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Abstract
This work is a review of the congruent zeta function and the Weil conjectures for non-singular
curves. We derive an equation to obtain the number of solutions of equations over finite fields
using Jacobi sums in order to compute the Zeta function for specific equations. Also, we
introduce the necessary algebraic concepts to prove the rationality and functionality of the zeta
function.
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Introduction

Mathematicians have been interested in polynomial equations with integer solutions since ancient
times. These equations are called Diophantine equations. The most famous example of this type
of equation is

X"+Y'=27", n>2. @)

Fermat conjectured that this equation does not have nonzero integer solution. It was until the
end of 20th century that Andrew Wiles solved this problem.
To solve (1) is equivalent to find the solution of

Xyt =1, n>2 @)

in Q. However, it is still hard to find a solution in Q. Instead, we can consider the equation (2) in
a finite field Fyn. The reason, as Koblitz says in his paper [Kob82] from which we base ourselves
for this introduction, is that it’s easier! Just count the number of solutions. The first chapter
of this work is devoted to finding a method to count the number of solutions of a polynomial
equation over a finite field denoted by N,,; or at least, try to find a bound.

In general, given a prime number p and an equation f(x,y) = 0 with f € F[x,y], where g = p".
We can encode the sequence {Nm};;’:1 into the generating series

Nme)
m b

Z(T) = exp(i

m=1

called the Congruence Zeta function. The form of Z(T) may appear strange at first, but it has in-
teresting properties, known as the Weil Conjectures due to the French mathematician André Weil,
who stated the conjectures in [Weid9]. In chapter 3, we derive the zeta function and compare it
with the Riemann and Dedekind ¢ function. Also, we compute several examples of the congruence
zeta function and prove two of the Weil conjectures for the case of nonsingular curves. Chapter
2 is devoted to presenting the necessary tools to comprehend chapter 3. We introduce Dedekind
domains, ideal class groups, divisors, and the Riemann-Roch theorem.

It is worth to mention another two reasons to consider equations over finite fields, although
we do not delve deeper about these topics in this work. The first conjecture states that the
zeta function is a rational function, and for curves, the degree of the numerator is twice the Betti
number of the corresponding complex Riemann surface. If we consider the set of complex numbers
(x,y) that satisfy the equation (2), we obtain a surface having g = (N —1)(N —2)/2 "handles". Thus
there is a relationship between the number-theoretic properties of the equation considered mod p
and its "physical" properties when it is considered complex-analytically. Another parallel between
this two branches, is that, in classical theory of algebraic curves over the complex numbers, one



associates to them certain definite integrals, called "periods". In the case of equation (2), these

integrals are of the form
1

ij/N(l N4
x(1—x)
0

In chapter 1, we introduce Jacobi sum, which is analogous to the expression above. So another
reasons for studying equations over finite fields is that deep analogies exist between finite-field
theoretic and complex analytic properties of equations.

The second reason for studying over finite fields is that sometimes such information can be
pieced together to tell us something about the set of solutions in the field Q of rational numbers.
The best example is the conjecture on elliptic curves formulated by Birch and Swinnerton-Dyer
in the early 1960’s. Let y?> = f(x), where f(x) is a cubic polynomial with integer coefficients and
distinct roots. This is called an "ellitic curve". The complex Riemann surface corresponding to
this equation has one "handle", i.e., the Betti number g is equal to 1.

If we now consider the equation y?> = f(x) mod a prime p and count all the solutions (x,y) €
Fpm, for each m, then we can consider the zeta function

NpuT"
PR

Z,(T) = exp Z
m=1

Sine g = 1, the numerator of Z,(T) has dimension 2. Moreover, the Weil conjectures says that
1-a,T + pT?
1-T)A-pT)

Taking log in both expressions of Z,(T) and equate coefficients of T in the two power series
expansion, we obtain the formula

Zp(T) =

ap =p+1—N1,p.
We just need to find the value of Ny, and substituting in the equation to obtain a,. Thus, finding
the exact expression for Z,(T). Since Z,(T) determines all of the Ny, ,, once we know Ny, all the
Np,p can be found.
Once we know Z,(T) for each prime p, we can combine all of this information into a single
function. This function, called the Hasse-Weil zeta function, is defined as follows for s a complex

number: 1
Z(s) = .
(S) ];[ 1-— app—s + pl—Zs

Using well-known estimates for a,, the infinite product converges when Re(s) > 3/2. Moreover, for
a broad class of elliptic curves, Z(s) is known to extend by analytic continuation to a meromorphic
function on the entire complex s-plane; and this is conjectured to be the case for all elliptic curves.
Assuming that this extendibility conjecture is true, Birch and Swinnerton-Dyer make the following
statement

Conjecture 0.0.1. Z(1) = 0 if and only if the equation y* = f(x) has infinitely many rational
solutions x,y € Q.

As the reader can see, the connections between information about finite field solutions to
equations, and information about Q-solutions are very subtle, indirect, and difficult. Intensive
efforts by number theorist have been, and for a long time will continue to be, directed toward
understanding such connections.



Chapter 1

Counting Solutions of Polynomial
Equations.

In this chapter, we want to introduce a method for counting the number of solutions of polynomial
equations defined over a finite field. This method is constructed using Gauss and Jacobi sums.
The behavior of these sums provides a connection with the number of solutions. Through all the
sections we consider the field F, = Z/pZ with p a prime number, and the field F, with g elements,
where g = p" for some n > 0.

1.1 Multiplicative Characters
Definition 1.1.1. Let F, be a finite field, a multiplicative character on F, is a map y from F; to
the nonzero complex numbers that satisfies

x(ab) = x(a)x(b) for all a,b € F,

Example 1.1.1. The trivial multiplicative character is the map &€ : ]FZ — C defined by &(a) =1 for
all a e F..
q

It is possible to extend the notion of multiplicative character over all F, as follows:

1. If y # &, we define y(0) = 0.

2. if y = &, we take £(0) = 1.

The next theorem exposes some basic properties of the multiplicative characters.
Theorem 1.1.2. Let y be a multiplicative character and a € F;. Then

L y()=1

2. x¥(a) is a g — 1 th root of unity.

3. x(a™) = x(@™" = x(@

Proof. The proof of items 1. and 3. can be found in [IR90, Proposition 8.1.1]. In this reference,
the proof of item 2. is made for g = p, we will prove for g = p" for any n > 0.
We know that a?~! = 1, for all a € F}, which implies that 1= x(1) = x(a?™) = (@)™, i.e., x(a) is
a g —1 th root of unity.

O



The next example presents the Legendre and Jacobi symbol, which are a special kind of
character. If the reader wants to know more about these symbols, like the quadratic reciprocity
law, refer to [Apo76] and [IR90].

Example 1.1.3. Consider a,m € Z with (a,m) = 1, then a is called a quadratic residue mod m if
the congruence x% = a(m) has a solution. Otherwise a is called a quadratic nonresidue mod m.
Associated with this concept, Legendre in 1798 introduced the Legendre symbol (a/p) where p is
a prime number. We define the Legendre symbol by 1 if a is a quadratic residue mod p, -1 if a is
a quadratic nonresidue mod p, and zero if pla. The Legendre symbol considered as a function of
the coset of a modulo p is a multiplicative character. In [IR90, Chapter 5, Theorem 1] is proved
that (=1/p) = (-1)P~D/2,

To determine if a number is a quadratic residue or nonresidue module of a composite number
m it is necessary to consider several cases depending on the quadratic character of the factors.

Suppose m a positive odd integer with prime factorization

p
m= l_l pl‘.’l.
i=1
The Jacobi symbol (n/m) is defined for all integers n by the equation

(n/m) = | Jn/pp)”,

i=1

where (n/p;) is the Legendre symbol. Set (n/1) = 1.
The congruence
“=n (m)

has a solution if and only if (n|p;) =1 for all prime p; of the factorization of m.
Again, the Jacobi symbol (=1/m) is given by (=1)""Y/2, the proof can be consulted in [Apo76,
Theorem 9.10]
Theorem 1.1.4. Let y be a multiplicative character. If y # ¢, then } y(¢) = 0, where the sum is
t
over all r € Fy. If y = & the value of the sum is g.

Proof. The last assertion is obvious, so we may assume that y # €. There exists an a € F; such
that y(a) # 1. Let T = ) x(¢), then

teF,
X@T = 3 xlay(® = Y xtan =) x()=T.
t€F, t€F, feF,
Since y(a)T =T and y(a) # 1, therefore T = 0. O

Remark 1.1.5. The multiplicative characters form a group with composition and inverse defined
as follows:

1. If y and A are characters, then yA is the map that takes a € ]F; to y(a)A(a).
2. If y is a character, y~! is the map that takes a € F to y(a)™.

3. € is the identity of the group.

10



Theorem 1.1.6. The group of multiplicative characters is a cyclic group of order g — 1.

Proof. We know that IFZ is cyclic since the multiplicative group of a finite field is cyclic. Let g € IFZ
be a generator. Then every a € IF,’; has the form a = g’ for [ € {1,2,...,q —1}. If y is a character,
then y(a) = x(g)". This shows that y is completely determined by the value of y(g). Since x(g) is
a g — 1 th root of unity, it follows that the character group has order at most g — 1.

Now define a function A by the equation A(g") = ¥ */@-D) By the properties of the ex-
ponential, 4 is a multiplicative character. Suppose n is the smallest integer such that 1" = &,
then A*(g) = &(g) = 1. However, A"(g) = eZrin/q=1) = 1. Tt follows that g — 1 divides n. Since
/lq‘l(a) = /l(a’f‘l) = A(1) =1 we have M =gson= g — 1, and all the character &, 4, A2, 0972
are distinct. We have proved that there are exactly ¢ — 1 characters and A is a generator. O

Corolary 1.1.1. If a € F, and a # 1, then there is a character y such that y(a) # 1. Moreover,
> x(a) = 0, where the summation is over all characters.
X

Proof. We have a = g! with ¢ — 11 [, then A(a) = A(g) = W@ £ 1. Let § = ¥ x(a). Since
X

a # 1, there is a character A such that A(a) # 1. Then

A@)S = )" Aay(a) = Y (@)= ) @)=
X X X

The sums are over all the characters. It follows that (1(a) — 1)S = 0, thus § = 0. O

Now we will state some theorems that will lead us to a method to determine the number of
solution of x" = a.

Theorem 1.1.7. Let @ € F;. The equation x" = @ is solvable iff @4V =1 where d = (n,qg—1). In
addition, d is the number of solutions.

For the proof we need the following result:

Theorem 1.1.8. Let a,m € Z and d = (a,m). The congruence ax = b (m) has solutions iff d|b. If
d|b, then there are exactly d solutions.

Proof. The proof is stated and proved in [IR90, Theorem 3.3.1]. m|
Now we continue with the proof of the Theorem 1.1.7.
Proof. Let y be a generator of F, and set @ =y* and x = y”. Then
Y'=a © YW=y o yY"=1e (@-Dny-a) © ny=alg-1
Then d must divide a as consequence of Theorem 1.1.8.

247D/ = (yay@DId — (kY g-D/d _ kD)

=Y

Moreover, by the same theorem, the equation has d solutions.
Now suppose ¥ ™V/4 =1, then y“(q_l)/d = 1. This means that d|a or g —1 divides a(g —1)/d . In
the first case, we get ny = a (¢ — 1) is solvable, and we obtain the result consequently of the first

1



part of the proof. Now, assume that g — 1 divides a(g — 1)/d. Set (¢ — 1) = dk; for some ki, notice
that

alg-1/d =(q-Dky & aki=(g-Dky & alg—-1) = d(q-Dks
© 0=dlg-Dke—alg-1) © 0=(g—1)(dky —a) & dky = a.

Hence d|a, and we obtain the first case. In both cases x* = a has a solution.
(]

For simplicity, we will assume that n|lg—1 and d = (n, g—1), the reason will be given in Theorem
1111

The next theorems provide a connection between the characters and the solutions of x" = a
with a € F,.

Theorem 1.1.9. If a € FF; and x" = a is not solvable, then there is a character y such that
L x"=¢
2. x(a) #1

Proof. Let g and A be as in theorem 1.1.6 and set y = A4 D/". Then y(g) = A(g) 4D/ = iln,
Now let a = gl for some [, and since x* = a is not solvable, we must have that n does not divide
I. Then y(a) = x(g)! = e¥U/M £ 1. Finally, y* = 1971 = ¢. O

Theorem 1.1.10. For a € Fy, let N(x" = a) denote the number of solutions of the equation x" = a,
then we have
N =a) = ) @),
Xx'=¢e

where the sum is over all characters of order dividing n.

