atiyah—Hirzebruch spectral sequence

The well known Atiyah—Hirzebruch spectral sequence lets us compute a (co)homology
theory in terms of the ordinary (co)homology using the (co)homology theory applied
to a point as coefficients.

Mislin [22] and Sénchez-Garcia [25] describe this spectral sequence for Bredon
homology and equivariant K-homology. Here we will use the version in equivariant
K-theory mentioned by Liick and Oliver in [18].

For a discrete group G and any finite dimensional proper G-complex X, the
skeletal filtration of K} (X) induces a spectral sequence

EY* = 12(X; R(—)) = K&(X).

Then, if dim(X) = 2, which will be our case, we have that Bredon cohomology is
trivial for p > 2, so the spectral sequence collapses in Fy. With this, there is a short
exact sequence

0 — HEL(X;R) — K%(X) — HL(X;R) — 0,

and KL(X) = HE(X;R).

6 Hecke operators

Here we will give an idea of how Hecke operators are described in general, the basic
definitions and the interpretations in other contexts. For the first part we follow
Shimura’s treatment of Hecke operators [28]. Classic aspects of the theory in the
context of modular forms are covered by Diamond and Shurman [8]. For the action
of Hecke operators on the K-theory of Bianchi groups, we build upon the results of
Mesland and Sengiin [21].

Let G be a group. Two subgroups of G are said to be commensurable if
their intersection has finite index in both. Commensurability defines an equivalence
relation in the set of subgroups of G. If I'; and I'y are subgroups of G' which are
commensurable, we use the notation

Fl ~ FQ.

18



We define the commensurator of I' in G as the subgroup
I'={geG :T~glg '}
Note that if I'y and I'y are commensurable subgroups of G, then

Ty =T,

In examples of arithmetic relevance, the group G will be a Lie group defined as
the group of real or complex points of an algebraic group defined over QQ, and I' will
be a discrete subgroup. For instance, we have PSLy(Z) C PGL3 (R) acting on the
hyperbolic plane H?, and PSLy(Z[i]) C PGLy(C) acting on the hyperbolic space H?.

Example 6.1. Let T be the modular group PSLs(Z) viewed as a subgroup of PGLJ (R),
then the commensurator of T' in PGLJ (R) is

' = PGL (Q).

Example 6.2. Let K C C be a quadratic imaginary extension of Q with ring of in-
tegers O . Let I be the corresponding Bianchi group PSLs(Ok) viewed as a subgroup
of PGLy(C), then the commensurator of I' in PGLy(C) is

I' = PGLy(K).

6.1 Double cosets

Let G be a group and let I'; and T’y be two commensurable subgroups of G. Given
an element ¢ in their commensurator I'y = I'y; we consider the doble coset in G given
by

Fl g FQ.

The left action of I'y on the double coset I'1¢gI'y has a finite number of orbits. To
compute this number, let I';; =19 N ¢~ 'T';g and notice that the map

FQ — FlgFQ
Y2 —— gY2

induces a surjection from I'; to the quotient I'1\I'; gI'y and also gives a bijection from
[y 1\I's to I'1\I"1gI"s, then there is a decomposition

d
FlgFQ = |_| Flai, where d= [FQ . FZ,l]-
i=1
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Analogously, taking I'y o = I'y N gI'ag™" we obtain a decomposition

FlgFg = |_| 5jF2, where € = [Fl : FLQ]‘

These decompositions lead to a natural product of double cosets. If I';,T'y, and I's
are commensurable subgroups of G and g, h are elements in their commensurator I'y
with
Tigly =| |Thie;  and  TohTy=| |85,
i j

we have

(Figly) - (T'ohI's) = U I, 815,

So, after omitting repetitions, this is a disjoint union of double cosets I'1£I's. To do
this keeping record of those repetitions, we think the cosets inside the free abelian
group generated by the double cosets.

Let us suppose the subgroups I';, are contained in a semigroup A that is contained
in their commensurator in G. We denote by

R(Ce, I A)

the free abelian group generated by double cosets of the form I'ygl'; with g € A.
Now we define the product

(T gTy) - (T9hl3) = chhrlarg,

where cg,h is the number of pairs of indices (i, j) such that I'ya;5; = I'16. The linear
extension of this product becomes a bilinear map of Z-modules

m(rl,FQ,A) X %(FQ,Fg; A) — %(Fl,f‘g; A)

which is associative in the obvious sense. In particular, given a subgroup I' of G and
a subsemigroup of G with I' C A C T, the group

R A) =R(I,T5A)

becomes a ring, which will be called the Hecke ring of I' with respect to A.
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6.2 Action on group cohomology

Let 'y and I'y be two commensurable subgroups of a group G' and let A be a sub-
semigroup of their commensurator I' with I'; C A for ¢ = 1,2. Let M be an abelian
group on which A acts. We can consider M as a left I';-module, 1 = 1, 2.

The elements of R(I'1, T's; A) define homomorphisms from the cohomology groups
of I'1 with coefficients in M to the cohomology groups of I'; with coefficients in M.
These operators are called Hecke operators associated to (I'y,T's; A).

First, write

d
['gly = |_| [y, a; €A,
i=1

and let m € M be an element of M fixed by I';. We define the element

d
m|FlgF2:Za;1-m
i=1

in M; it is independent from the representatives «; and it is fixed by I'y, so the coset
Iy gI'y defines a map
T, : M™ — M"™.

These maps can be extended linearly to define operators associated to all elements
of R(T',Ta; A). Indeed, if
€= a(Tigla) € R(Iy,Ty;A)
k=1

and m € M, we have Ty : M™* — M"™ given by
Te(m) = Y exTy(m) = Y cx(m|T1gils).
k=1 k=1

In the case of I'y = 'y =T, we have an action of the Hecke ring R(T'; A) on M*.
The n-th cohomology group of I' with coefficients on the left I'-module M is
defined as the image of M under the n-th right derived functor of

M +— M" = Homgg(Z, M)
so the operators T¢ extend to Hecke operators between cohomology groups:

Te: H'(I'y; M) — H"(Tg; M).
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An alternative way to define the action of the Hecke ring on group cohomology
is to use that the cohomology group H"(I'; M) can be computed using the standard
complex C* = C*(I'; M). An (homogeneous) n-cochain ¢ € C", n > 0, is defined as a
function

¢ :I'x--xI'— M
—_——

n+1
satisfying
¢<&Y07 Yy, ... 70[Yn) = 04¢(Y07Y1, o 7Yn)

for all a,vo,v1,--.,Yn €.
The coboundary map d : C* — C™"! of the complex is given by

n+1
Lt (V0 Vi Voe1) = S (=1 6(oreoo s T Vart)

J=0

where the notation y; indicates that the j-th term has been omitted. A straightfor-
ward computation gives d,, ;1 od,, = 0 for all n > 0.
The cohomology of the complex C* computes the groups H™(T"; M), that is,

H™(T; M) = Ker(d,,)/Im(d,,_1).
As above, with I'; and I'y two commensurable subgroups of a group G' and A a
subsemigroup of I' with I'; C A, i = 1,2, if ¢ € A we have

d
FlgFQ = |_| Flozj, Q; € A.
j=1

For v € T'y, we denote by o) the unique permutation of {1,...,d} for which
Flozjy = Flaag(j),
then for each 7 =1,...,d we obtain a map
pg : FQ — Fl

where for v € I'; the element pf(y) € I'y is determined by a;y = pf(v)a,s(;)-
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Now, let M be an abelian group on which A acts by endomorphisms and let ¢
be an element of A. We define the image of an n-cochain ¢ € C™(I'y; M) under the
action of a double coset I'; g’y as an element of C"(I'y; M) given by

(6] T19T2) (Yos - -+ ¥n) = Za;l A% (vo), - - pI(Vn)).

Also, this slash operator - |I';gI's commutes with the differentials, so it induces a
well defined morphism in cohomology

T, : H"(I'; M) — H"(T'y; M)
As before, we can extend linearly and obtain a morphism
Te - H*"(I'yy M) — H"(I'y; M)

for any £ € R(I'1,T'9; A).

In particular, in the case I' = I'y = I's; we have an action of the Hecke ring
R([; A) on H™(I'; M), hence it is a R(I"; A)-module.

Further information on this action can be found in [15] and, together with its
functorial properties and its relation to the classical theory of Hecke operators, in

[14].

6.3 Hecke correspondences

Assume now that the group G acts on a topological space X and consider the action
of the subgroups I'; on X. We will be interested in the case where G is a Lie
group, the groups I'; and I'y are commensurable discrete subgroups of G and X is a
homogeneous G-space. Also, we assume that the action of the discrete groups I'; on
X satisfies sufficient conditions for the quotients X/I"; to be well behaved.