Proof. First we prove that there are exactly n character of order dividing n. If g is a generator of
I, then the value of x(g) for such a character must be an nth root of unity, there are at most n
such characters. In the proof of theorem 1.1.9, we found a character y such that y(g) = /" It
follows that &, v, XZ, e, /\/”_1 are n distinct characters of order dividing n.

To prove the formula, notice that x = 0 is the only solution of x" =0 and ) x(0) =1
X"=¢
Now suppose that a # 0 and that x* = a is solvable; i.e., there is an element b such that

b" = a. Remember that by theorem 1.1.7, there are n solutions of x* = a. If " = &, then
x(a) =x(0") = x()" = &) =1. Thus 2, x(a) =n=NK"=a).
X"=¢€

Finally, suppose that x" = a is not solvable. Let T = , y(a). By theorem 1.1.9, there is a character
X'=¢
p such that p(a) # 1 and p" = . Now

p@T = " play(@ = Y pxl@)= ) Ha)=T.
ang ang )A(n:&\
Thus (o(a) - DT =0 and T =0, i.e., >, x(a)=0. O
X'=e

What happen if we put aside the assumption that d = (n,g — 1) = n? The answer is the next
theorem that assures us that we can still compute the number of solution.

12



Theorem 1.1.11. Let g = p", where p is a prime number. Suppose d = (m,q — 1), then N(x" =
a)= Y x(a). Moreover, N(x" = a) = N(x? = a).

xi=e

Proof. We use the results obtained in the proof theorem 1.1.10, since d = (d,q — 1) we have that

N =a)= 3 x(a.
xi=¢
Assume that a = 0, then x™ = 0. The unique solution is x =0, so Nx¢ =0) = 3 y(0)=1=
d=g
N(X™ = 0). g
If a # 0. Case 1: x™ = a has a solution, then by theorem 1.1.7 there are d solutions, i.e.,
N(x" =a)=d. Hence N =a) = Y, x(@) =d=NX"=a).

Xd:s
Case 2. Suppose x™ = a is not solvable, then a /¢ £ 1. Assume that x? = a is solvable, then
a9 D4 = 1 which is a contradiction so x? = a is not solvable. Therefore

NG = a) = Z)((a) =0=NQK" = a).

xi=e
m

Example 1.1.12. Suppose that p is odd and that n = 2. Using Theorem 1.1.10, we obtain N(x* =
a) =1+ (a/p) , where (a/p) is the Legendre symbol.

1.2 Gauss Sums

Definition 1.2.1. Suppose that F, has g = p" elements for some n > 0. For « € F,, we define the
n—1

2
trace of a, denoted by tr(a), as the sums a +a” +a” +...+a” .

Some properties of the trace are cited below, the proof of the items that are not proved here
can be found in [IR90, Theorem 10.3.1].

Theorem 1.2.1. If @, € F; and a € F), then
L tr(a) € F).
2. tr(a + B) = tr(a) + tr(B).
3. tr(aa) = atr(a).
4. tr maps F, onto F),.

Proof. 4. The polynomial x + x” + ... + x”"" has at most P! roots in F,. Since F, has p"
elements there is an a € F; such that tr(a) = ¢ # 0. If b € F), then using property 3. we obtain
that tr((b/c)a) = (b/c)tr(a) = b. Therefore, the trace is onto. O

Definition 1.2.2. Let £, = ¢?/7. We define y : F, — C by y(a) = {;“.
Theorem 1.2.2. The function ¥ has the following properties:

L yla+B) = y(a)y(B)
2. There is an a € F such that y(a) # 1.

13



3. 3 y@) =0

aeF

Proof. 1. Let a,B € F, then

wa+p) =P =58P = yaw@.

2. tr is onto, so there is an a € F; such that tr(@) =1. Then y(a) =, # 1.

3. Let S = Z Y(@), choose B such that ¥(8) # 1. Then Y (B)S = Z YPBW(a)= 3 Y(B+a)=3S
acF

It follows that S =0.
O

The next result is taken from [IR90, Theorem 10.3.3], it will help to prove some results involving
Gauss sums. The proof can be consulted there.

Theorem 1.2.3. Let @, x,y € F;. Then

1
= 3 wlatx - y) = 5(x.y)
acF,

where 6(x,y) =1 if x =y and zero otherwise.

Proof. If x =y, then 2, (Y(a(x-y)) = X ¢(0) =

a€F, aclF,
If x # y, then x —y # 0 and a(x — y) ranges over all of F' as « ranges over all of F. Thus
> Yla(x—y)) = Z ¥(B) = 0 by property 3. of theorem 1.2.2. O
a€F, q q

Definition 1.2.3. Let y be a character of F; and « € F;. The Gauss Sum on F; belonging to the
character y is defined by the expression g,(y) = 2, )((t);.//(a/t) We shall denote gl(/\/) by g(x).
1R,

Some properties of the Gauss sums attached to y are:
Theorem 1.2.4. If g,(x) is a Gauss sum on F,, where y # &. Then

L gal) = x(@)8(x).

2. gax™) = 800 = X(-Dgalt)

3. lgato)l = ¢

4. ga(0)gax ™" = x(~1q

Proof. 1. If y is a character and a € F;, then

X(@ga(Y) = x(@) D x(Duan = Y xlany(an),

teFy teFy

Let s = at, since f runs over all € F, so s does. Hence

X(@)2a00) = D X((5) = gl) = galr) = X(@(@)2alx) = X(@)00).

s€ly,

14



2. This can be verified by a straightforward computation.

2a00) = ) xOui—ar) = 3" (1=0(—an = > (1) x(=u(-a).

teFy, teFy, teFy,
Notice that y(-1) = y(-1) = =1. Let s = —¢ and

2a00) = X(=1) )" YW(a@s) = x(-Dga(t) = galr™) = 8a) = ¥(~Dgalr).

selfy,
3. Using item 1.

ga() = x(@)gly) and go(x) = x(a@™Hg(y)

thus

12002 = x(a)y(@ Hggly) = 18I

If we sum over all « € F, we get

D lga0l = (g - Digk)P”

a€Fy

On the other hand

200200 = () x(OW(@0) " xwi=ay)) = D > x(xO(atx - ).

xelF, yeF, xeF, yeF,

Again, summing over all @ € F; and using theorem 1.2.3 we obtain

D lgabl = >0 D7 D xaxOax - y)

a€F, a€F, xelF, yeF,

= > D adtey(xx®) = > x(xx@g = Y q=4q(q- 1.

x€F, yeF, x€Fy, xeFy

Combining both results we conclude that
(g - DI’ =alg -1 = g0l =g = lg)] =l = ¢

4. From item 2. we get

208 = X(-DIga()I* = x(~1)g.

1.3 Jacobi Sums

To introduce Jacobi Sums, we give a motivation about how these sums are necessary when we are
counting the number of solution of equations of the form x" +y" =1 in F, (even for more general
polynomial equations with coefficients in a finite field.) First we are going to analyze the case for
n=2and n =3 in the fields F, and F,, respectively.

15



Since F, is finite, the equation x% +y? =1 has only finitely many solutions, say N(x* +y? = 1).
Observe that
NGE+yr=1) = Z NG2 = @)N(Y? = b).

a+b=1
abeF,

As consequence of example 1.1.12, we get that

oo 220 26D

a+b=1

In the sums, we omit that a,b € F,. By theorem 114, we have that N(x2 + y2 =1 =

p+ X (%)(%). This is the best result we can obtain for the moment.
a+b=1

To evaluate the number of solution of x° +y% =1 in F,, we reason in the same way

NGB +y =1) = Z NG® = a)NG® = b),

a+b=1

but in this case we analize two cases. If ¢ = 2(3), as consequence of Theorem 1.1.7, N(x® = a) = 1
for all a due (3, —1) = 1. It follows that N3 +y3 =1)=¢g. Now assume g =1(3). Let y # e be a
character of order 3, so by Theorem 1.1.4, we have that N(x3 = a) = 1+ y(a) + x*(a). Thus

2

2
NGE+y¥ == ) (Z){ (a))(fo(b) =D, D, Ko,

a+b=1 i=0 i=0 j=0 a+b=1

With the purpose of simplify the expression for number of solutions of the equations x*>+y? = 1
and x% + y3 =1 we introduce the Jacobi Sums.

Definition 1.3.1. Let y and A be characters of F, and set J(x,4) = > x(@)A(b). J(x,A) is called
a+b=1
a Jacobi sum.

Theorem 1.3.1. Let y and A be nontrivial characters. Then
1. J(g, &) =
2. J(g,x) =
3. Jr.x™H = —x(-D.

4. If yAd # g, then
8008
J(x, D) =
sk
Moreover |J(y, 1) = ¢/

Proof. The proofs of 1. and 2. follow from the properties of Gauss sums and characters. The
proof of 3. and 4. are in [BEW98, Theorem 2.1.1 and Theorem 2.1.3]. |

We now return to the analysis of N(x?+y? = 1). We need to compute the value of 3 (%) (%)
a+b=1

By item 3. of Theorem 1.3.1, we obtain J(y, ) = — (_71) = —(=1)»~D/2 Thus the number of solutions
isNxX2+y2=1)=p—-1if p=14) and p+1if p = 3(4).

16



In the case of N(x® + y3 = 1), applying Theorem 1.3.1 leads to the result
NGE+y7 =1) = g = x(=1) = x*D + T + 0P,
Since —1 = (-1)%, we have x(=1D :X3(—1) = 1. Notice that X2 :)(_1 =Y. Then
NG +y? =1) =g =2+ T ) + IO = 4= 2+ I (. x) + T x0) = ¢ = 2+ ReJ(x. ).

This result is not as nice as the result for N(x* + y2 = 1), however, we can bound the number
of solutions:

INGP + 3% = 1) — g + 2| = [ReJ (. )| = (0 x) + J0r 01 < W0 )l + 1[Gl < 262

The estimate says that N(x®+y® = 1) is approximately equal to ¢—2 with an "error term" 2¢%/2.

Now we will provide some interesting results where the Jacobi sum are involved. They will be
usefull when we compute the zeta function for some curves.

Theorem 1.3.2. Let q be a power of a prime. If g = 1(4), then there exist integers a and b such
that a® + b?> = g. If g = 1(3), then there exist integers a and b such that a® — ab + b> = q.

Proof. If g = 1(4), there is a character y of order 4. If A has order g—1, let y = 247D/4, The values
of y are in the set {1,—1,i,—1}. Thus J(1,1) = X x(s)x(®) € Z[i]. It follows that J(y, x) = a + bi,

s+t=1
where a,b € Z; thus ¢q = |J(x, x)I*> = a® + b due to theorem 1.3.1.
If ¢ = 1(3), there is a character y of order 3. The values of y are in the set {1, w, w?},
where w = ¢*/3. Thus J(y,x) € Z[w]. As above, we have J(y,x) = a + bw where a,b € Z, and
q =0 =la+ bw? = a® - ab + b2 O

Remark 1.3.3. For g = p, the fact that primes p = 1(4) can be written as the sum of two squares
was discovered by Fermat. If a,b > 0, a is odd and b is even, then the representation p = a® + b?
is unique.

Theorem 1.3.4. If ¢ = 1(3), then there are integers A and B such that 4g = A% + 27B%. In this
representation of 4¢, A and B are uniquely determined up to sign.

Proof. There exist integers a, b such that ¢ = a>—ab+b%. Notice 4q = (2a—b)?>+3b*> = (2b—a)*+3a® =
(a + b)*> + 3(a — b)*>. We claim that 3 divides either a,b, or a — b. Suppose that 3 1 a and 3 1 |b.
Assume that a =1(3) and b = 2(3), then

g=a’>—ab+b*=@Bm+1)7? - Bm+ 13l +2)+ (3l +2)? = 3B for some Be Z

which its a contradiction, so the claim is true and 4q = A? + 27B%. The proof of uniqueness is
omitted. m|

Theorem 1.3.5. Suppose that g = 1(n) and that y is a character of order n. Then

800" = x(~DgJ (. IO X ) - T X,

Proof. Using part 4. of theorem 1.3.1 we have g(v)? = J(x, x)g(x?). Multiply both sides by g(y) we
get g(x)°® = Jov )J (s x2)e(r®). In this way, we arrive at

g0 =T DI x D) - T X Hg™ ™.
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Multiplying both side by g(y), it gives us
g"00) = T I x?) - T X8 g )
= 0 TXD) - T DD = X (-Dgd G )T x™) - T X,
since g0 = g0 = —x(-Dyg. O
Corolary 1.3.1. If y is a cubic character, then
g)° = ¢J(xx).

Proof. Take n = 3 in the latter theorem. O
Theorem 1.3.6. Suppose that g = 1(3) and that y is a cubic character. Set J(y, y) = a + bw. Then

1. b=0(3).