Given an element g € I'y = I'y consider the groups
1o =T1Nglyg™" and Ty =TyNg 'Tyg.

We have group morphisms
F1,2 —_— 112,1

l l

I Iy
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where the horizontal arrow is a group isomorphism (given by conjugation) and the
vertical ones are inclusions with finite index. These morphisms induce maps between
the corresponding quotients of X:

X/FLQ _— X/FQJ

l l

X/T, X/Ty

where the horizontal arrow is a homeomorphism and the vertical ones are finite index
covers. This diagram determines a correspondence

Cg C X/Fl X X/PQ

homeomorphic to X/I'; 5. This correspondence is called the Hecke correspondence
from X/T'y to X/I'y associated to g.

Next, we outline an example of this correspondence given in divisors; this ap-
proach leads to the classical theory for congruence subgroups of the modular group,
which is described in the next section.

The group G = GLj (R) acts on the upper half plane H via Mébius transforma-
tions: for z € H,
a b az+0b
cy=—.
c d cz+d

Given a subgroup I' C GLJ (R) commensurable with T'(1) := SLy(Z), we consider
the quotient
Yo =H/T

and its compactification
Xr=HUQU {icc}) /T.

These quotients admit natural complex structures, and the Riemman surfaces Yr
and Xr can be considered as algebraic curves over C, these are the modular curves
associated to I'.

If Ty and 'y are two subgroups of GLj (R) commensurable with T'(1) := SLy(Z)

—

and g € I'(1) = GL (Q) is an element in their commensurator, we have as before a
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correspondence between modular curves given by

'
XF1,2 7 XF2,1

lm lm

Xr, Xr,

Now, for a point p € Xr, let 7' ({p}) = {t1,...t4}, but note that each t; has a
multiplicity e;, according to its ramification degree, so we define

n

Ty(p) = Z e; (o7 (),

i=1

which is an element of the free abelian group generated by the points of X, the
divisor group Div(Xr,). Extending linearly we obtain a map

T, : Div(Xr,) — Div(Xr,)

that defines the Hecke operator T}, at the level of divisors.

6.4 The classical theory

The Hecke operators described in the previous section arose originally in the context
of automorphic forms and automorphic functions for congruence subgroups of the
modular group T'(1).

A subgroup I' € GLJ (R) is a congruence subgroup of level N € N if it contains
the group

T(N) = {y €SL,(Z) : v= (é ?) mod N}

with finite index. If I is a congruence subgroup, then it is necessarily a discrete
subgroup of GLj (R) commensurable with T'(1) = SLy(Z).

Since the half plane H is simply connected any line bundle on H is trivial, and
holomorphic line bundles on the modular curve

Xr=HUQU {icc}) /T

are obtained as quotients of the trivial bundle H x C. Such holomorphic line bundles
on the modular curve are classified by automorphy factors

j:I'xH— C*,
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which are holomorphic functions, for fixed vy € I, and satisfy the cocycle condition
J(vd, z) = j(y,02)j(0,2).

Given a congruence subgroup I' and an integer k, a I'-automorphic form of
weight £ is a meromorphic section of the line bundle on Xt corresponding to the
automorphy factor

i(2,7) det(y)% ¢ a b cr
Equivalently, a I'-automorphic form of weight &£ can be defined as a meromorphic
function f : H — C satisfying
det(y)?
f(Z) - (CZ+d)k

and is meromorphic at the cusps, i.e. the finite set of points (QU {ico})/I" C Xr. A
[-automorphic function is simply a I'-automorphic form of weight cero.

flyz) forall yeT,

We denote by My (I') the space of I'-automorphic forms of weight &k that are
holomorphic on H. The space My(I") is a finite dimensional vector space over C,
and the graded algebra M(I') = @, My(I') plays a central role in number theory.
In the case of I' C I'(1), the elements of M(I") are called modular forms of level
I.

Given an element o = (CCL Z) e I = GL(Q) and f a I-automorphic form of
weight k, we use the notation
det(a)2
(flra)(2) = m flaz)

Now, let I'; and 'y be two congruence subgroups in GLj (R) and let A be a sub-
semigroup of GL3 (Q) with I'; C A, i = 1,2. For any g € A we have a decomposition
of the corresponding double coset

d
Igly = |_| Iy, a; € A,
i=1
then, given an element f € My(I'y), the function
d
k
flT1gTy = det(g)= " Z flk i

i=1
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is a I'y-automorphic form of weight k& holomorphic on H, so we obtain in this way a

Hecke operator
Tg : Mk(rl) — Mk(rg)

Viewing automorphic forms as sections of line bundles over modular curves, and
having the correspondence showed earlier

XF1,2 ? XF2,1

l |

Xr, Xr,

we will have that the Hecke operator T is given by the composition of the pullback
and pushforward on sections via these maps.

The relation between the classical theory and the results in group cohomology
can be found in [14]. For an account of the corresponding theory of forms and Hecke
operators for Bianchi groups see [27] and references therein.

6.5 In K-theory

Following the previous discussions and results, we want to give a definition for Hecke
operators in K-theory in the form of pullback-pushforward, or in this case restriction-
corestriction, as described in [21]. In this definition, the subgroup will just need to
have finite index, but in our computations it will be an intersection I' N gI'g~ ! as
seen before.

Let H C G, with (G : H) < oo, and let X be a proper G-CW-complex. We will
define the two maps

res : KGL(X) — K5 (X) and  cores: Kj(X) — K&(X)
through the isomorphism

Ky(X)eC=PHK (x9)°WecC,

9]

seen in Section 5.1, so we need to know how the conjugacy classes of finite elements
in H relate with those in G.
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Take a conjugacy class [g] in G such that the set [g] N H is not empty, then there
are some hq, ..., h, € H for which

gl N H =[] U - U [hy].

For each one, let h; = v; 'gy; with y; € G. We know that Cg(h;) = v; ' Ca(9) Vi,

since if a € Cg(g) then ag = ga and
(v; 'avi)hi = v; tagyi = vi gayi = hi(v; tav).

Furthermore, there is a homeomorphism X" — X9 given by the action of ;.
Thus, for each 7, there is a natural homomorphism

K*(Xg)CG(g) Sy K* (Xhi)CH(hi),

that is well defined in invariants by the previous facts. Tensoring with C and adding
up, we obtain a map

K* (XQ)CG(Q) RC — @ K* (Xhi)CH(hi) ® C.
i=1
And since a conjugacy class in H corresponds to only one conjugacy class in G, we
obtain the map

res : @ K*(XQ>CG(9) ® C — @ K*<Xh>CH(h) ® C.
l9] in G [h] in H

The restriction map can be thought just as restriction of the action on the vector
bundles, but we use this definition to make the computations. Likewise, we give
a definition for the corestriction map in the decomposition by conjugacy classes of
finite elements that is useful for our computations.

To construct the corestriction map, we follow the definition of the induction on
class functions, summing over conjugates. With the conjugacy classes as before, let
R; be a system of representatives of (v;Cy(h;)y;')\Cc(g), which is finite because

(Calg) - viCu(hi)yi') = (vi'Calg)vi: Cu(hy))
= (Cg(h;): Chx(hy) = (Ca(h;) : Ca(hy) NH)
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and (Cg(h;) : Cg(h;) N H) is finite because the index (G : H) is finite. Define the

homomorphism

@K<Xhi>CH(hi) N K(Xg)CG(g),

=1

(B DF - DO E

=1 reR;

A (not so formal) way to see that this is well defined is taking the fibre, F’, in a
point x € XY after acting by a € Cg(g). First, note that with r € R;, ra is in Cg(g),
so ra = (y;by;')r' for some b € Cy(h;) and ' € R;. Furthermore, the mapping
r +— r’ is a permutation in R;, then we have

'y = Foo =0 By =D B, = D By

reR; reR; r'€R;
. 7 . -1 N\*x1i 7.
- DB, - DB
1
r'eR; r'eR;

the action of b is removed since E’ is invariant by the action of Cy(h;).
As before, we obtain a map

cores : @ KX (XM o C — @ K*(X9)%W g C.
[A] in H lg] in G

Now, our setting will be the following: Let G = PGLy(C), let I' be some subgroup
of G and let g be an element of the commensurator of I', then we define H = I'Ng~'T'g
and X = ET', so the Hecke operator

Ty Ki(X) — Kp(X)
will be given as the composition

cores

KE(X) 0 K5 (X) 207 ko (X) =22 KA(X),

gHg~

where we include the natural map Ad, given by conjugation. In fact, we defined the
operator in K} (X) ® C, but in our computations we will be able to drop the C.
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Part 11
Bianchi groups

Let d be a positive square-free integer, and let O, be the ring of integers of the
imaginary quadratic extension Q(v/—d), then the Bianchi group associated to d is
defined as

'y = PSLy(0,) = SLy(Qy) /{£1}.