2. a=-1(3).
Proof. We shall work with congruences in the ring of integers.

00 = O xw@)® = > X3 (3),

and

0 =g0° = O X)) = 3 T 0PuE) ).
Since x(0) = ¥(0) = 0 and x(1)® = ¥(¥)> = 1 for t # 0 we have

D x@Puen =Y uen = -1

t#0

DD uGEH =Y pEn =y gis) = -1
t

t#0 s#0

and

by theorem 1.2.2.
Set g = 3k + 1 for some k € Z. Thus

g00)° = qJ (v, x) = gla + bw) = 3k + 1)(a + bw) = a + bw = -1 (3),

and
@3 =g(0)% = qJ(v.x) = q(a + bw) = 3k + 1)(a + bw) = a + bw = -1 (3),

Subtracting yields
blw-w)=0(3) = bV-3=0(3).

Thus —3b2 = 0(9) and it follows that
-3’ =9k = —b* =3k = 3b*> = 3|bsince 3is prime.
Now the congruence a + bw = —1(3) is equivalent to a = —1(3). m|

The theorem 1.3.2 guarantees us the existence of the A and B, but the next two statements
show us a method for computing the values A and B.
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Corolary 1.3.2. Assume all the hypothesis of Theorem 1.3.6. Let A = 2a — b and B = b/3. Then
A=1(3) and

4g = A* + 27B%
Proof. Since J(y,x) = a+bw and |J(y, x)> = ¢ we have g = a® —ab+b?. Thus 4q = (2a)> —2(2a)b+
4b% = (2a)% — 2(2a)b + b* + 3b* = (2a — b)* + 3b* and 4g = A% + 27B%. By theorem 1.3.6, 3|b and
a = —1(3). Therefore b =0(3) and 2a = -2 =1(3), so A = 2a — b = 1(3) as we required. O

Theorem 1.3.7. Suppose that g = 1(3). Then there are integers A and B such that 4g = A% + 27B2.
If we require that A = 1(3), A is uniquely determined, and

N +y =) =¢g-2+A.

Proof. We have already shown that N(x® + y3 = 1) = ¢ — 2 + 2ReJ(x, x). Since J(y,x) = a + bw as
above, we have 2ReJ(y, x) = (2a — b) = A = 1(3). We omit the proof of uniqueness. m|

Remark 1.3.8. From the proof we can obtain that J(x,x) + J(x,x) = A. The latter theorem was
due Gauss.

With the definitions and theorems that we have presented so far, we will try to get the number
of solutions of the polynomial x" +y" =1 in F, or, if it is not possible, try to obtain an explicit
bound for N(x* +y" =1).

We will assume that g = 1(n). We have that

N +Y' =)= > N =aNK" =b).
a+b=1

Let y be a character of order n. By Theorem 1.1.10,

n—1
N(xX"=a) = Z)(i(a).

i=0

Combining these results yields

—
—

N(xl’l +yl’l — 1) — J(XIX])

i

n—

Il
[«
~.
1l
(=)

Set I ={0,1...,n—1}, then

NG +Y =)= > T,
(i.)erl?
Theorem 1.3.1 can be used to estimate this sum. We find the next results:
o If i = j = 0 we have J(x°,x*) = J(&,&) = g. We just consider (0,0), 1 element of I°.
o If i+ j =mn, then ' = (¢)' and J(x/,x") = —x/(~1), j varies from 1 to n — 1. We take
n -1 elements of I2. Hence nii Jo ") = —”il ¥/(=1). Consider the sum nz_ll Y/ (-1, it

J= J=1 Jj=0
has the value n if —1 is an nth power, and by Corollary 1.1.1, the sum has value 0. Thus
n—1 . .
> I X)) =1-6,(-1)n where §,(—1) is 1 when —1 is an nth power and 0 otherwise.
j=1
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eIfi=0and j#0ori#0and j=0, then J(x',x/) = 0. In each case we consider n — 1
elements.

Finally o
NG+ Y =1) = p+1=6,(=Dn+ > Jr', x).
ij
The sum is over indices i and j between 1 and n — 1 subject to the condition that i + j # n.
Subtracting the elements of the three cases analyzed before, we found that there are (n—1)>—(n—1) =
(n — D(n — 2) indices and they all have absolute value ql/ 2 due to item 4. of Theorem 1.3.1. Thus

INGZ +y" = 1) + 6, (=D — (p + DI < (n - D)(n - 2)¢">.

Now we want to go further and try to apply the analysis we just made for the general case

agxil + azxéz +...+ a,xi’ =b,

where ay,as,...,a,,b € F(’; Before that, we need to generalize the notion of Jacobi Sums for more
than 2 characters, and present some of its properties.

Definition 1.3.2. Let x1, x2,...,x: be characters of F,. A Jacobi sum is defined by the formula

J¥t, X255 X1 = Z x1(txo(t2) ..., xi(t).

f+...+1=1

There is another sum that is closely related to Jacobi sums

Jorxz XD = Y xalxa(ts) ).

f+...+4=0

The properties of the Jacobi sums of two characters shown in Theorem 1.3.1 hold for a finite
number of characters.

Theorem 1.3.9. 1 Jo(g,e,...,e)=J(g,e,...,&) = qH.
2. If some but not all of the y; are trivial. Then Jo(x1, x2,--->x1) = J(x1, X2 - -->x1) = 0.
3. Assume that y; # €. Then
Joxt, x2, - -, x1) = {0 e ) NTE
xi(=D(g—DJ(x1,x2,--->x1-1) ,Otherwise
Proof. The proof of the theorem can be found in [BEW98, Theorem 10.1.1 and Theorem 10.1.2]. O

The generalization of Theorem 1.3.1 is the next result:

Theorem 1.3.10. Assume that yi, x2,...,Xr are nontrivial and also that yiyz...x, is nontrivial.
Then

882 - - &) = J(x1, x2, - - Xr8viX2 - - X7)-
Proof. The theorem is proved in [IR90, Chapter 8 Theorem 3]. |

Corolary 1.3.3. Suppose that 1, x2,...,xr are nontrivial and that yi1ys ...y, is trivial. Then

gxgx2) ... gxr) = xr(=DgJ(x1, x2, - -, Xr—1)-
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Proof. By theorem 1.3.10

gyDetx2) - 8- = J(xt X2, - - s XD 1X2 - - X 1)

Now, multiplying both sides by g(y;,)

gxglv2) ... 8180 r) = J(xt X2 - - > Xr—1D8(X1X2 - - Xr—1)8(X 1),
SINCe X1 ...\ Xr1 = X!

02 - - 80xr) = Tt X2 - - - Xr—D&WX, DE0r) = Xr(—DqJ(x1, X2s - - - s Xr—1)-

O
Corolary 1.3.4. Let the hypotheses be as in Corollary 1.3.3. Then
SOt - xr) = (DI xe, - - x-1)-
If r =2, we set J(y1) = 1L
Proof. The proof can be read in [IR90, Chapter 8 Corollary 2]. m|

Theorem 1.3.11. Assume that y1, x2,..., X, are nontrivial.

L If yix2-..,xr # &, then

Octxes - - oxe)l = g V2,

2. If yix2--.,xr = &, then

[JoOx1, X2, -« x| = (q — 1)q(r/2)—1

and

¢t xzs - oxo)l = U127

Proof. 1. From theorem 1.3.10 and theorem 1.2.4
lgODgx2) - .- 80l = MOt xzs - - xllgenz - - xrl.
q" = 180DIg0c2 - - 180 = Venxz, - xollgeuez - Xl = 421 Oty
Thus (¢t X2, - x| = 477172
2. From theorem 1.3.9 and corollary 1.3.4 we obtain that

(r=2)/2 (r/2)-1

|J(X1a)(25 e 7Xr)| = | _Xr(_I)J(XI’XZa e 7Xr—1)| = |J(X17/\/2’ cee ’Xr—l)l =q =q
since X,‘l =X1..-,Xr—1 # & and we apply item 1.
o0t x2s - - - XD = lei(=D(q = DIt x2, - - x| = (¢ = DI Ot xos - - - xi-0)| = (g — Dg/P71,

O
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It’s time we consider the number of solution for the most general equation

by +ax=b,

h
asx; + asxy

where ay,as,...,a,,b € FZ. Let N be the number of solutions. Again, we use the methods that
provided us N(x" +y* =1).
To begin with, we have

N = Z N(xi1 = ul)(xlz2 =us)... (xf. =u,) 1D

p
where the sum is over all r-tuples (uy, us, ..., u,) such that > a;u; = b.

i=1
We shall assume that Iy, ls, ..., [, are divisors of g—1, although this condition is not necessary.
We explain this reason later. Then [; = (l;,g—1) for alli € {1,...,r}. Let y; vary over the characters
of order ;. Then

NG = uy) = ZXi(ui)-
Xi

Now, substituting into equation 1.1 we obtain

N = Z Z x1(u)xa(u2) . .. xr(uy).

X1:X 255X r 3, ajui=b

The inner sum is closely related to the Jacobi sums we have presented so far. In order to
obtain the explicit formula of the Jacobi sum and the sum Jy, we need to perform a change of
variable depending if » = 0 or not.

If b=0, let t; = a;u;. Then the inner sum becomes

D iy xew) = Y. xalar nya(as') . xolay't)
Za,-u,:b Z[,'=0

= xi(ay Walaz") .. @) Y xatxata) et = xalar wa(ag") . xela; ) oG xas - X)-
> =0

Ifb#0,lett; = b lau; and by a similar computation to the case b = 0 the inner sum becomes

D xwys(us) i) = xxe - xeBalar Wa(azh) - xea ) G xas - x0).
Y ajui=b

Using Theorem 1.3.9 we obtain that in both cases, if y;1 = y2 = ... = x» = € the term has the
value ¢’~!. If some but not all the y; are equal to &, then the term has the value zero. In the first
case, the value is zero unless yix2...xr = €.

In summary, we conclude the following

Theorem 1.3.12. If b = 0, then
N =g+ ey waaz") .. xra; ) olx xas - x0).

The sum is over all r-tuples of characters yi, xs,...,Xr, where X? =g xizefori=1,...,r, and
X1x2.--xr =& If M is the number of such r-tuples, then

IN = ¢ < M(q - 1)g"/?.
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If b # 0, then
N=q7"+ > xve. - xrbiaay walaz)) . (@) O xss o x0).

The summation is over all r-tuples of characters xi,yxo,...,Xr, where )(5" =&, xi # € for
i=1...,r. If My is the number of such r- tuples with yixy2...x, = & and M; is the number of
such r-tuples with yi1x2...xr &, then

|N— qr—ll < Moq(r/Z)—l + M]q(r—l)/Z‘

Proof. To bound the number of solutions, we use theorem 1.3.11 m|

r r
Corolary 1.3.5. If d; = (I,q — 1), then Y a;x = b and Y a;x¥ = b have the same number of
solutions. = =

Proof. The reason follows from Theorem 1.1.11. O

This corollary explains why we can assume that [; = (l;,g — 1) when we derive the theorem
1.3.12.

The next theorem is a consequence of theorem 1.3.12, and is written in terms of algebraic geo-
metric notions, it counts the number of solutions of a hypersurface associated to a homogeneous
equation.

Theorem 1.3.13. Let F,; a finite field such that ¢ = 1(m). The homogeneous equation a0x6” +
apxy' +...apxy =0, ap,a1,...,a, € Ffl, defines a hypersurface in P"(F;). The numbers of points on
this hypersurface is given by

_ _ 1 _ _
q" 1+q" 2+...+q+1+ﬁ Z )(o(aol)...,\(,,(anl)Jo()(O,)(l,...,)(n),
XOX 1500y n

where 7" = ¢, x; # &, and xox1...xn = & Moreover, under these conditions

1 1
—Jo(xo. X1+ > Xn) = —8x0)&XD) - - - 8(xn)-
g-1 q

Proof. By theorem 1.3.12 we have

Na=q"+ > x0@g") . xa@; ) o0o, Xt - - Xn)
solution in A”“(Fq). Hence, the number of points in P"(F,) is given by
Np—-1_
g-1

n—1 n—2

+ L -1 -1
AR D x0(@gh) - xa(@z ) 000, Xs -+ Xn)
q B 1/‘(0/\/1 —Xn

N =

By theorem 1.3.10 and corollary 1.3.3 we obtain

T X%+ X) = 800080802 - - - 80rn) _ xo(=DgJ(x1. - - . xn)
X253 Xn 8o)glxixe - Xn) 2(x0)g(x1x2 - - - Xn)
= g()(O)g(XIXZ .. Xn) :XO(_l)q-

Substituting in the result of theorem 1.3.9 gives us

gx0)g(xDgx2) - - - 8(xn)
8x0)g(x1x2 - - - Xn)

1
EJO(XO,XI,XZ, < xn) = xo(=1)

1 1
= ﬁJo(Xo,)(l,Xz, cesXn) = Z]g(XO)g(Xl)g(XZ) - 80¢n)-
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1.4 Restrictions and Lifts of Characters

Let F be a finite field with g elements and E a field containing F' with ¢° elements.
Now we define the generalization of the trace for arbitrary finite fields and introduce the
notion of norm that will lead to lifted characters . In fact it is possible to generalize both ideas

for arbitrary finite fields extension.
Definition 1.4.1. If @ € E, the trace of @ from E to F is given by
s—1 )
trE/F(a/) = Za'q].
=0
If q = p, then the definition of the trace reduces to definition 1.2.1.
Some properties of the trace are the following:

Theorem 1.4.1. If @, € E and a € F, then

=

trE/F(a/) eF.

N

tre/r(a + 6) = tr(a) + tr(B).

W

tr(aa) = atr(a).

L

trg/r maps E onto F.

tre/r(a@) = trg/r(trg/x(@)), where K is an intermediate field between F' and E.

@

Proof. The proof of 1. to 4. is exactly analogous to that of Theorem 1.2.1. The proof of item 5. can
be consulted in [IR90, Theorem 11.2.3]. More properties related to the trace are stated in [BEW98,

Theorem 11.4.6]. o

Definition 1.4.2. The norm of a from E to F is given by

s—1

Ng/r(a) = 1_[ a?

j=0
The most useful properties of the norm are:
Theorem 1.4.2. If o, € E and a € F, then
1. Ng/r(a) € F.
- Ng/r(aB) = N(@)N(B).

. N(aa) = a’N(a).

N

w

N

. Ng/r maps E onto F.

. Ng/r(a) = Ng/r(Ng/k(@)), where K is an intermediate field between F and E.

9]

Proof. The proof of the properties can be read in [IR90, Theorem 11.2.2]. Additional properties of
the norm can be obtained in [BEW9S8, Theorem 11.4.3]. m|
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Definition 1.4.3. If a character y on a finite field E is restricted to a subfield F, it defines a
character on that subfield which we denote by X| P Oor x* if it is known the field where it is defined.

Definition 1.4.4. Let y be a character F. The lift ¥’ of the character y from F to the extension
E is given by
X' (@) = x(Ngjrp(@))  a@€E.

The lifted characters provide us a powerful tool that allow us to compute the number of
solution of equations of any extension E of the field F' using the characters of the small one. The
next theorem provides some properties of lifted characters that will help us later.

Theorem 1.4.3. Let y be a character on F and let y’ denote the lift of y from F to E. For a
character A on E, let A* denote the restriction of A to F. Then

1. ¥’ is a character on E.
2. (¢) = x* and (1*) = A9, where d = (¢* — 1)/(g - 1).
3. A character A on E equals to the lift y’ for some character y on F if and only if the order
of A divides (g — 1)
4. If x| = x4, then y1 = xo.
5. ¥’ and y have the same order.
6. (rive) = xixy.
Proof. The proof of these properties are in [BEW98, Theorem 11.4.4]. m|

Definition 1.4.5. Let y be a charecter of F and let ¥’ be the lift of y from F to E. Then the lift
of the Gauss sum

g00) = ) X (@)

teF
from F to E is

g0 = D X (Ow()

teE

The next theorem is the most important theorem related to the lift of a character. It is a direct
relation between the Gauss sum of y with the Gauss sum of y’

Theorem 1.4.4 (Hasse-Davenport Relation). For a nontrivial character y on F, the Gauss sum
of y and the Gauss sum of y’ are related by

)" g0 = gx)

Proof. The proof is long enough to skip it, even though it is profoundly interesting, please refer
to [IR90, Chapter 8 Section 4] and [BEW98, Theorem 11.5.2] to consult it. Even Weil proved it in
[Weid9]. O

Corolary 1.4.1. Let y1,x2,..-,Xn and yiyz...x» be nontrivial character on F. Then.
T Xs - ox) = GOV Gy, )
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Proof. From theorem 1.3.10 we have

gxg2) ... 80xn) = J(xts x2s - - s X8 X2 - - Xn) =
gv)'8(x2)’ ... 80n)’ = Tkt x2s - - xn) 8xixe - xn)’.
Applying Hasse Devenport we obtain
(D e(eDgls) - - 80xp) = (1 (xt, x2s - xn) 8((xixz - X)) =

gDexs) ... &)
XXg - Xn

(DS DD F00 v, )t = = T s+ - s X )
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Chapter 2

First steps to understand the Zeta
Function

The second purpose of this work is to introduce the Zeta Function for a finite field, this function
led to the Weil conjectures. We want to understand the function and its properties. Before that,
we need to introduce some notions of algebraic geometry, commutative algebra, and algebraic
number theory. It is expected that the reader grasps basic notions of algebraic geometry. We omit
the proof of most of the theorems.

2.1 Dedekind Domians & The Ideal Class Group

Definition 2.1.1. Let A = Z be the ring of integers. Let K = Q be the field of rational numbers.
A field extension L/Q of finite degree is called a number field.

Example 2.1.1. Q(Vd) is a number field of degree 2 over Q if d is not a square in Q.

Definition 2.1.2. Let A be a subring of a ring L. An element a € L is said to be integral over
A if it is the root of a monic polynomial f(x) in A[x]. If A = Z, «a is called algebraic integer in
L. Let C be a ring that contains A. The ring C is said to be integral over A, or to be a integral
extension of A, if every element of C is integral over A.

Theorem 2.1.2. Let A be a subring of the field L. The set B consisting of all the elements of L
that are integral over A is a ring.

Proof. The theorem is proved in [Lor96][Chapter I, Corollary 2.11]. m|

Definition 2.1.3. The ring of Theorem 2.1.2 is called the integral closure B of A in L. It is denoted
by O;. When L is a number field, the integral closure B of Z in L is called the ring of integers of
L.

A domain A is said to be integrally closed if it is equal to its integral closure in its field of
fractions.

Example 2.1.3. The rings Z and k[x] are integrally closed. More generally, any factorial domain
is integrally closed. [Lor96] provide some reason that justify this example.

Now, we define what a Dedekind domain is and give a characterization.
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Definition 2.1.4. Let R be an integral domain. The ring R is called a Dedekind domain if it has
the following three properties

1. R is noetherian.
2. R has dimension 1.
3. R is integrally closed (in its field of fractions).

Theorem 2.1.4. Let A be a Dedekind domain. Let L/K be a finite separable extension of the field
of fractions K of A. Then the integral closure B of A in L is a Dedekind domain.

Proof. [Lor96] proves that B is a Dedekind domain. O

To state a characterization for Dedekind domains, we need to introduce the notion of factor-
ization of ideal into prime ideals that resembles the idea of factorization of integers into prime
numbers.

Definition 2.1.5. An integral domain R is said to have the property of unique factorization of
ideals if every nontrivial ideal I/ C R can be written as I = PBy...P;, where B; is a prime ideal
of Rfori=1,...,5, and its factorization is essentially unique, i.e., whenever I = Q;...%,, then
n=s and B; = Q; for some permutation.

Theorem 2.1.5. Let R be a noetherian domain of dimension 1. The ring is a Dedekind domian
if and only if R has the property of unique factorization of ideals.

Proof. This characterization is proved in [Lor96][Chapter III, Theorem 2.8] m|

Remark 2.1.6. Every prime ideal in a Dedekind domain R is a maximal ideal. The reason is (0)
is a prime ideal and for any prime p we have (0) C p. Since R has dimension 1, then p must be
maximal.

The idea behind the ideal class group is to measure how far the ring A is to be a principal
ideal domain. [Lor96] gives us a historic review of how this theory developed. This theory was
invented by Krummer in the case of cyclotomic ring of integers Z[¢*™/?] in the mid-nineteenth
century, while he worked on Fermat’s Last Theorem. Krummer’s fundamental theorem states that
Fermat’s Last Theorem is true for the exponent p provided that the order of the ideal class group
of the ring Z[exp 2ri/p] is not divisible by p.

Definition 2.1.6. Let A be any commutative domain. The set M(A) consisting of all the nonzero
ideals of A is commutative monoid when endowed with the composition law of multiplication of

1. Given I,J € M(A), 1J € M(A).
2. The unit ideal (1) = A is an identity element for the multiplication of ideals

Theorem 2.1.7. Let A be any commutative domain. Consider the following relation on the
monoid M(A):

I ~ J if and only if there exist @, 8 € A — {0} such that (a)I = (8)J.

This relation is an equivalence relation. Set Cl(A) = M(A)/ ~. If A is a Dedekind domain, then
Cl(A) is an abelian group under the product of ideals

M(A) x M(A) = M(A)
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(class of I, class of J) — class of 1J

The group Cl(A) is called the ideal class group of A.
Proof. Let’s prove that ~ is an equivalence relation.
1. Take I € M(A), notice ()] = (1) and I ~ 1.
2. Suppose I ~ J, there exist a,8 € A — {0} s.t (@)l = (B)J, that is, J ~ L.

3. Suppose I ~ J, and J ~ K, there exist a,8,y,4 € A — {0} s.t (@)l = (B)J, and (y)J = (VK.
Then (ay)l = (BA)K, that is, I ~ K.

Hence ~ is an equivalence relation.
Suppose I ~ I* and J ~ J*, that is, (@)] = (a")I*, and (8)J = (B*)J*, where a,a*, 8,5 € A —{0}.
Since A is commutative, we have

(@B = (@B = (@IB)J = (@)"(B)" = ()BT = (BT

aB, a*B* € A —{0} since A is an integral domain, so IJ ~ I*J*. Hence, the product is well defined.
Let I,J,K € CI(A), we need to see that I(JK) = (IJ)K. Since the product of ideals is associative
we have I(JK) = class of I(JK) = class of (IJ)K, so the product in CI(A) is associative.
The identity is (1) = A, so CI(A) is a monoid, it doesn’t matter if A is a Dedekind domain or not.
Let @ € I, @ # 0. Since the nontrivial ideals of A have a unique factorization into a product of
maximal ideals, we can write that (@) = IJ for some ideal J in M(A), i.e. (®)A = (1)IJ, so 1J ~ (1)
and J is the inverse of I. We conclude CI(A) is a group.

O

Lemma 2.1.1. Let A be a commutative domain. Then CI(A) = {(1)} if and only if A is a principal
ideal domain.

Proof. Suppose that Cl(A) = {(1)}. Let I € M(A). Then there exist a,b € A such that (a)l = (b).
In particular, b = ac, for some ¢ € I. We want to see that (c) = I. We have already known that
(¢) € I. Let x € I, then ax = bd for some d € A. Hence, a(x — cd) = 0. Since A is a domain, we
obtain that x = cd € (¢).

Suppose that A is a principal ideal domain, consider I = (@) and J = (b) with a,b € A. Then
(a)(b) = (b)(a), so I ~ J and Cl(A) = {(1)}. O

[Lor96] proves that CL(A) is a finite group when A = Z, and A is the integral closure of k[x]
in a finite extension of k(x), with k a finite field. However, we omit the reasons.

We start with the definition of finite quotients and its norm that will help us letter to obtain
the Zeta function.

Definition 2.1.7. We say that a Dedekind domain A has finite quotients if, for any P € Max(A) :=
{the set of maximal ideals of A}, the residue field A/P is a finite field.

Definition 2.1.8. Let A be a Dedekind domain with finite quotients. We define the norm of a
non-zero ideal I to be
|I]|4 := cardinality of A/I.

Remark 2.1.8. ||I||4 =1 if and only if I = A.
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Example 2.1.9. The ring A = Z has finite quotients since the maximal ideals are the ideals
generated by a prime number, and Z/pZ is a finite field. Because Z is a principal ideal domain,
let I = (a) be any non-zero ideal. Then

Wl := |Z/dZ| = lal
Moreover, for any real number A, there exist only finitely many ideals I in Z with ||I||z < A.

In this example, the norm is an integer. This behavior holds for any Dedekind domain.

Lemma 2.1.2. Let A be a Dedekind domain. Let P € Max(A). Then, for all n € N, the A—module
P"1/P" is isomorphic to the A—module A/P. In particular, if the set A/P is finite, then the set
A/P" is also finite, and |A/P"| = |A/P]".

Proof. We need this lemma to prove that |||l is an integer. The proof is in [Lor96][Chapter V,
Lemma 3.4.] m|

Theorem 2.1.10. Let A be a Dedekind domain with finite quotients. The norm of any nonzero
ideal of A is an integer, and the map |- |4 : M(A) — N is multiplicative.