In general, except from d = 3, these groups can be expressed as amalgamated
products, but not all the factor groups are described easily.

This part contains, first, the definition of amalgamated products of groups and
HNN extensions, which will be useful to describe some Bianchi groups, then we ex-
plain the general algebraic structure of the Bianchi groups, including the amalgam
decomposition of the Euclidean Bianchi groups. Later, as the core of the thesis in
terms of computations, we develop a study of the group I'y, its group cohomology,
K-theory and a Hecke operator T, associated to a prime in O, = Z[i].

Some of the initial work on Bianchi groups and the group cohomology of I'; are
part of my Bachelor’s thesis [23].

7 Amalgamated product of groups

Consider a collection of groups {G;}ier together with a set F}; of homomorphisms
G; — G, for each pair 7,5 € I.

Proposition 7.1. There ezists a group G and a collection of homomorphisms { fi }icr,
with f; : G5 — G and fjo f = f;, Vf € F;j, such that the following property is satis-
fied:
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o [fthere is a group H and a collection of homomorphisms {h;}icr, h; : G; — H,
such that hjo f = h;, Vf € F;;, then there exists a unique homomorphism
h: G — H that satisfy ho f; = h;, Vi € I.

Furthermore, G and {f;}ic; are unique up to unique isomorphism.

Gi

Proof. For the existence, take a set of generators S; of each G;, then take the disjoint
union L;c7.9; as the set of generators for G. The relations will be the disjoint union
of the relations for each G; together with zy~' = e, whenever f(z) = y for some
f € F,;, withx € G; and y € G;. The f; are just the inclusions.

The uniqueness is proved using the universal property: Suppose G,{fi}icr and
G',{f!}icr are such groups, then two homomorphisms f': G - G and f : G' — G
are obtained; the compositions fo f" and f’ o f must be the identity maps on G and
G’ respectively, so f and f’ are isomorphisms. ]

G is called the direct limit of the G; relative to the F; ;.

Now consider the case where there is a group A and a collection of groups {G; }ic;
with a collection of injective homomorphisms {«; : A — G, }icr, so A is identified
with a subgroup of each G;. The group obtained as the direct limit of {A} U{G,}ies
together with the given homomorphisms {«; }icr is denoted as x4 G; and is called the
product of the GG; with A amalgamated.

Also, in the case of three groups A, G1, G5, the amalgam is denoted as G x4 G2
and we obtain the respective amalgamation diagram as shown below.

aq

A Gy

=

Gy —— Gy x4 Go
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It can be proved that we can write any g € G uniquely as a word of, first, an
element in A and then n interleaved elements of a set of representatives of G; and
G5 modulo A, for n > 0.

Furthermore, we have the presentation

G1 %4 Gy = ( G1, Gy | Relations of Gy, Relations of Ga, «1(a) = az(a), Ya € A).

8 HNN extensions

An HNN extension is a construction similar to that of an amalgamated product.

Let G be a group with a presentation. Suppose there is a collection {A;};c; of
subgroups of G together with a collection of injections {p; : A; — G};c;. Then the
HNN extension of G associated to the {A4;, y;} is defined as the group with the
presentation

G*={ G, {ti}icr | Relations of G, t;at; ' = p;(a), fori €I, ac A; ).

G is called the base, {t;};cs is called the free part, and the {A;, ¢;(A;) }icr are called
the associated subgroups. The size of the set [ is the free part rank.

Consequently, a group is called an HNIN group if it is the HNN extension of
some group with some associated subgroups.

We will only use HNN extensions associated to one subgroup and its inclusion,
in this case, with A C G, we have

G*={ G,t | Relations of G, tat™' =a, forac A ).

As in amalgamated products, there is a way to write uniquely each element of a
HNN extension. This is known as the Britton’s lemma.

Using the notation used in the initial definition, let .S; be a set of representatives
of G modulo A; and let R; be a set of representatives of G modulo ¢;(A;). Then
every g € G* is written uniquely as

Jotil grtil -t g,  with ej = £1,
where g, € G, while g; € Sy, if e; = —1 and g; € Ry, if e; = 1; also, there is no
subsequence t€ -1 -t7¢.
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An example of this is the group with the presentation
(s,t,u|s* = (st)® = [t,u] = 1).

This group is both the amalgamated product PSLy(Z) xz (Z&Z) and the HNN
extension of PSLy(Z) = (s,t | s* = (st)® = 1) associated to the subgroup generated
by t (together with the inclusion).

9 Bianchi groups

As said before, the Bianchi group associated with a positive square-free integer d is
defined as
Fd — PSL2(©d>

where Q) is the ring of integers of the imaginary quadratic extension Q(v/—d).
We can describe these rings explicitly: With § = v/ —d and n = %(1 +§), we have

0,=12[6] for d=1,2 mod4, and

0, =2Zn] for d=3 mod 4.
This is shown easily. See [1, Chapter 13].

9.1 Subgroup of elementary matrices

Let R be aring. Let x € R be any element and 1 € R a unit. We define the matrices

E(x):(_xl é) and D(u):<’é /ﬁl).

The matrices E(x) are called elementary matrices, and the group generated
by them, Fs(R), is called the 2x2 elementary matrix group.

A theorem of P. M. Cohn [5] provides a presentation of the group Es(R) for
certain subrings of C; it is as follows.

Theorem 9.1. Let R be a subring of C with the usual absolute value, such that the
range of values is well-ordered and if « € R with |a|?> < 4 then |a|? is an integer.
Then, a presentation for Es(R) is given by the generators FE(x), x € R, and the
relations
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E(@)E(0)E(y) = —E(x+vy), =,y € R;

E(r)D(p) = D(u~ ") E(uzp), 1€ R, o unit;

(E(a)E(a))P = =1, forall « € R with |a] = \/p, p€{2,3};
o E(WEp")E(n) =—-D(n), p€ R unit.

From the first relation we can deduce that F(0)? = —I, having x = 0 and taking
out the E(y). Hence F(0)~! = —F(0).
Now, take & such that @, = Z[¢]. The rings Z[¢] satisfy the hypotheses.

Let x = a+ b€, with a and b positive integers. We see from the first relation that
E(x) = E(a)E(0)"'E(b¢), and then
E(z) = E(a—1)E(0) ' E(1)- B(0)™! - E((b = 1)) E(0) ' E(¢)
=E(E0)E(1)... E()E0) ' E(1) E(0)™ E()E(0) ' E()... E()E(0) ' E(¢).

a times b times

Also, if a or b are negative we could use —1 or —¢ respectively. So, we can reduce
the set of generators to {E(0), E(1), E(—1),E(§), E(=£)}. We will see later that
also F(—1) and E(—¢) are not necessary.

9.2 The Euclidean Bianchi groups and their amal-
gam decompositions

The rings O, are an Euclidean domain only when
d=1,2,3,7,11.

For a proof see [12, Theorem 246]. For that reason, these I'; are called the Euc-
lidean Bianchi groups.

Cohn [6, Theorems 6.1 and 9.3 and further discussions| states that for the Eucli-
dean cases we have the equation

Ey(Qy) = SLo(0y).

In this way we will obtain finite presentations for the Euclidean Bianchi groups
and then deduce their amalgam decomposition. The presentations for I'y and I'; are
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explained in [9]; here we will develop completely the presentation for the group I's.

The units in @y, are just 1 and —1. Let § = /=2 = iv/2. So, for Fy(0,) =
SLy(0,), we have that a complete set of relations in terms of the generators E(x),
x € Q,, and J is

1) E(x)E0)E(y) = JE(x +y), x,y€Oy;

2) J? =1, J central;

(1)
(2)
(3) (BE()E(=0))* =(E(1+0)E(1—-06))° = J;
(4) EQ))=J, E(-1)pP=1.

As seen before, we can reduce the set of generators to E(0), E(1), E(—1), E(9),
E(—0), and J. In this way, we would have by definition that, for a positive integer
n, E(n) is written in terms of the generators as E(1)E(0)"'E(1)... E(1)E(0)™'E(1)
(n times); the same for F(—n), E(nd), and E(—nd), and therefore for any E(a + bJ)
written as F(a)E(0)"E(bd).