Proof. Let P € Max(A). By Lemma 2.1.2 we have that |A/P'| = |A/P|". If I := P{*... P} is any
non-zero ideal of A, then the isomorphism

A/l =A/P" x ... xAIP}
shows that [|7|l4 := [T/ IPill} m]

The next theorem establish that the integrally closure of a Dedekind domain with finite quotient
inherits these properties.

Theorem 2.1.11. Let A be a Dedekind domain with finite quotients. Let K be its field of fraction.
Let L/K be a finite extension. Assume that the integral closure B of A in L is a finitely generated
A-module. Then B is a Dedekind domain with finite quotients.

Proof. [Lor96][Chapter V, Proposition 3.6] m|

Assume that A denotes either the ring Z or the ring k[x], with k a finite field. L denotes a
finite extension of degree n of the field of fraction K of A, and we let B be the integral closure of
A in L.

Theorem 2.1.12. Assume B is a finitely generated A-module. Fix a number 1 € R. There exist
only finitely many ideals I of B with ||I||p < A.

Proof. The theorem is proved in [Lor96][Chapter V, Lemma 3.7] m|

2.2 Valuations, Nonsingular Complete Curves & Divisors.

Before introducing the concepts of nonsingular complete curve which is a generalization of a
nonsingular curve, we need to define what a valuation is.

Definition 2.2.1. Let L be any field. A valuation of L is a map v : L* — Z such that the following
properties are satisfied:
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1. v(xy) = v(x) + v(y) for all x,y € L*, i.e., v is a group homomorphism.
2. v(x +y) = min(v(x), v(y)) for all x,y € L*.
We extend v to L by setting v(0) = +oo.

Remark 2.2.1. Let I' be any totally ordered abelian group (e.g. I' = (R,+,>)). Amapv:L* - T
satisfying the axioms of valuation is also called a valuation of L. When the study of valuation
with target groups I' different from (Z, +) is required, the valuation defined on definition 2.2.1 is
called discrete valuation of L*.

It is possible to associate an absolute value throughout e™™. For more detail, look at
[Lor96][Chapter V, Lemma 6.6]

Example 2.2.2. Let v: L* — Z be a valuation. Let n € N. The map nv : L* — Z, which sends x
to nv(x), is also a valuation of L. Similarly, for each s € R.¢, the map sv: L* — R is a valuation
of L.

Example 2.2.3. Let v: L* — 0 c Z. Clearly, v is a valuation. It is called the trivial valuation.

Example 2.2.4 (p-adic valuation of Q.). Let p be a prime number. We define a valuation

vp : Q" — Z as follows. Let x € Q". We can factor x as [] pordl’("), where ord,(x) is defined as
pprime

follows: Let z € Z, ord,(z) is the highest power of p which divides z. If p { |z, then ord,(z) = 0
For a rational number x = % € Q" ord,(x) is defined by

ordp(g) = ord,(a) — ord(b).

Set v,(x) := ord,(x). The map v, is a valuation.
To see it, consider x,y € Q*, where x = [] p°%™ and y = [] p°%®. The product xy can

pprime pprime
be represented as [ p° Y™ however xy = ( I1 pord"("))( [T pore® )) = I pordrrord,),
pprime pprime pprime pprime

Hence v,(xy) = ord,(xy) = ord,(x) + ord,(y) = v,(x) + v, ().

Let x = { and y = 5, where ged(a,b) = 1 and ged(c,d) = 1. Let p be any fixed prime number. We

will prove that v,(x +y) > min(v,(x), v,(y)) in three cases.

ord,

1. Suppose p>%@|g and po e, then a = p°*Dm and ¢ = po%©n. Assume ord,(a) >
ord,(c).
a c ad + cb pordp(a)md + pordp(c)nb pordp(c)(pord,,(a)—ord,,(c)md + l’lb)
X+y=—+-= = = .
A bd bd
ordp(c)+ordp(z)
Let z = pod@=orw©md + nb, notice ordy(z) 2 0, so x +y = %, for some k €
Z, and vp(x +y) = ordy(x +y) = ordy(c) + ordy(z) = ordy(c) = minford,(a),ord,(c)} =
minf{ord,(x), ord,(y)}.
2. Suppose p° @D and poY@Did, then a = po*Dm and d = p>%@Dn. Evidently ord,(a) =
—ord,(d).
x+y = 6—l-i-f = pordp(a)m-i— ¢ = p—Ordp(d)(M_'_E) = p_Ordp(d)(pordp(a)+0rd’)(d)mn + Cb
b d b prdp(dy b n bn
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X —ordp(d)+0rdp(z)k
Let z = pord&@+ordo@pp + ch, notice ord,y(z) > 0, so x +y = E————— for some k € Z,

and vp(x +y) = ordy(x +y) = —ordy(d) + ord,(z) > —ord,(d) = minfordy(a),—ord,(d)} =
min{ord,,(x), ord,(y)}

3. Suppose p° @b and porr@Did, then b = poU®m and d = po ¥ Dn. Notice ord,(x) =
—ord,(b) and ord,(y) = —ord,(d) . Assume —ord,(b) > —ord,(d), that is, ord,(d) > ord,(b).

e a s c ad + cb _ apordp(d)n+ cpordp(b)m B pordp(b)(pordp(d)—ordp(b)an + cm) B
Xty= b d_ bd pordpbrrordy(d) - pOrdpB)+ordy(d) -
d(d)—ord,(b
p—()rd,,(d)(por p(d)=ordp(b) ypy 4+ cm).
nm
. —ordp(d)+ordp(z)
Let z = pordﬂ(d)_ordﬂ(b)an + c¢m, notice ordy(z) 2 0, so x+y = % for some k € Z,

and v,(x +y) = ord,(x +y) = —ord,(d) + ord,(z) > —ord,(d) = min{-ord,(b), —ord,(d)} =
minf{ord,(x), ord,(y)}.

In conclusion v(x + y) > min(v(x), v(y)) for all x,y € Q*.

This valuation is called the p-adic valuation of Q. The p-adic absolute value |-|, of Q attached
to v, is defined as
l-1p: Q= Rxo
x|, = p"W ifx £ 0
and |0], = 0. Note that in order for an integer x to have a small absolute value |x|,, it must be
divisible by a large power of p.

Example 2.2.5 (P-adic valuations). L.et A be a Dedekind domain, and let K denote its field of
fractions. Let P C A be a maximal ideal. We associate to P a surjective valuation vp : K* — Z as
follows. If x € A, then write the factorization of the ideal (x) in A as

()C) = l_l Pordp(x)7

PeMax(A)

where ordp(x) is defined in analogy with Z. Define vp(x) := ord(x). If x = a/b € K, with a,b € A,
the set
vp(x) := vp(a) — vp(b).

v, is a valuation of K. Unlike the p-adic valuation of Q, we omit the proof that vp is a valuation.
When A has finite quotients, we define the standardized absolute value |- |p associated to vp as
follows:

[-lp: K — R

x - xlp = JA/PTPY, ifx # 0,
and |0|p = 0.
From a valuation, we can obtain a local ring as follows:
Theorem 2.2.6. Let K be any field. Consider the valuation v : K* — Z. Define
O, ={ae K :v(a) >0}U{0}, and M, ={a e K" :v(a) > 0} {0}

The set O, is a ring, and the set M, is a proper ideal. An element of O, is invertible in O, if and
only if v(a) = 0. Moreover O, is a local ring with maximal ideal M.
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Proof. The proof follows from the definition of a valuation. To prove O, is a ring, let a,8 € O,,
that is, v(a) > 0, and v(8) > 0. If one of them is zero, say a, then v(e + ) > 0 and o +f8 €
O,. Assume neither is zero, so v(a + B) = min{w(a),v(B)} > 0, then a + B € O,. Observe that
v(B?) = v((=B)(=B)) = 2v(-B) > 0, then v(—B) > 0 and —B € O,. The product is closed in O, since
v(aB) = v(a) + v(B) = 0. O, has unit because v(1) = v(1-1) = 2v(1) = v(1) =0 and 1 € O,. Hence
O, is a ring with unit. For @, € M, by the same arguments we have a — 8 € M,. Take y € O,,
and a € M,, then v(ya) = v(y) + v(a) > 0. We conclude M, is an ideal of O,. Notice 1 ¢ M, due
v(1) = 0, so M, is a proper ideal.

Let a € O, a unit, there exists 8 € O, s.t 0 = v(1) = v(eB) = v(a) + v(B), therefore v(a) = 0, and
a ¢ M,, i.e. M, is the set of non-units, and O, is a local ring with maximal ideal M,. If v(a) = 0,
then a is a unit. m|

Remark 2.2.7. Let k, := O,/ M, denote the residue field.

Theorem 2.2.8. Let K be any field. Let v: K* — Z be a non-trivial valuation. Then O, is a local
principal ideal domain. The map v is uniquely determined by the value v(¢), where ¢ is a generator
of M,. The map v — O,, from the set of surjective valuations of K to the set of local principal
ideal domains contained in K and with field of fractions K, is a bijection.

Proof. This theorem is proved in [Lor96][Chapter V, Proposition 9.1]. ]

Definition 2.2.2. For A non-trivial discrete valuation v : K* — Z, the ring O, is called a discrete
valuation ring.

Definition 2.2.3. Let k be any field. Let L/k be any field extension. We say that a valuation
v : L* — Z is trivial on k if v(k*) = {0}. Let V(L/k) denote the set of surjective valuations
v:L" — Z trivial on k.

Definition 2.2.4. Let k be any field. A field L containing k is called a field of transcendece degree

n over k if there exist x1,...,x, in L such that L is a finite extension of k(xy,...,x,), and such
that k(xy, ..., x,) is isomorphic, as k—algebra, to the field of rational fractions in n variables over
k.

We have the necessary concepts to introduce the nonsingular complete curves.

Definition 2.2.5. Let k be any field. A nonsingular complete curve X/k over k is a pair (X, k(X)/k)
consisting in a field k(X)/k of transcendence degree 1 over k, and a set X identified with the set
V(k(X)/k) through a given bijection between X and V(k(X)/k). An element P of X is called a
point. The field k(X) is called the field of rational functions on X. To each point corresponds a
valuation v, of V(k(X)/k), and a local principal ideal domain Op := O,,, with maximal ideal Mp.
The ring Op is called the ring of rational function defined at P. An element of Op is called a
function on X defined at P. A function a € Op is said to vanish at P, or to have a zero at P, if
a € Mp. The integer vp(a) is called the order of vanishing of a at P, sometimes, we denote it by
ordp(@). A function a € k(X)\Op is said to have a pole of @ at P. The domain of a € k(X) is the
set of points in X where « is defined. If U C X, then we let Ox(U) := NpeyOp, and we call this
the ring of functions on X defined everywhere on U. We assume Ox(X) = k. We endow X with
the Zariski topology, where a set C is closed if and only if C is either empty, X, or a finite set of
points.
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Definition 2.2.6. An open set U of X is called affine if the ring Ox(U) is a finitely generated
k-algebra and a Dedekind domain, and if the map U — Max(Ox(U)), with P — Mp N Ox(U), is
well defined and bijective.

In other words, the open set U is an affine open set if it is in bijection, as above, with the
nonsingular affine curve (Max(Ox(U)), Ox(U)).

Remark 2.2.9. Any field L/k of transcendence degree 1 over k defines a nonsingular complete
curve X/k, namely, (V(L/k), L/k).

Definition 2.2.7. Let X/k and Y/k be two nonsingular complete curves over k. A (nonconstant)
morphism ¢ : X — Y of nonsingular complete curves over k is a map given by a homomorphism
of k-algebras ¢* : k(Y) — k(X) in the following way: if P € X corresponds to the valuation vp,
then ¢(P) correspond in Y to the unique surjective valuation attached to the valuation vp o ¢.

Theorem 2.2.10. Let Xr(k) be a nonsingular curve in P2(k). Let P € Xp(k). The ring Op C k(XF)
is a local principal ideal domain. Let 7 € Op be a generator of the maximal ideal Mp of Op. The
map vp : k(Xp)* — Z, with z — vp(z) = ord,(z), is a surjective valuation such that 0,, =Op.

Let F € k[xo, x1,x2] be a homogeneous polynomial. Assume that the plane projective curve
Xr(k) is nonsingular. Then the map

Xp(k) = V(k(XF)/k)
P vp
is bijective.
Remark 2.2.11. As consequence, Xp(%) is a nonsingular complete curve.

Definition 2.2.8. Let k be any field. A field L containing k is called a function field over k if the
field L is a field of transcendence degree 1 over k, and k is algebraically closed in L.