Now, we claim that the generators E(0), E(1), E(—1), E(6), E(—0d), and J to-
gether with the relations
(a) E(0)* = E(1)° = J;
(b

J? =1, J central;

)
)

(c) (E(6)E(=0))* = (E(1+0)E(1—0))° =J;
)

(
(d) E(EQ)E(®) = E(0)E(0)E(1),
E(0)E(~1

EQO)EME0)E(-1) = E(0)E(0)E(0)E(=0) = I;

(e) E(1+46)=E()E(0)E(), E(1-0)=FEQ)E0)'E(-J);

are equivalent to the previous presentation. Clearly the first presentation implies
this one, so we see the other direction.

Since we already know what does any E(x) mean in terms of the new gene-
rators, the relations (1) are obtained simply from the pseudo-commuting relation in
(d), which can be written as E(1)E(0)'E(§) = E(§)E(0)'E(1) (because E(0) =
JE(0)™1).

Indeed, if x = a4+ bd and y = ¢ + dd, with a, b, ¢, d positive, then we could take
E(x)E(0)"'E(y) and move all the F(1)’s to the left and all the E(§)’s to the right to
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obtain F(z+y) = E((a+c)+ (b+d)d). For the cases where a, b, ¢, or d are negative,
we should use the relations

E(1)E(0) 'E(—6) = BE(-6)E(0)"'E(1),
E(-1)E(0)"'E(8) = E(§)E(0) 'E(-1),
) ) (0)'E(-1),

which can be deduced from (d).
The only relation left to verify is E(—1)% = I, but this is obtained easily from
(a) and the equation F(—1) = E(0)~'E(1)"*E(0)~!, which comes from (d).

Now, we should make another reduction to the presentation for Fy(Q,). First,
we see that (e) is unnecessary since we can remove it and replace that in (c); besides,
(d) gives an expression for E(—1) and E(—J) in terms of E(0), E(1), and E(d), so
we can remove both generators and replace the expressions where it is necessary.

Define
A=FE0)", T=FE0EQ1)™ and U=EQ)E(S) "

With the generators A, T, U, and J, the last relations would be

This is equivalent to the presentation
(A, T,U,J | J* =I,J central, A*>= (AT)* = (U 'AUA)? = J, [T,U]=1).

The second relation in (c) is omitted because it can be obtained from the others.
Indeed, we have, using A=™' = JA, T7'A1T-1 = AT A, and other relations,
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(TT'UTATI T AAU A)?
= (r'vtA'TlUuATY = (TtuTt AT (T AT T Y T)?
= (I"'Y(UTAT'UATAT)? = (JT*AT'UAUT AT)?
= JPT'ATUTTAUT(ATT A YU PAUT(ATT AU YAUT AT
= JT'ATWUTTAWUTU HYAWUTU YAUTAT
= JT AU Y ATATAT)UAT
= JT'AT'UTIUAT = I

Finally, adding the relation J = I, we obtain what must be the simplest presen-
tation for this Bianchi group:

[y = PSLy(Q,) = (a,t,u | a® = (at)® = (v aua)® = [t,u] = 1).

Now, to deduce the amalgam decomposition, we have to do some changes to the
last presentation.

Take s =at, v =u"!

su, and m = u"'au. We may obtain
< a,m,s,u,v | CL2 — m2 == 33 == U3 = (am)2 = (S’U_l)2 = 1,

am=sv ', m=u"au, v=utsu ).

With this, define

2= (am)? =1, m = u 'au),

Gi=(a,m,u|a*=m
and
Gy = (s,v,u|s*=0v>=(sv 1) =1, v=u"su),

so I'y is the free product of G; and G5 with the identifications v = v and am = sv—!.

Note that GG; is the HNN extension of the Klein group C5 x Cy with the associated
subgroups (a = (1,0)) and (m = (0,1)) (and the monomorphism a — m). And, G,
is an HNN extension of the alternating group A, with the associated subgroups
(s = (123)) and (v = (134)) (s and v could be any pair of generators for A4 such
that sv™! is a product of two transpositions; Gy will be the same).

We can see there is a common subgroup of GG; and Gy, this is the group Z * Cj.
In G4, it is the subgroup (u) * {(am), and in Gy it is (u) * (sv™'). (The equalities
(u,am) = (u) * {am) and (u, sv™') = (u) * (sv™!) can be verified with the presenta-
tions.)

From all the above we can conclude the amalgam structure of I's.
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Proposition 9.2. We have
Iy = Gy *@zv0y) Go,

where G 1s the HNN extension of Cy X Cy associating two generators and Go is the
HNN extension of Ay associating two 3-cycles.

For the rest of the Euclidean Bianchi groups, except I's, we have the following
amalgam decompositions:

[y = (Ag*cy S3) *psiy(z) (S3 %, D2);
'y = (Z * 02) R(Z+CoxCy) G,
where G is the HNN extension of S3 x¢, S3 associating a 3-cycle with itself; and
'y = (Z * 03) *(Z+C3xC3) G,

where GG is the HNN extension of Ay x¢, A4 associating a 3-cycle with itself. These
can be proved exactly the same way. See [9] for further information.

Since the only group that does not contain an HNN extension as factor group is
I'1, we will be able to compute its cohomology groups directly using a Mayer—Vietoris
spectral sequence associated to its classifying space.

9.3 The non-Euclidean Bianchi groups
Theorem 9.3. For any d # 1,2,3,7,11, we have the presentation
PE,(0,) = (a,t,u|a® = (at)® = [t,u] =1).

Proof. The rings O, have no units apart from +1, and there are no elements « such
that |a| < 2. So from the theorem of Cohn, F»(0Q,) has the generators J and E(z),
for x € OQy4, with the relations

o E(@)E0)E(y) =JE(x+y), z,y€ckR;
e J2=1, J central;

o« E(1P=J, E(-1P=1.
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As we did with I'y, we may reduce to
Ey(0Q,) = ( J,E(0),E(1),E(¢) | E(0)> = E(1)* = J, J central, J> =1,

EMEQ)E) = E(§E0)E() ).
Then, letting A = E(0)™!, T = E(0)E(1)™!, U = E(0)E(£)~! we have

Ey(Q,) = ( J,A,T,U | A> = (AT)* = J, J central, J*> = [T, U] =1).
Identifying a,t,u with A, T, U after making J = I the result is obtained. ]

Note that we have already seen this group; this was the example mentioned as a
group that is both an amalgamated product and an HNN extension. So we have the
isomorphism
and the fact that PEy(Q,) is also the HNN extension of PSLy(Z) by an infinite cyclic
subgroup.

Furthermore, B. Fine [9] exhibited an amalgam decomposition for all the non-
Euclidean Bianchi groups as

[y = PEy(Qy) xg Gy

where H is an amalgam of two copies of PSLy(Z) and Gy is a particular group de-
pending on d. This is proved with Poincaré polygons and polyhedrons, using that the
I’y act on the non-Euclidean hyperbolic 3-space, where the action defines some par-
ticular regions (polygons/polyhedrons) that lead to a construction of presentations
for the I'y.

Later, we will also use this action to illustrate the classifying space for proper
actions for the group I'y.

10 The group I’y

From the previous section we have the isomorphism

[y 2 (Ay*c, Ss) *psiaz) (S5 *c, D2),
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with PSLy(Z) = C} * C) and the intersections Ay N S; = Cf, Ay N Dy = {1},
S3 N S, = {1}, and S5 N Dy = C4. These intersections can be seen easily from the
presentation

I =(ab,c,d|a’=b’>=c’=d’=(ac)’ = (ad)’ = (bd)* = (bc)* = 1)

that is equivalent to the amalgam decomposition. Here Ay, = (a,c), S3 = (a,d),
Dy = (b,d), and S} = (b, c), so C5 = (a), Cy = (b), C} = (c), and C} = (d).

We can give explicit matrices that represent the generators, namely

0 i 0 i 11 0 —1
a_(i 1)’ b_<z' 0)’ c_<—1 0)’ and d_(l 0)‘

10.1 Group cohomology

The method used in this section can be applied to the other Bianchi groups with
amalgam decompositions, but the case of I'; is the one in which we need only group
cohomology of finite groups.

These computations are part of my previous work in [23].