Definition 2.2.9. Let F, be a finite field with g elements. Let X/F, be a nonsingular complete
curve. Let F,(X) denote the function field of X, and fix an algebraic closure IF}I(—X) of Fy(X).
Let Fyn/F, be any algebraic extension of F, contained in ]F"q(—X) Let Fpn(X) := Fpr - Fy(X) =
subfield of m generated by F,» and F,(X). Let qun /E4 denote the nonsingular complete curve
associated to the function field Fy(X)/Fg. The curve X]Fq,, /Fgn is said to be obtained from X/F,
by a constant field extension or by extension of the scalars, or by base change. The extension
Fyn(X)/Fy(X) is called a constant field extension.

Remark 2.2.12. This definition works for any perfect field.

When we are dealing with affine or projective curves in a finite field F,, where g is a power
of a prime p, these sets have finite elements. For any affine variety, notice |A"(F,)| = ¢", so every
algebraic set has at least ¢" elements. For the projective case observe that A”“(Fq) -{(0,0,...,0)}
has ¢"*! —1 elements. Since F, has g —1 elements each equivalence class has g —1 elements. Thus
P"(F,) has @ =-D/(g-1D=q"+q¢""+¢"2+...+q+1 elements, and every algebraic set has
at most this number of elements. The same occurs if we work over nonsingular complete curves
curves.

Theorem 2.2.13. Let X/F, be a nonsingular complete curve. Then for all n € N, the set X(F,) is
finite.
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Proof. The statement is verified in [Lor96][Chapter 7, Lemma 6.18]. O

In the previous chapter, we obtain a formula to compute the number of points in an affine,
and projective hypersurface defined over F, using characters, Gauss, and Jacobi sums, and by the
Hasse-Davenport relation, we extend it to Fz. Now, we derive other method to determine the
number of points in any affine, projective, and complete curves using algebraic tools. Firstly, we
state the affine case.

Theorem 2.2.14. Fix an algebraic closure Fq of the field F,. Denote by Fy» the unique subfield of
degree n over F,. Let f € Fy[x,y] be an absolutely irreducible polynomial. Let Cy := Fy[x, y]/(f).
Then the set {M € Max(Cy) : [C¢/M : F,] = d} and the set Z¢(Fy) are finite. Let N, := |Z¢(F),
and let by := {M € Max(Cy) : [Cy/M : F,] = d}|. Then N, = 3, dby.

din

Proof. We have already proof that N, is finite. The rest of the prove can be consulted in
[Lor96][Chapter 7, Proposition 3.3]. O

Theorem 2.2.13. The group Gal(%/k) acts on PZ(E) as follows:
Gal(k/k) x P*(k) — P*(k)

(o, [x0, x1, X2]) = 0 - [x0, X1, x2] := [07(x0), o (x1), o(x2)].

Proof. First, we_need to check that the map is well-defined. Let o € Gal(%/k), and [xg, x1, x2] =
[Ax, Ay, Az] € P2(k), where A € k*. Then

o - [Ax0, Ax1, Axg] = [0(Ax0), o7(Ax1), T(Axg)]
= [o(Do(x0), (Do (x1), T (Do (x2)] = [07(x0), o(x1), 0(x2)] = 0 - [x0, X1, X2].
Let id € Gal(k/k), then
id - [x0, x1, X2] = [id(x0), id(x1), id(x2)] = [x0, X1, X2].
Take 0,7 € Gal(k/k), then

o - (1 [x0, X1, x2]) = 0 - [T(X0), T(x1), T(x2)] = [07(x0), oT(x1), oT(X2)] = OT - [x0, X1, X2].

In conclusion, the map defines an action.
O

Remark 2.2.16. Let F € k[)@,xl,xz] be a homogeneous polynomial. Since_ F has coefficients in k,
the action of the group Gal(k/k) induces, by restriction, an action on Xg(k).

Theorem 2.2.17. Assume the hypothesis of theorem 2.2.14. Let F € F,[xo, x1, x2] be a homoge-

neous polynomial such that XF(FL]) is a nonsingular projective curve. Let b; denote the number

of orbits of length d of Xp(fq) under Gal(fq /Fy). Then N, = 3 dby.
din

Proof. We omit the proof, if the reader want to consult it, refer to [Lor96][Chapter 7, Proposition
3.11]. O
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Definition 2.2.10. Let k be any field. Let X/k be a nonsingular complete curve. Let Q € X,
corresponding to a principal ideal domain Og in k(X). The degree of Q, denoted by deg(Q), is the
integer [Og/ Mo : k.

Theorem 2.2.18. Let X/F, be a nonsingular curve. Fix an algebraic closure F,(X) of F,(X). Let

Fq denote the algebraic closure of F, in F,(X). Let Fy» denote the unique subfield of F, of degree

n over F,. Let N, := |X(Fy)l, and by := {0 € X : deg(Q) = d}. Then N, := . db,.
din

Proof. This theorem is shown in [Lor96]. m|

We want to associate to each nonsingular complete curve X/k an abelian group called the
Picard group. In [Lor96], they consider a more general case for a field L containing the Dedekind
domain B whose field of fractions is L. This abelian group gives rise to a new description of the
group CL(B), however, we omit this case.

Definition 2.2.11. Let L/k be any extension and V(L/k) defined in definition 2.2.3. When
V(L/k) # 0, the free abelian group Div(L/k) generated by the set {x, : v € V(L/k)},

Div(L/k) := ®veq(L/i)ZXy

is called the group divisors of L/k. An element D in Div(L/k) is written as a sum D = ) a,x,,
with a, € Z, and a, for all but finitely many v € V(L/k). The element D is called a divisor of L.
If a, = 0, for all v € V(L/k), then D is called an effective, or positive divisor. The set of effective

divisor is denoted by Eff(L/k).

Consider the map
divy : L* — Div(L/k)

frodivi(hi= D, v(Px.

veV(L/k)

The next proposition provide a reason why divy is well defined.

Theorem 2.2.19. Let k be any field. Let L/k be a field of transcendence degree one over k. Let
a € L*. Then the set {v € V(L/k) : v(a) # 0} is a finite set.

Proof. The theorem is shown in [Lor96][Chapter VI, Proposition 4.11]. ]

Definition 2.2.12. Let L/k(x) be a finite extension. The Picard group Pic(L/k) is the quotient of
the group Div(L/k) by the image of the map div.

Theorem 2.2.20. The following sequence of abelian groups is exact

1) - ﬂ o; 4 L* A, Div(L/k) 4 Pic(L/k) — (0).
veV(L/k)

i denotes the inclusion and cl the canonical projection.
Proof. The sequence is exact by the definition of the groups and the homomorphism. O

The previous definition holds for any function field K(x)/k, so we can extend these definitions
to nonsingular complete curves as follows:
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Definition 2.2.13. Let k be any field. Let k&(X)/k be a function field, and let X/k denote the
associated nonsingular complete curve. To each point P € X is associated a local principal ideal
domain Op with valuation vp. Let Div(X/k) := @®pexZP, and div : k(X)* — Div(X/k), with
f e > vp(f)P. Since we identify X with V(k(X)/k), the group Div(X/k) can be identified with
the gfoelfp Div(k(X)/k) is such a way that the map div becomes identified with divix). Let Pic(X/k)
denote the quotient of Div(X/k) by the image of div.

Theorem 2.2.21. The following sequence of abelian groups is exact
(1) — k" — kX" 2 Div(X/k) S Ple(X/k) — (0).

Proof. From the definition of nonsingular complete curve we have that (e /1) Oy = k¥, and by
theorem 2.2.20 we have that the sequence is exact. m|

Example 2.2.22. Let F € k[xg, x1, x2] be a homogeneous polynomial defining a nonsingular plane
projective curve XF(E). Let E(XF)/k denote the function field of XF(E). Let X/% denote the
nonsingular complete curve associated to %(Xp)/k. Upon identifying X with the set Xp(%), a
divisor D € D'LV(X/%) can be thought of as a finite set of points of Xp(%) with multiplicities. A
standard way to produce geometrically meaningful effective divisors on Xp(k) is to intersect the
curve XF(%) with other plane curves. Let XH(IE) be any other plane curve that intersects XF(%)
in finitely many points. For each point P in XF(E) N XH(%), consider the intersection number
Ip(XF, Xp). The positive integer Ip(Xr, Xp) equals 1 if the given curves have distinct tangent lines
at P, and is bigger than 1 otherwise. If P ¢ Xp(k) N Xy(k), then set Ip(Xr, Xg) = 0. The divisor

>, Ip(XF, Xg)P is called the intersection divisor of X F(%) and XH(%). If the reader is interested in
PeX
the definititon of intersection number, consult [Ful89].

Definition 2.2.14. Let k be any field. Let X/k be a nonsingular complete curve. The map
deg : Div(X/k) = Z

deg(Z apP) = Z apdeg(P).

PeX PeX

is called the degree map.

Theorem 2.2.23. Let k be any field. Let X/k be a nonsingular complete curve. Then, for all
a € k(X)*, deg(div(a)) = 0.

Proof. Refer to [Lor96][Chapter VII, Theorem 7.9] to consult the proof. m|

Theorem 2.2.24. Let X/k be a nonsingular complete curve. The map deg : Div(X/k) — Z induces
a nontrivial group homomorphism deg : Pic(X/k) — Z, with cl(D) — deg(D).

Proof. The proof is included in [Lor96][Chapter VII, Corollary 7.10.] ]

Definition 2.2.15. Let Div’(X/k) denote the kernel of the map deg : Div(X/k) — Z. Let Pic®(X/k)
denote the kernel of the map deg : Pic(X/k) — Z.

Theorem 2.2.25.
Pic’(X/k) = D’ (X/k)/div(k(X)").
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Proof. Let L € Pic®(X/k), there exists D € Div(X/k) s.t. cl(D) = L, however, deg(D) = deg(L) =0
so D € DivO(X/k), and cl(D) € Div?(X/k)/div(K(X)*). Let £ € Div0(X/k)/div(K(X)*) C Div(X/k)/div(K(X)") =
Pic®(X/k). O

Theorem 2.2.26. The following sequence of abelian groups is exact
1
(1) — k* — k(X)* — DvO(X/k) — Pic®(X/k) —> (0).
Proof. This results follows by theorem 2.2.20 and theorem 2.2.27. O

Theorem 2.2.27. Let k be a finite field. Let X/k be a nonsingular complete curve. Then the group
Pic®(X/k) is finite.

Proof. The proof can be consulted in [Lor96][Chapter VII, Theorem 7.13]. It uses the Riemann-
Roch theorem which we introduce in the next section. |

Remark 2.2.28. When k is a finite field, the order of the group Pic®(X/k) is called the class
number of X/k, and is denoted by the letter A.

Definition 2.2.16. Let d € N. Set Pic?(X/k) := {£L € Pic(X/k) : deg(L)) = d}. Set EfY(X/k) :={D €
Eff(X/k) : deg(D) = d}.

The map deg is a group homomorphism, so deg(Pic(X/k)) = eZ, where e € N. Later we see that
e = 1. The proof of theorem 2.2.27 uses the following result:

Theorem 2.2.29. Let d € N N deg(Pic(X/k)). The set Pic?(X/k) and Pic®(X/k) are in bijection.

Proof. Every left coset of Pic®(X/k) has the same cardinality. Let £ be any element of Pic(X/k),
then £ + Pic®(X/k) C Pic(X/k) since deg is a group homomorphism. On the other hand, pick
L € Pic!(X/k), then deg(L - L") = deg(L) —deg(L") = 0, and L* € L+Pic’(X/k). Hence Pic?(X/k)
is a left coset of Pic®(X/k) in Pic(X/k). m|

2.3 Riemann-Roch Theorem
The proof of the Weil conjectures uses an important result in Algebraic Geometry, Riemann-Roch

theorem. In this section we provide the basic elements to state the theorem and some of its
consequence that will be helpful later.

Definition 2.3.1. Let X/k be any nonsingular complete curve. We denote by O the identity
element of Div(X). Consider the following partial ordering > on the group Div(X):
D > Dif and only if D' — Dis a positive divisor.

In particular, D is a positive divisor if and only if D > 0.

By definition 2.2.13, to each function a € k(X)* is associated a divisor div(a) € Div(X). We add
another element, called div(0), to the set Div(X) LI {div(0)}. This element satisfies that div(0) > D
for all D € Div(X). Let D € Div(X), define H(D) := {a € k(X) : div(a) + D > 0}.
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N
Example 2.3.1. Let k be an algebraically closed field. Let D = }’ a;P; > 0 be an effective divisor.
i=1
Then HO(D) is the set of all functions in k(X) with poles of order at most g; at P; and no poles
anywhere else. In particular, H(D) > k.