Let X be a model for BI'y, the classifying space for I'y, and let X;; = BAy,
X12 = BSg, X21 = BSé, X22 = BDQ, Yl = BCg, ng = BCQ, and Z = BPSLQ(Z), SO
we have

X = (Xn Uy, X12) Uz (X21 Uy, X22)-

With this, we obtain a covering { X711, X2, X1, X2} for a classifyng space of T'y.
We can use this to construct a Mayer—Vietoris spectral sequence (see Section 2.2)
whose Ei-term is given by

By = H(X1) ® HY(X15) ® H(Xo1) ® H(Xa)
> H(A4) © H(S3) © H(S4) ® HY(Dy),

Ell’q = Hq(XH N X12> &) Hq<X11 N X21) &) Hq(X12 N XQQ) &) HQ(X21 N X22)
= H(Cs) @ HY(Cy) @ HY(Cy) & H(Ca),

for ¢ > 0, and ET'? trivial for p > 2, where the differentials of bidegree (1,0) are all
induced by inclusions. This spectral sequence converges to H*(BT'y) = H*(I'y).
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For the cyclic group C), of order n, the symmetric group S5, and the Klein group
Ds, it is known that

Z, k=0,
Z, k=0,

0, k odd,
H*(C,;Z) =} 0, k odd, H*(S3;7) =
7/27, k=2mod4,
Z/nZ, k>0 even;
Z/6Z, k=0modd4, k>0;

Z, k=0,
and  HM(DyZ) = { (Z/27)*V/2 [ odd,
(2)22)* /2 [ even, k > 0.

The later can be proved with the Kiinneth formula (see [13] for the definition). And,
using GAP [11], the first cohomology groups of A, are

H'(A) =27, H'(A) =0, H*Ay)=Cs,

H3(Ay) = Cy, H*Ay) =Cs, H’(Ay) =0.
Then the Fi-term looks like this:

5 4 — 0 — 0
d)*

4 CéaCy —— C:aC: — 0

3 Cz D CQ _— O — 0
d0,2

2 CspCfy — C:aC? — 0

1 0 — 0 — 0
400

O Z4 *1, Z4 5 0

0 1 2
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With all the corresponding inclusions, we define the group homomorphims
and  ay: H(Ay) — H*(CY),

and ﬁz : H*(Sg %H*(Cé),
(

induced in cohomology, so we have
d(l)’q =1 +01Pas+v1@ B+ By2+ 9y E?’q — Ell’q-

The & are used to separate the components in each direct sum; the + denote the
(abelian) operation in each component. You can go back to the direct sum decom-
position of EY? and B} to make this clear.

We deal with these morphisms by separated cases in order to confirm that the
induced homomoprhisms are not trivial as long as they can be not trivial. Since all
the homomorphisms listed go to cyclic groups, the non-triviality will leave just one
other option (where the final results do not change).

Using the previous notation for A4 = (a,c), note that there is a group homo-
morphism j : Ay — C3 = (a) given by j(a) = a and j(c) = a®. Then, the composi-
tion j o ¢ with the inclusion into A4 is the identity map on Cj; this implies that the

induced morphism
(joi)*=i"oj": H*(Cs5) — H*(Cs)

is the identity map as well, which means that ¢* = a; must be not trivial whenever
H*(C5) is not trivial. The same is obtained for as.

For the group Ss, the fact that it is an extension of C3 by C5 gives a homomor-
phism S3 — C5 which becomes the identity on Cy when composed with the inclusion.
Using the same argument we obtain that Sy and vy, are trivial only when they must
be trivial.

For (4, and v, this is not immediate. The result comes from how the cohomology
of S5 can be computed from a Lyndon-Hochschild-Serre spectral sequence using the
isomorphism S3 = C3 x Cy. This is made explicitly in [23], where we conclude that
these morphisms are non-trivial in even cohomology groups.
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At last, the group Ds is isomorphic to the direct product Cs & Cs, hence there
is a homomorphism Dy — C5 (the projection) that, composed with the inclusion, is
equal to the identity map on Cs. As before, d; and d, are then not trivial whenever
they are not forced to be trivial.

Now we can give explicitly the differentials in the E\-term. For d(l)’o, all the
homomorphisms are identity maps between Z’s, then

d: (a,b,c,d) — (a+ba+c,b+d,c+d),
and we have

Ker(d?") =7,  Im(d°)=~2z*  and  E°/Im(d°) = 7.

For d)?,
dP? 2 (a,b,c,dy, dy) — (a,a,b+ dy, ¢+ dy),

(in the image, d; may be replaced by ds or di + da; the result is the same) then

Ker(d)*) = C, dCy,  Im(d)?) = C3pCo®Cy, and  E}?/Im(d)?) = Cs.

For d(l)’4,
di*+ (a,b,c,dy, dy, dy) = (ags) + ba), a) + c@), by + di, ) + da),

(in the image, d; may be replaced by any other nontrivial sum of d;’s; the result is
the same). Doing the computations we obtain

Ker(d?") = Cs & C3, Im(d)") = E}*, and  E"/Im(d>) = 0.

Then F, looks like this:
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5 4 0 0
4 Ce @ C3 0 0
3 Co ® Cy 0 0
2 Cy @ Cy Cs 0
1 0 0 0
0 7 7 0

0 1 2

From the comments made in Section 2.1, since the fourth diagonal is the only
one where there is more than one non-trivial factor, we have the group extension

O—>03—>H4(F1)—>02@02—>0.

But the only abelian extension of these groups is their direct product.

Finally, we got the first six cohomology groups for I';:
H'Ty)=2Z, HY ) =17,
H*(T)) =C;,  HT)) =C;aCs,

HYT)) =Cy®Cs,  H () =Cy.

The only non-periodic cohomology is that of A4, so we can compute the cohomo-
logy of I'y as far as we can compute the cohomology of Ay.
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More explicitly, we have the F;-term, for k£ > 0, as

4k +3 H*(Ay) @ CHF - — 0 — 0

4k + 2 H*(A) @ C2aCH2 — C2aC: — 0

4k +1 H*(A)@CF* — 0 — 0
4k H*(A) @ C} CHT — C2aC — 0
0 1 2

The differential d(l]’4k is surjective always due to the surjectivity of 8; and (. Its
kernel is isomorphic to H*(A,) @ C2**1: this can be seen by thinking that for each
clement in H**(Ay), the options to go to zero are given by a C2*!.

Conversely, for d(l)’4k+2, since (5, and (3 are zero maps, we have

Ker(d?"*?) = Ker(ay) ® C2**?  and  Im(d"**?) = Im(ay) & C2.

In the quotient F| Akt2 /Im d; the components with Cy become trivial.

These pairs of kernels and images can be verified using the first isomorphism
theorem.

We have then the Es-term:

4k +3 H*(Ay) @ C3F 0 0
4k + 2 Ker(ay) @ C3*+? C?/Im(a; ® az) 0
4k +1 H*(Ay) ® C2* 0 0
4k H*(Ay) @ C2+1 0 0

0 1 2

With this we can conclude that, for ¢ Z 3 mod 4,

HYTy) = E% = By
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For ¢ = 3 mod 4, there is an exact sequence
0 — C2/Im(@) — HYT,) — HY(A) & 5V — 0,
where @ is the morphism H? '(A,) — C% given by (the direct sum of) two copies of

the induced morphism H%'(A;) — HT(C3) = Cs.

10.2 Classifying space for proper actions

Now we give the G-CW-complex structure of a model for X = ET';, which has
dimension 2. Let

XO =1y/Ay x {p} | | T1/Ss x {q} | | T1/D2 x {r} | | T1/Sh x {s},

where each D (point) has been labelled with a letter. The 1-skeleton is obtained
from the pushout

[ /Cy x SO || Ty/Chx SO || Ty/Cy x SO || I'y/C4 x S° X©
inclusion l
[)/Cs x DY || T, /Cy x D' || T1/Cy x D || Ty /Ch x D! X

so that X is the union of X(® and many copies of D', identifying the image by ¢
and the inclusion, respectively, of many copies of S°. Writing each copy of S° as two
ordered points {—1,1} and denoting a point in X(® just as the coset, the map ¢ is
defined as follows: For any y € I'y,

@ vCs x {=1,1} = {vAs, vS3},

YO, x {—=1,1} — {vSs, vD2},

vYCy x {=1,1} = {yDs, vS3},

YCZ/% x {_17 1} = {‘}/Sé ) ‘YA4}'
This means that we will add a segment between two points whenever their cor-
responding cosets intersect as a coset of any of the cyclic groups in I';. Take P, @,

R, S as the trivial cosets of Ay, S3, Dy, S%, respectively. The space XM would begin
to look like this:
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Qs @2 @ P
.

3 °
53
Sy e - 0 o Ry
S Ry
S R ,
P e g Ql
[ ] y [ ]
R, R Sy

The lines PQ;, i = 1,2,3, come from the cosets cC3, c*Cs, and ac?Cs, respec-
tively. There are no more cosets of S3 connected to A4. It continues similarly.
Finally, we add a 2-cell, filling the square:

ry/{1} xS X

Iy /{1} x D? X® =X

This space is proper since all the isotropy groups are finite groups, and this is
because X can be thought as the space obtained from a square by the action of I'y
with the isotropy groups showed below.

Ay Cs S3

Cs Cy




Also, X is indeed a model for ET';, since every fixed space X, H finite subgroup
of I'1, is weakly contractible.
An alternate description/construction of this space can be found in [10] and [24].