Example 2.3.2. Let D € Div(X) be such that deg(D) < 0. Then H°(D) = {0}. If « € k(X)*, then
deg(div(a) + D) = 0 + deg(D) < 0. Therefore, div(@) + D cannot be a positive divisor.

Example 2.3.3. Let D = 0. Then H%(D) = k. By definition, the only functions in k(X) with

no poles are the constant functions. Similarly, if @ € k(X)*, then HO(div(a)) = ka™'. Let a7 €

HY(div(a)), and if 8 € H(div(a)), B # 0, then div(B) + div(e) = div(Ba) > 0, that is, Ba € k and
B=pa-atecka .

We are interested in H°(D) because it has a vector space structure. Moreover, it is a finite-
dimensional vector space, but we see it later.

Theorem 2.3.4. H°(D) is a k-vector space.

Proof. By definition div(0) > —D, then 0 € H*(D). Let «,8 € H°(D) and c € k. Then

divie +8) = Y via+B)P, = Y min(v(@), v(B)P,.

P.eX P,eX

Set >, a,P,. Notice min(v(@), v(8)) + a, = 0, hence div(e+8)+D >0, and a+ € HO(D).

P,eX
Now,
div(ca) = Z v(ca)P = Z(v(c) +v(a)P = Z v(a)P,
PeX PeX PeX
since v is trivial on k, we have ca € H(D). In conclusion H°(D) is a vector space. m|

To prove that H(D) is finite-dimensional we try to find a bound.

Definition 2.3.2. Let k be any field and X/k be a nonsingular complete curve. Let D € Div(X).
For each P € X, define
L(D)p :={a € k(X) : ordp(a) = —ordp(D)}.

Consider the following map of k-vector spaces
@ : k(X) = ©pex(k(X)/ L(D)p)
f = @pex(f mod L(D)p).
By definition, Ker(¢p) = H*(D). Let HY(D) := Coker(¢p).

Remark 2.3.5. Like H°(D), H'(D) is finite dimensional vector spaces, let 21°(D) and h'(D) be their
dimension, respectively. The reasons are provided in the remainder of the section.

Definition 2.3.3. Let X/k be a nonsingular complete curve. The integer 4(0) is called the genus
of X, and is denoted by g = g(X).

Theorem 2.3.6. Let D € Div(X) with deg(D) > 0. Then h°(D) < deg(D) + 1. For all D € Div(X),
H°(D) is a finite-dimensional vector space.

Proof. The theorem is proved in [Lor96][Chapter VIII, Lemma 3.7] |
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The last theorem proves that H%(D) is a finite finite-dimensional vector space, the next does
the same for H\(D).

Theorem 2.3.7. Let k be any field. Let X/k be a nonsingular complete curve. Then, given
D e Div(X), the k-vector space H'(D) has finite dimension, denoted by k(D). Moreover, h°(D) =
deg(D) + 1 - g + (D).

Proof. The reader can consult the proof in [Lor96][Chapter VIII, Theorem 3.8] O
Remark 2.3.8. Notice that deg(D) + 1 — h%(D) + h}(D) is constant.
Theorem 2.3.9 (Riemann’s Theorem). For all D € Div(X),

h°(D) > deg(D) +1—g

Proof. Tt follows from the previous theorem. Since A'(D) is a finite nonnegative integer we obtain
the inequality O

Theorem 2.3.10 (Riemann-Roch). Let k£ be any field. Let X/k be a nonsingular complete curve.
Then there exists a divisor K in Div(X) such that, for all D € Div(X), the k-vector space
Homy(HY(D), k) is isomorphic to the space H*(K — D). In particular, h'(D) = h°(K — D) and

h°(D) = deg(D) + 1 - g + h°(K — D).
Corolary 2.3.1. 1 hO)=h"(K-0)=g,
2. h(K)=h°(K - K) =1, and
3. deg(K) = h°(K) -1+ g — h'(K) = 2g — 2.
Proof. 1. By example 2.3.1 we have ho(0) = deg(0)+1—g+h1(0) o 1= +1—g+h1(0) e h(0) = g.
2. h{(K) = h°%(K - K) = k°(0) = 1.

3. deg(K) = h°(K) -1+ g - hi(K) & deg(K) = 2g 2.
O

Remark 2.3.11. The class of K in Pic(X/k) is called the canonical class. A divisor in the canonical
class is called a canonical divisor.

Corolary 2.3.2. Let k be any field. Let X/k be a nonsingular complete curve. Let L € Pic(X/k).
If deg(L) > 2g — 1, then h°(L) = deg(L) +1-g.

Proof. Let D be a divisor whose class in Pic(X/k) is L. Since deg(D) > deg(K), we find that
deg(K — D) < 0, and hence, h°(K — D) = 0 by example 2.3.1. m|

Definition 2.3.4. Fix an element £ € Pic(X). Let Ez :={D € Div(X) : D > 0 and cl(D) = L}.

Remark 2.3.12. E; = 0 if deg(L) < 0, since the degree of an effective divisor is always non-
negative.
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Theorem 2.3.13. Let k be any field. Let X/k be a nonsingular complete curve. Let L € Pic(X).
Assume that Ey # 0 and let D € Ey. Let yp : HY(D)\{0} — Er, with @ — div(a) + D. Then the
map p is surjective. Moreover, the group k* acts on H(D)\{0} by

k* x H*\{0} — H°(D)\{0}

(¢, @) b ca,

and E can be identified with the quotient of H°(D)\{0} by the action of k*. In particular, E is
in bijection with P*"@-1(k).

Proof. Consult [Lor96][Chapter VIII, Lemma 1.7] to find details about the proof. ]

Corolary 2.3.3.
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Chapter 3

The Zeta Function & Weil Conjetures.

3.1 A Litlle Bit of History

This historical review is taken from [Lor96][Chapter VIII, Introduction]. Let p be a prime and let
q = p" for some r > 1, and consider F,. Let F € F;[xo, x1, x2] be a homogeneous polynomial, and
define N, := [Xr(F,)|, where F,» denotes the unique Galois extension of F, of degree n.

To study the behavior of the sequence {N,},en attached to a given nonsingular curve XF(FQ),
we will consider the power series

R n

Z(Xp/EF,, T) :=ex N,—.
q P; »

The definition of the zeta function of a curve is made in analogy with the definition of the
historical Riemann {—function and Dedekind {—functions. It was Artin, in the 1920s, who first
developed the theory of the zeta-function in the case of hyperelliptic curves. Once arithmetic
geometers realized how to translate the definition of these fuctions from the context of number
fields to the context of function fields, it became clear to them that they should also try to prove
that the analogues of these properties hold in the context of function fields. In 1931, Schmidt
proved the functional equation of the zeta function of a curve and conjectured that the analogue
of the Riemann hypothesis holds. Hasse soon thereafter proved this conjecture in the case of
elliptic curves. The general case was proved in 1940s by Weil. The Riemann hypothesis for
number fields is still an open question today. Weil, in [Weid9] proposed a series of conjectures
that, if true, would extend his result for curves to higher dimensions. These conjectures became
known as the Weil Conjectures..

3.2 The Zeta Function

In the first part of this section, we introduce the Riemann -function and the Dedekind {-function.
The idea is to compere the proposition and conjectures stated for these {-functions that are valid
for the Zeta function of nonsingular curves. From now on, we just call it the Zeta function.

Definition 3.2.1. Let {a,},en be an infinite sequence with a, € C, for all n € N. The infinite series

(e8]
>, azn~’, with s € C, is called a Dirichlet series.
n=0
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Let r e R. Let
H, :={s € CIRe(s) > r}.

[s6] [ee]
If there exists so € C such that the infinite series ), a,n " converges, then the series ), a,n™*
n=0 n=0

converges for all s € Hge(s,). Moreover, the Dirichlet series converges uniformly on any compact

(o)
subspace of Hge(s,), and the function s — 3 a,n~* is holomorphic on Hge(s,)-
n=0

Definition 3.2.2. The Dirichlet series {(s) := 2 is called the Riemann {-function.
n=0
Theorem 3.2.1. The /-function defines a holomorphic function ¢ : H; — C. It can be extended
to a meromorphic function on C, with a simple pole at s = 1. Moreover, lirr% L) (s—-1) =1
S

Proof. The proof is omitted. m|

Conjecture 3.2.1 (Riemann Hypothesis.). Let s € C be such that {(s) = 0. If 0 < Re(s) < 1, then
Re(s) = %

The strip {s : 0 < Re(s) < 1} is called the critical strip. The line {s : Re(s) = %} is called the
critical line. We can restate the Riemann Hypothesis, that is, the zeros of {(s) in the critical strip
lie in the critical line.

Theorem 3.2._2 (Functional equations of tlje Rier_nann {-function.). Let I'(s) denote the Gamma
function. Let £(s) := 77/2I'(s/2)(s). Then £(s) = (1 — s).

Now let K/Q be any number field. For n € N, let j, denote the number of ideals of Oy with
lllo, := 10x/1| = n. By remark, 2.1.8, j; = 1. By Theorem 2.1.12, j, is a finite number for all n € N.

Definition 3.2.3. Let K/Q be a number field. The Dirichlet series {(K,s) := ), % is called the
n=0
Dedekind -function of the number field K.

Example 3.2.3. £(Q, s) is equal to the Riemann -function. This result is derived from example
2.1.9 and the fact that Z is integrally closed in Q.

There is a result that generalizes theorem 3.2.2 for Dedekind J-fuction, but it is necessary to
define several concepts, so we omit it.

Conjectures which predict that the non-trivial zeros of a given Dirichlet series lie on a specific
vertical lines are referred to in the literature as Generalized Riemann Hypothesis (GRH), or
Extended Riemann Hypothesis (ERH). A Dedekind {-function is also conjecture to satisfy an ERH
describing the location of its zeros in the critical strip.

In analogy with the case of number fields, we now associate a J-function to any Dedekind
domain with finite quotients.

Definition 3.2.4. Let A be any Dedekind domain with finite quotients. The formal expression

1
(A= ) T

IeM(A)

is called the {-function of A.
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Let j, := {I € M(A) : ||| = n}|. If j, < co for all n € N, then

(59

v LS
WA= 2 = 2

IeEM(A) n=1

Again, this {-function is a generalization of the other two {-functions we have presented so
far.

Example 3.2.4. If A = Z, then {(Z, s) is the Riemann {-function.

Example 3.2.5. If A = K, where K is a number field and Ok its ring of integers. Then {(Og, s) is
equal to the Dedekind {-function associated to K.

Let A be any Dedekind domain with finite quotients. Every ideal I € M(A) factors into a
product I = Pfl ...PY where Py...,P, are maximal ideals of A. This factorization is unique up
to permutation of the indices. By definition 2.1.10, the norm of ideals is multiplicative, so we can
make the following computations.

1 1 =
=1+
1- L IPlI* IIPIIZS Z Pl

I8

> = I = I1 o

IeM(A) PeMax(A) n=0 PeMax(A)

Then

The right hand side of this equality is sometimes called the factorization of {(4, s) into a Euler
product.

Remark 3.2.6. Let A = Z. Then

{(z,s) = ini= ]_[ 1——)‘
p pri

n=0

To continue with the derivation of the Zeta function we need the next result taken from
[Lor96][Chapter VII, Corollary 2.7]

Theorem 3.2.7. Let k be any field. Let f € k[x, y] be an absolutely irreducible polynomial. If Zf@)
is nonsingular or, equivalently, if Ef = E[x, v1/(f) is a Dedekind domain, then Cr := k[x,y]/(f) is
a Dedekind domain. Moreover, if k is a finite field, then Cy is a domain with finite quotients.

Let us now define the main objective of study of this work, the Zeta function.
Let f € Fy[x,y] be an absolutely irreducible polynomial. Assume that Zy(F,) is a nonsingular
curve, then the ring Cr := Fy[x,y]/(f) is a Dedekind domain with finite qoutients.
Let

1 —
g(Zf/Fq, ) 1= {(Cf’ §) = Z || = 1_[ (- ||M||Y)

IeEM(Cy) MeMax(Cr)

Consider
by := #{M € Max(Cy) : |Cy/M : Fy| = d}.
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From theorem 2.2.14, we know that b, is an integer. If |Cr/M : F | = d, then |[M|| = |C¢/M| =
Therefore,
o2/ = [ Ja- ™
deN
Let T := g”°. Define
Z(Zs /By T) = | =T,
deN
so that Z(Zy/F,,T) = {(Zs/F,, 5). When no confusion may result, we will denote the function
Z(Zs[F,, T) simply by Z(T).
Taking the logarithm, we find that

log(Z(T) = = Y bulog1 =T = logz(T) = Y by - —>

deN deN i=1

Reordering the terms in the above series, and using the theorem 2.2.14, we obtain that

toa(z(m) = 33 dbd)—n =y Ml

n=1 dn

Therefore

— N, T"
Z(Zs[Fy, T) = exp( )| ——)
n=1 n
Definition 3.2.5. The power series Z(T)) € Q[[T]] is called the zeta-function of the affine curve
Z¢(E,) over F,.