10.2.1 In the hyperbolic space

It is known that the group PSLy(C) acts on the hyperbolic 3-space H®. We can
describe the action thinking of H® as quaternions.
Let H? be the upper half space {(z,£) : £ > 0} C C x R, considering each pair
as a quaternion:
(2,§) = (z+1iy,§) =z +iy + j§,

where 7, j, and ij are the quaternion units. Then, for ¢ € H3, define

(fj Z) = (ag+b)(cg+d) ",

where ¢! = 4 It can be shown that the action is well defined, that is, the image

llall’
of ¢ is contained in H?3.

With this action, we can view the space ET'; described before inside H?. Let
q = x 41y + 7&; we want to solve the equation yq = ¢ for the generators of I';. We
have the following: If

0 i » o il —y) + 56
o (2 1>q ) (1—y)2+a2+&

then the denominator is 1 and 1 — y = y, so we obtain the semicircle

1 9 5 3

Q—bQ—(i 0) = 1(iq) = Attt

then the denominator is 1 and —y = y, so we obtain the semicircle

It

y=0, 22+&=1.
If
—x — (2* + y* 4+ &) + iy + j¢

1 1 _
qchz(_l 0>q=(Q+1)(—q)1= e :
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then the denominator is 1 and —x — 1 = x, so we obtain the semicircle

1 9 .2 3

It

Cdg= (0 TN go (g2 IS
q_ q_ 1 O q_ q _$2+y2+§27

then the denominator is 1 and —x = x, so we obtain the semicircle
r=0, y*+&=1.
Now, we can see that the intersections of the semicircles give

1 i g i 3 . I
P=—+-+= == — R = d S=—+j—.
2+2+\/§, Q +7 Js an 2—1—]2
Note that all four equations found their solution on the half sphere in H? of elements
with 2% + y? + €2 = 1, so we can form a square (sheet) in the sphere with these four
points. The space ET'; is then the space generated by the action of the group I'; on
that sheet PQRS.

pa

As we have mentioned before, the action of any Bianchi group on H? can be used
to find a presentation for the group and to describe it as an amalgamated product.
This was done by Fine [9].

10.3 Bredon cohomology

The Bredon cochain complex with coefficients in the representation ring for the group
I'; and the space X = ET'; will be of the form

0— @ R(S.) 5 @ R(Sa) S5 €D R(S.) — 0,
O-C%IIS l-c%lls 2-0%115

where the sum runs over representatives of n-cells, the S, are the corresponding
stabilizers, and the differentials are given by restriction of representations. We know
that

R(A) 7% R(S;) = R(S,) =73 R(Dy) =7 and R(C,)~Z"
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so the cochain complex becomes

d° dt
0 \ Z4+3+4+3 Z3+2+2+3 s 7, s .

Here, d' is represented by the matrix (1111111111), of rank 1, and d° by the
matrix

1 0. !
0 -1 0 =1,0 0 1 1
0 0 -1 -1'0 0 1 i
7777777777777 -1 0 -1'1 1 0 0"
************* 0 -1 -iio 0 11
! -1 0 -1 0.1 0 1 ’
1 0 -1 0 -1,0 1 1
10 o0 1, T -1 -1 0
0 0 1 1 | 00 -1
0 1 1 ! 0 0 —1
of rank 8. (All the blank spaces mean block of zeros.)
We obtain
Z°, n=0;
LXGR)=AZ, n=1;
0, n>2.

Note that for Bredon homology, the differentials are in the other direction and
are given by induction of representations, so from Frobenius reciprocity we know the
matrices associated are the transposed matrices. We will obtain

75 n=0;
HHXR) =S Z, n=1;
0, n>2

10.4 The congruence subgroup

To define the desired Hecke operator in K-theory we use a particular subgroup asso-
ciated to a prime in Zl[i], so we take a look at those first.

The units in Z[i], the Gaussian integers, are 1, —1, ¢, and —i. All the primes,
which are the irreducible elements in Z[i], have either one of the following two forms:
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e a or ia, with a prime in Z, such that |a| = 3 mod 4; or
e a+ib, with a® 4 b? = p prime in Z.

Regarding the second case, it is known that every prime integer p = 1 mod 4 can
be expressed uniquely as a sum a® + b?, hence it corresponds to eight primes in Z[i]
given by +a £ b and b £ ta. In this way, the second case splits into either p =1
mod 4 or the special case p = 2, where we have the primes £1 =+ 1.

The prime integer 2 is the only one that can be written as a square in Z[i] (so,
the only one which ramifies), and this has some consequences in the behaviour of the
prime 1+ ¢, for instance. One example of this exceptional behaviour will be exposed
in the computations for the classifying spaces for proper actions and the isotropy
groups.

Let p be any prime in Z[i]. We are interested in the subgroup

K=T1nNng T, where g = (g ?) € GLy(C).

We can describe this subgroup as follows. For any matrix y we have

P (D666 )

This means that any matrix in K will be of this form. Then

K:{(CCL Z)el“l : cEp-Z[z’]},

or, as a congruence subgroup,
K:{yeFl Y= (0 ) modp}.

We can describe the index of K in I';. We need the following lemma.
(The notation PSLy(F) is used for SLy(F)/{%1}, since without the tilde it would
be the quotient by all the center of the group.)

Lemma 10.1. For a field with q elements, [F,, the size of the group ﬁSLg(]Fq) is
q(¢* — 1) if q is even and q(q* — 1)/2 if q is odd.

51



Proof. The group SLy(F,) is the kernel of the surjective homomorphism
det : GLy(Fg) — Fy,  so  [SLy(Fg)| = |GL2(Fy)|/[Fy| = |GL2(Fy)| /(g — 1).

The size of GLy(F,) is equal to the number of bases for F2 over F, (there is a
non-singular matrix for every pair of linearly independent vectors in Fz), which is
equal to the number of non-zero vectors in F? times the number of vectors which are
not a multiple of the first one, that is (¢> — 1)(¢* — q).

Then, |SLy(F,)| = q(¢2 — 1). Finally, since PSLy(F,) = SLy(F,)/{£I}, we divide
by 2 when ¢ is odd and we do not when ¢ is even, because the characteristic of F, is
2,801 =—-1I. O]

It is known that the quotient Z[i]/p is a field and is isomorphic to F|,|, where |p|

is the norm of p in Z[i] (the square of its absolute value as a complex number).

Consider the surjective homomorphism
m: Ty = PSLy(Z]i]) — PSLy(Z[i]/p).

The kernel of 7 is the group of matrices that are the identity modulo p; the index of
this subgroup in I'y is equal to the size of PSLy(F|,). And since Ker(7) is contained
in the group K, we have

_ (Ty:Ker(m) _ |PSLy(Fp)|

B K) = (& Rer(m)) ~ (K : Kex(m))

Besides, the index (K : Ker(7)) is equal to the size of the quotient group

K /Ker(r) & {(8 abl) € f)SLg(Ep)},

and the size of this group is |p|(|p| — 1), if |p| is even, or |p|(|p| — 1)/2, if |p| is odd.
(As before, we do not divide by 2 when [p| is even because F, has characteristic 2.)
Thus, we obtain that

_ Inl(pl* — 1)
pl(lp] — 1)

Furthermore, we can give (left and right) coset representatives for I'; modulo K.
There are |p| cosets represented by the matrices

(I': K) =p/+1.

Y. = (i (1)) , with z as representatives of  Z[i]/p = F,
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and the last is given by the matrix o = <(1) _01)

Now, we wish to compute the Bredon cohomology associated to K. First, note
that since K is a subgroup of I'y, we can think of X = EI'; as a model for FK.
Then, we need K-orbit representatives for n-cells in X. We can start from the right
coset partition

= || Ky

KyeK\I'

Note that for any cell e C X, the I';-orbit of e splits into the union of some K-orbits,

and, after omitting repetitions, the union would be disjoint (apart from the bound-
aries). To count these repetitions, it is sufficient to find if there exists any k& € K
such that

v 'ky' € Stabp,(e) for two distinct representatives y, vy’ of K\I'y,

in which case we would know that the K-orbits of ye and y’e are the same.

10.4.1 Bredon cohomology

We will focus on the case p = 1 4+ ¢. With this prime we will compute Bredon
cohomology, K-theory and the Hecke operator.
We have that (I'; : K) = |14+ +1 =3 and

10 10 0 -1
First we search for repeated K-orbits. These are all we need:

i -t 1 0 i a1 1 0 1
Yo li—1 1))V =\ 1) ™ ® 7 o =)=\ 1)™®

(1 -1 0 —1 9 1 (1 0 1 1
Yolo 1)~ 1)= % 7 \o 1) \-10)7©

(7 0 (0 @\ 1 (1 0 (0 =1\
7 (0 —i)yo_<z’ 0)_b’ 7 (0 Jvo={1 o)= ¢
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For 0-cells we have
r-P=K-P, T'-Q=K-Q, I''-S=K-8S, and
I'-R=K-R U Ky;-R=K-R U K-R,
with R = v1R. For 1-cells, we have
I -PQ=K -PQ, T:,-QR=K-QR U K-QR,

I RS=K-RS U K-RS, and T -SP=K-SP,

with Q}N% =v1QR and RS = Y1 RS. And last, the orbit of the 2-cell is not repeated,
so there are three 2-cells in the quotient X/K. Let E be the 2-cell PQRS.
The quotient space X/K would look like this:

P Q

With two 2-cells F and o F with the same
boundary, and one other 2-cell v E.

R

The stabilizer of each orbit representative is the intersection between the stabilizer
in I'y and the subgroup K, so

Stabg (P) = A, N K = (ac,ca,ac’a) = Dy,

Stabg(Q) = S3N K = (a’d) = C,, Stabg(R) = DyN K = (bd) = O,
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Stabg (R) = y1 Stab (R) vt = Cy,  Stabg(S) = S4N K = (be?) = .

All the other stabilizers are trivial. The cochain complex becomes

0 — gat2ar2t2 _ @ o6 A o8 g
Here, d° is represented by the matrix
-1 -1 -1 =1, 1 1, | |
-1 -1, 1 1, |
=1 1 1 1
| -1 -1, 11|
| | -1 -1, 1 1
1 1 1 I | | -1 -1
of rank 4, and d' by the matrix
110101
110101],
101011
of rank 2.
We obtain
ZS? n = )
Hie(X;R) =<0, n=1,n>2;
Z, n=

As before, the homology is computed with the transposed matrices. We have

78, n=0;
HE(X;R)=20, n=1,n>2
Z, n=2.

10.4.2 The conjugate

To compute the Hecke operator, we will use the group

o= gKg ' =T1nglg "
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In this case,

gK—{yeFl : yz(: 0) modp}.

For the coset representatives, we can take 7, as the transpose of v, and it works in
the same way.

With p = 1 + ¢, we do the same computations as for K, we obtain that X/, K
looks the same as X/K, and

Stab, i (P) = Ay N K = (ac,ca,ac’a) = Dy,
St&bg[{(@) = Sg N gK = <ad> = 02, StabgK(R) = DQ N gK = <bd> = CQ,
Stab, (R) = m1 Stab,_x(R) it 2 Cy,  Stab,x(S) = S5 N 4K = (bc) = C.

Here, 1 = é 1 and R = nm R. All the other stabilizers are trivial. The cochain
complex would be the same and
78, n=0;
Hx(X;R) =40, n=1,n>2;
Z, n=

10.4.3 For other primes

For any other prime in Z[i], we can use the same process described before to obtain
the structure of the quotient space X/K and then the isotropy groups of each orbit.

With p a prime in Z[i], we can compute the orbits of cells with the following GAP
program.

R := GaussianIntegers;

i := Sqrt(-1);

q := RealPart(p) "2 +ImaginaryPart (p)"2;

max := Maximum( RealPart(p), ImaginaryPart(p) );

## Representatives for Z[i] mod p

list := []1;
for x in [ 0 .. max ] do
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for y in [ 0 .. max ] do
z := QuotientMod( R, x+y*i, 1, p );
Add( list, z );
od;
od;
reprsZi := ShallowCopy( DuplicateFreelList( Concatenation( list
, —1xlist, ixlist, -ixlist ) ) );

## Coset representatives for Gammal mod K

reprs := [ [[1,0],[0,11], [[0,-11,[1,01]1 1;
for j in [ 2 .. Length(reprsZi) ] do
new := [[1,0],[reprszil[j],11];

Add ( reprs, new );
od;

## Generators for Gammal

a := [[0,i],[i,1]1];
b := [[0,i],[i,0]];
c := [[1,1],[-1,0]];
d := [[0,-1],[1,0]1];

## Finite subgroups of Gammal

Ca := Group( [a]l ); Cb := Group( [b]l] ); Cc := Group( [c] ); Cd
:= Group( [d] );
A := Group( [a,c] ); S1 := Group( [a,d] ); 82 := Group( [b,c]
); D := Group( [b,d] );

## Lists that will be orbit partition for cells

Porb := []; Qorb := []; Rorb := []; Sorb := [];
PQorb := []; QRorb := []; RSorb := []; SPorb := [];
PQRSorb := [];

## Association of cells with their isotropy groups
cells := [ [Porb, A, "O-cell P"], [Qorb, S1, "O-cell Q"], [

Rorb, D, "O-cell R"], [Sorb, S2, "O-cell S"],
[PQorb, Ca, "1-cell PQ"], [QRorb, Cd, "1-cell QR"], [RSorb, Cb
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, "1-cell RS"], [SPorb, Cc, "1-cell SP"],
[PQRSorb, [[[1,0],[0,111], "2-cell"] 1;

## Making of the partition of orbit representatives

for e in [ 1 .. Length(cells) ] do
orbits := ShallowCopy(reprs);
partition := cells[e,1];
group := cellsl[e,2];
count := 0;
while Length(orbits) > 1 do
Add ( partition, [] );

count := count+1;
gl := orbits[1];
Add ( partition[count], gl );
for j in [ 2 .. Length(orbits) ] do
g2 := orbits[j];
switch := 0; k := 1;
while switch = 0 and k <= Length( Elements (group)
) do
x := Elements (group) [k];

y gl * x *x g2°(-1);
if yl[2,1]/p in R then
Add ( partition[count]l, g2 );

orbits[j] := gi;
switch := 1;
fi;
k = k+1;
od;
od;
orbits := DuplicateFreelList( orbits );

Remove ( orbits, 1 );
od;
if Length(orbits) 1 then
Add ( partition, [ orbits([1] 1 );

fi;
Print( "Orbits of ", cells[e,3], ": ", Size( partition ),
||\n|| );
od;
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The part Representatives for Z[i] mod p does not work for p := 1+i. In
that case we just need reprszZi := [ 0, 1 ].

As said earlier, each orbit in X/I'y splits in at most (I'y : K) different orbits in
X/K. This GAP program searches which of those (I'; : K) orbits are actually the
same by the action of K and make that partition in the lists Porb, ..., PQorb, ....

For example, for p := 1+i the output is

Orbits of O-cell P:
Orbits of O-cell Q:
Orbits of O-cell R

S

=N R e

Orbits of O-cell :
Orbits of 1-cell PQ:
Orbits of 1-cell QR:
Orbits of 1-cell RS:
Orbits of 1-cell SP:
Orbits of 2-cell: 3

= NN -

And, having made the change reprsZi := [ 0, 1 ], we have

gap> Rorb[1];
ccctt,o01, 00,1311, 000, -1, 1, 01T71]
gap> Rorb[2];

tcfi1,01, 01,1111

For p := 2+i (a prime in Z[i] with the next smallest norm), we have (I'; : K) =
244 +1 =6 and

Orbits of O-cell P:
Orbits of O-cell Q:
Orbits of 0O-cell R

Orbits of O-cell S:
Orbits of 1-cell PQ:
Orbits of 1-cell QR:
Orbits of 1-cell RS:
Orbits of 1-cell SP:
Orbits of 2-cell: 6

N W N+~

ORI N

so there are four 1l-cells (from QR) joining two 0-cells (from @) with three 0-cells
(from R). To know where the lines should be, we use the partition for those orbits:
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gap> Qorb;
t ttct1,o01, 0o, 11, €000, -1, 1,011, [ [T1,0
1, [EM, 1111,
cttcttt,ol, €0t,211, 002,01, [-1,111, [[1,
o1, [ -E(4), 111171 1
gap> Rorb;

t rttt,odl,co,21211, €6co0, -1, 01,0111,
rftft1, 01, [EM4, 111, (1,01, [-EM, 1111,
rtctct,o1d, €et,211, 01,01, [ -1, 1111 1

gap> QRorb;

t crt,o0o1, 00,111, L0, -1, 11,0111,
(1,01, [EM, 1111,
trcft,o0131,€01t,211, 001,01, [ -1, 1111,
(rcfi1,01, [ -E4, 1111 1

Then the quotient space X/K is

where there are two 2-cells in the main square PQ RS and the other four are all the
other possible combinations.

Now, with any prime in Z[i] different from 1+ 4, the isotropy group of any 0-cell
is a cyclic group of order two and the rest are all trivial. This is simply because those
are the intersections of the isotropy groups with K. As a consequence, computing
the Bredon cohomology is easy. We just need to know the relation between the orbits
of cells to compute the differentials.

As part of possible future work, we can develop an algorithm to obtain explicitly
the structure of the quotient space X/K, and furthermore the Bredon cohomology
groups H (X;R).
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10.5 K-theory and Hecke operator
From the Atiyah-Hirzebruch spectral sequence we know that, since Bredon cohomo-

logy HE (X;R) is trivial for n > 2,

Z°, n even;

K, (X) = {Z, n odd.

Similarly, for the subgroup K (and ,K), the spectral sequence converges already
in Es so there is a short exact sequence

0 — HE(X;R) — Kn(X) — HY(X;R) — 0,

but in this case Bredon cohomology groups are free Z-modules, so the extension
problem is trivial. Therefore we have

n N Zg, n even; n
Ki(x) = {0 mEET = K)

Note that the K-theory of this groups are free Z-modules, so after dropping the
C we have the isomorphism

Ki(X)= @ K" (X9)“9
l9)in G

for I'y, K, and K. We compute the Hecke operator there directly, using the defini-
tion in Section 6.5.

We need the conjugacy classes of I'; and K (and ,K). First, note that we only
care for conjugacy classes of elements of finite order. Since I'y is an amalgamated
product, all elements of finite order are conjugate to those in the factor groups Ay,
Ss, S%, and Ds. So we just need to know which of them are conjugate.

In each group the conjugacy classes are the following;:

Ay = {1} U {a,c? a’c,ca’} LU {c,a% c’a, ac’} L {ac, ac’a, a’c?},
S; ={1}U{a,a’} U {d,ad,a’d}, S;={1}U{c,c*} U {b,bc, bc?},
Dy ={1} u{b}u{d}u{bd}.
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Combining them, we obtain six conjugacy classes of finite elements. These are rep-
resented by
1, a, ac, b, d, and bd.

We know there must be six because Hy'(X;R) = Z°, as seen in Theorem 4.1.

For the conjugacy classes in the subgroup K (and ,K), first we already know the
intersections of the factor groups of I'y with K (and ,K). Also, we know what is the
orbit space X/K (and X/,K). We can affirm that the elements of finite order in K
(and ,K) are conjugate to those in the stabilizers associated to each orbit of cells in
X/K (and X/,K). Thus, we have the eight conjugacy classes with representatives

1, ac, ac’a, a’c’, bc? a’d, bd, and 7vy;bdy;’

(and
1, ac, ac’a, a’c®’, bc, ad, bd, and mnbdnp?).

We know there must be eight because HE(X;R) = Z* (and HZ"™ (X;R) = Z%).
Having Theorem 5.2, we want to identify each copy of Z in the 0-th K-theory of
[} and K (and ,K) with one of the summands K*(X9)°® to split each map. For

I'y, each conjugacy class corresponds to one copy of Z. In K (and ,K), the factor
corresponding to the trivial conjugacy class is

KOxHor) =~ KOX/K) =2 Z& 7,

since X/K is homotopy equivalent to S (and the same for ,K).

First, for
res : Kp (X) ¥ Z° — K).(X) 2 Z°

in conjugacy classes, we have

1 — [

[a] —

[ac] — J[ac], [ac’a], [a’c?]
[b] — [bc?]

[d — [a%d]

[bd] — [bd], [y:bdy;]



The part corresponding to the identity is a homomorphism Z — Z @ Z, where the
second component in K°(X/K) comes from a non-trivial vector bundle, and here
the image of a trivial bundle cannot be a non-trivial bundle, so this part would be
just an inclusion into the first component.

With the others, the map can be represented by the matrix

—
Q
QL
o
=p
o
fox
Q

‘100 00 0, 1
00 0 00 0! 1
0O 0 1 0 0 0: ac
00 1 00 0: ac’a
00 1 00 0. a?
00 0 10 0, be?
00 0 01 0' ad
000 00 1' hd
00 0 0 0 1 iybdy'

Next, for the map
Ady : Kp(X) 272" — K (X) = 2°,

after some computations we have the identifications, given by conjugation g ¢ 1,

1 — [
lac] — [bc]
[ac’a] — [ad]
[a’c’]  — [mbdn; ]

[bc?] — [ac’a)
[a’d] — [a%c?]

[bd] — [bd]

[yibdy;'] —  [ac]

(o))
w



then the matrix is

1 1 ac ac’a a‘c? be? a’d bd ybdy, '\
1 0 0 0 0 0 0 0 0o . 1
0 1 0 0 0 0 0 0 0 | 1
0 0 0 0 0 0 0 0 1 ' ac
0 0 O 0 0 1 0 0 0 | ac’a
0 0 0 0 0 0 1 0 0 . a’c?
o 0o 1 0 0 0 0 0 0 | bec
0 0 O 1 0 0 0 0 0 . ad
0 0 0 0 0 0 0 1 0 ' bd
0 0 0 0 1 0 0 0 0  1gbdy!
At last, for the corestriction map
cores : K (X) = Z° — Ky, (X) = Z°,
we have in conjugacy classes
1 — [
— [al
[ac], |ac’a], [a’c’] — |[ac]
[bc] — [b]
ad] — [
[bd], [mbdn'] — [bd].

We want to describe how each centralizer (of the representatives of conjugacy

classes in (K) in I'y intersects with ;K. For y =

d)’ we want to know when

each element commute with vy, that is, when y~'ky = k. Recall that all the calcula-
tions must be made modulo £/, the identity matrix.

First, (Cr, (1) : C k(1)) = (I'1 : ) = 3, and there is a homomorphism

KY(X)*"~2720Z — KO(X)"" 27,

This part of the transfer map would be the block (3 3).
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Now, we have the following:

v lacy =y~ (Z :z’l Q) v = ( : b((1— i)‘b — 2z'd)) ’

]

sob=0or (1 —4)b=2id =1i(1+14)(1 —i)d and b = i(1 + 4)d, thus b is always a
multiple of 1 4 4. This means that Cr, (ac) = C, k(ac).

)

—1 z’—l)yz( : (z’—l)(z’b%‘—d)(b%—d))

—1 2 _ a1
Yy acay=y (z’—i—l 1

so (ib+d)(b+d) = £1. When it is equal to 1 it means that either ib+d = b+d = %1,
that implies b = 0, or b+ d = —b — d = =i, that implies b = £(1 — 7). The other
case forces b to be a multiple of 1+ i as well. We have Cr, (ac’a) = C, x(ac’a) as
before.

—1

vy =y (é 1 +.i) v = ( : (1+14)((1 + )b+ d)d) 7

so ((144)b+d)d = +£1. When it is equal to 1 it means that either (1+i)b+d = d = +1,
that implies b = 0, or (1 +i)b+d = —d = +i, that implies b = (-1 —4). The other
case forces b to be a multiple of 1+ i as well. We have again Cr, (a*c?) = C g (a’c?).

v bey = y-! <—‘z’ Q) v ( : —ib(b'—l— 2d)> |

i
so either b =0 or b = —2d = (1 +i)(¢ — 1)d. This means that Cr,(bc) = C k(bc).

_ (=i 0 - b(b—2id
vlady:yl(_l ¢>V2< _ ( ' )>,
so either b = 0 or b = 2id = (1 + i)?d. This means that Cr, (ad) = C, x(ad).

—1 | -1 0 . —z(ad—i—bc) —21bd
v bdy =y (0 i)y_( 2iac  i(ad +bc))”

so either b = 0 or d = 0. If b = 0, v is the identity matrix. In the later case, we
have bc = +1, but since ad — bc = 1, bc must be —1, which leaves only one other
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possibility not in K, because a = 0. Then, (Cr,(bd) : C x(bd)) = 2.

- _ Ly~ 2i . 2id(d—b
vl(nlbdml)vzvl(O Z-)YZ(_ (, )>,

so d(d — b) = =£1; all cases lead to b = 0 or b = +2i. Thus, Cr, (mbdn ') =

C,x(mbdn; ).
Then, gathering the previous information, the map would be represented by the
matrix

3 3 0 0O O 0 O 0O 0 1
O 0 0 0 0 0 0 0 0 'a
0o 0 1 1 1 0 0 0 0 iac
0O 0 0 0 0 1 0 0 0 b
o 0 0 0 0 0 1 0 0 'd
O 0 0 0 0 0 0 2 1 rac

Finally, we obtain the Hecke operator
T, : K (ET1) — K (ET))

given by the matrix

30 0 00 01
00000 0'a
00 0 1 1 11 ac
00 1 00 0,b
00 1 00 0'd
00 1 00 2 bd
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