From theorems 2.2.17 & 2.2.18 we can derive the zeta function for projective curves and for
nonsigular complete curves. We just state the definitions.

Definition 3.2.6. Let F € Fy[xo, x1, x2] be a homogeneous polynomial. Let N, := |Xp(Fy)|. The
zeta-function of XF(Fq) over F, is the power series

q»

n=1

Definition 3.2.7. The zeta function of a nonsingular complete curve X/F, is the power series

Z(Xrp /By, T)) = | |- 74P 1—exp(z L

PeX
where N, = |X(Fg)|.

Theorem 3.2.8. Let X/F;. Consider Xg»/F, the nonsingular complete curve associated to
Fy(X)/Fgn. See definition 2.2.9. Then

Z(Xgr (BT, T = | | 2(X/y, €0,
i=1

where &, is a n-th root of unity.

Proof. [Lor96][Chapter VIII, Lemma 5.12] m|
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3.3 Examples of the Zeta Function

Now we want to give some interesting examples of the computation of the zeta function where
the Jacobi sums are involved. Most of the cases we examined are not curves but hypersurfaces,
but the definition of the Zeta function for this set of solutions is the same.

Example 3.3.1. Let f =0 € Fy[x,y]. Hence Zs(Fy) = AI(Pqn), and N, = ¢".
The zeta function is

°° nn 1
Z(T) = exp (Z 4 p ) = exp(—log(l1—qT)) = m
n=1

Example 3.3.2. Consider the polynomial F' = x,, € Fy(xo, X1, ..., X»), the zeta function of XF(FQ)
is
Z(Xp[Fy. T) = (1-¢"'T)'0-¢" D) ... a-gD)'a-1)"
To see it, notice that the zeros of F are the points (ao,...,a,) € P"(Fy) with a, = 0, ie., the
points at infinite. Then

Ny = [P Ep)l = ¢V + gD+ L+ g+,

SO
c0 N.T" m—-1 oo ( iT)n m—1 .
PIREED V) JCEATERY SR
n=1 i=0 n=1 i=0
Finally, the zeta function of XF(H_-?},) is is given by
m—1
Z(T) = exp(= Y log(l = ¢"T)) = (1= ¢" 1) (1= ") ... (A= gT) ' A= T)"
i=0

Example 3.3.3. Consider the hypersurface defined by —x(2)+x%+x§ +x§ = 0 over F,. Using theorem
1.3.13 (assuming 2 t gq) we obtain

1
Ni=¢*+q+1 +X(—1)5g(x)2,

where y is the character of order 2 on F,. We know that g2(x)? = x(=1)g. Thus
N = q2 + g+ 1+ y(-1g.

To compute N,, notice the latter computation holds for the character of order 2 of Fy.. Then
we must just replace g by ¢" and y by x,, where x, is the character of order 2 on Fj». Then

N, = qzn + 4" + 1+ y,(=Dq".

If -1 is a square in Fy, ie., -1 = a’® for some a € Fy, then for all n we have y,(-1) = yn(d®) =
)(ﬁ(a), but the values of y, are 1 and —1. Thus y,(-1) =1
If —1 is not a square in Fg, notice

if nis odd

n—1 —1
Ng, (=) = (=D=D?...(-DT = (-1)" = { o
1 if nis even
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and

-1 ifnis odd
Xn(=1) = x(Ng./r,(-1)) = e
1 if nis even

Since y, and y have the same order, the latter equality is true.
In the first case

and so

ZT) = (1-¢T)'A-gT)*a-1T)".

In the second case the last term gives rise to the sum

> L
n=1 n

Thus in this case

ZT)=(1-¢T)'A-gD)'0+qD)'a-1)"

In conclusion

27 - {(1 -1 - D) - 1) if —1is square in F,
(1-g*T) A -qT) A +qT)'A-T)™" if —1is not square in F,

Example 3.3.4. Consider the curve xg + xio’ + xg = 0 over F, = Z/pZ, p is a prime congruent to 1
module 3.
Again. taking into account the theorem 1.3.13 we find that

1
Ni=p+1+= > xoOrixa(Delro)elrelre),

X0 X1:.X2

where )(l.3 =&, xi # & and yoxixz = &.

1
Ni=p+1+— Z 8x0)g(x1)g(x2)

X0.X1,X2

Let y the character of order 3 of Z/pZ. Then

1 1
Ni=p+1+ I;[goo?’ +e(®P=p+1+ ;[gQV)3 +g( ™)’ =

1
p+l+—[pr+prl=p+1l+n+n
p
The latter is true since g(x)® = pmr, where 7 = J(y, x), and 7 = p. Thus

Ni=p+1l+n+nm.
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By the corollary to Hasse-Davenport Relation we obtain that
No=p'+1= (=" = (7",
Then
O [+ 1= () = ()" 1T D) TP (D) (= 7TT)”
Z T = = +
(1) =exp( ) )=o) Tt ) Z

n n
n=1 n=1 n=1

n=1
= exp[—log(1 — pT) —log(1 — T) + log(1 + nT) + log(1 + 7T)] = (1 — pT) (1 = T)'A + nT)(1 + 7T)
1+ (@+mT +n*T*> 1+ AT + pT?
- (A-pDH(a-T) — (A-pDH(A-T)
where A = 7 + p derived from theorem 1.3.7.

The next example is an adaptation of the previous one. It provides a description about how
the zeta function changes when we replace the smallest field for another one.

Example 3.3.5. The Zeta function of XF(F4) where F = xg + xf + xg is
(1 + 2u)?
1-w1-4n)’

To obtain this result we reasoning in the same way to example 3.3.4, in fact, the computations
are the same, we just need to change p for g = 4 since we used theorem 1.3.13 there. Then

Z(XF[F4,T) =

1 1
Ni=qg+1+—-g()®+-g0®’=qg+1+n+T7.
q q

For N, we obtain
Ny=g"+1- (1" = (-
Then
14+ @+ 0T + |n*T?

7Z(T) =
D=—1—a-n

From theorem 1.3.7, we obtain that A = 4, so

(1+AT +4T%  (1+27)*
1-4T)A-T) (A-4T)1-T)"

The next theorem described the zeta function of Xg(F,) where F is the polynomial considered
in theorem 1.3.13. Due this theorem and Hasse-Davenport Relation, the proof follows directly
from computing the zeta function of the number of solutions.

ZT) =

Theorem 3.3.6. Let F = apxy + aix{' + ... + apx,’, where ag,a,...,a, € ]Fj;, and g = 1(m). Then
the zeta function Z(Xg/F,,T) is a rational functton of the form
PV

A-T)A—-gT)...(1 —g"'T)’
where P(T) is the polynomial

[] a- <1>"+1—XO(aO> K@, g 0)g () - 80T,

XO0X15::5Xn

where the (n+1)-tuples o0, X1, - - -, ¥» being subject to the condition )(;" =& )i #* & and yox1---Xn
&.
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The next theorem is a generalization of the example 3.3.3, it exhibits how the zeta function
changes when the number of variables is altered.

Example 3.3.7. Consider the polynomial F = aox% + ale +.. .anx% over ).
If n is even, by theorem 3.3.6 we obtain that

1

X[ D) = A= o) A= D)

since there is only one character of order 2, say y, and y"*' = y # & so P(u) = 1.
If n is odd, again by theorem 3.3.6

P(T)V

Xk B 1) = A A= o1y A= Ty

and
1 _ . I _
P(T)=1- I;X<a01> Cox@he(y™T =1 I—)X(aol ea g M,

where y is the character of order 2, in fact, it is the Legendre symbol. Using the fact that
2(x)? = x(=1)p we obtain

P(T) = 1= p" V2 (-0)" P 2x(ag ... a T,
If p =1(4), the Legendre symbol gives us that y(-1) =1, and
PUT) = 1- p" D (ayt ... aMT,
If p = 3(4), the Jacobi symbol gives us that y(-1) = -1, and
P3(T) = 1 - (=1)V2pe=Di2y (gt DT
In conclusion, the zeta function is

A-T)l1-pn)t...a-priT)! if n is even
Z(Xp/Fe, T) =30 -T)'1-pD)'...A-p"IT)IP(T)™ ifnis odd and p =1(4)
A-T) Y1 -pT)t...(1 = p'T)'Py(T)™! ifnis odd and p = 3(4)

Example 3.3.8. In this example we compare the zeta function of the curve y? = x® + x> over F,
considering it as a affine curve and a projective curve.

We need to find N,. For any n (0,0) belongs to Zf(Fp). For n =1, suppose x # 0 and let t = )XC
Consider f(x,t) = 2+ x2 - X2, so

fx,H)=0 © x+1-# =0 © x= -1 f(*-1,1)=0

Notice that the zeros depends on ¢ which varies over all F, omitting 1 and —1 since for 7 = +1 we
have x = 0, so there are p — 2 zeros, hence N; = p — 1. This computation didn’t depend on n, so
N,=p"-1

For the affine case, the zeta function is

T & "
(p )" Z 7) = exp(—log(1 — pT) —log(1-T)) =

n=1

Z(Z/(F,p T) = exp(Z(p - 1)—) = exp)
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a-pn)'a-1"

To obtain the projective case, we just need to add the point at infinity of f. Let F = x>+x%z—y%z,
the unique infinity point is [0, 1, 0] for all n, so N, = g and the zeta function is equal to

Z(Xp/Fp,T)=(1-p)".

3.4 Weil Conjectures for Nonsingular Curves.

First of all, we recall the tools we need to use to prove two of the Weil Conjectures, these are
consequences of the Riemann-Roch theorem, and we have talked about them in the previous
chapter.

There exists an integer g and, for each L € Pic(X/F,), there is a non-negative integer h(L), such
that

WL _q
g-1

2. If deg(L) > 2g — 1, then h°(L) = deg(L) +1-g 7).

L |Eg|=1

.

3. There exists an element K € Pic72(X /Fy), such that, for all L € Pic(X/F,) we have L) =
deg(L)+1-g+h (K -L) (D).

All the examples above exhibit an important property of the zeta function that every nonsingular
curve satisfies: it is a rational function. This is the first Weil conjecture.

Theorem 3.4.1 (Rationality of the Zeta Function). Let X/F, be a nonsingular curve of genus g.

Then

f(T)
(1-17)1-4qT)
with f(T) € Z[T] a polynomial of degree at most 2g.

Z(X/F,,T) =

Proof.
Z(X/F,.T) := n(l _ Tdeg(P))—l — H(Z Tanpdeg(P)) — Z Tdeg(P) _
PeX PeX np=0 DEER(X/F,)
( Z Tdeg(D)) — Z |E£|Tdeg(£)
LePic(X/F,) DEER(X/F,) LePic(X/F,)
deg(£)=0 c(D)=L deg(£)=0
Assume that g = 0. Using the fact that |[Er| = qdeg;?II_l if deg(L) > 0, we find that
h (i ][ R R Y
= | D T D@D | =h ) Y T
I-1)d-4qT) =0 i=0 j=0
Letn=i+jand n—i=j, then
0o o n 0+l deg(L)+1
o ‘ -1 g -1
T = iTn = q n_ 477 T pdes(d) _
h) ZqT —hZZqT =h) o " = Z = T = Z(X/F,,T).
i=0 j=0 n=0 j=0 n=0 LePic(X/Fy)

deg(£)=0
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Let g > 1, then

ZX[F,Ty= > |EAJT* D+ N B ried),
LePic(X/F,) LePic(X/F,)
0<deg(L£)<2g-2 deg(L)>2g-1
Set
al)= > |EAT%ED
LePic(X/F,)
0<deg(L)<2g-2
and

BT = > |ELTED.

LePic(X/F,)
deg(L)>2g-1

By theorem 2.2.27, we know PicO(X/IFq) has order h. Therefore, for all d € N, the set Pic?(X /Fy)
is either empty, or has order h. Let e € N be the unique integer such that deg(Pic(X/F,)) = eZ. It
follows that et

deg(£)
W)= > IEAT"
LePic(X/F,)
deg(£)<2g-2
is a polynomial in 7 with integer coefficients, of degree at most 2g — 2. Then v(T°) = a(T).
From the formula of |[E/|, and the fact that [Pic®(X /E)l = h we imply that

de+1 _ 1

Z |E £|Tdeg(£) —h Z qg ~—-1 Tde.
LePic(X/F,) 7 q-1
deg(£)=2g-1 de>2g—1

Let dy denote the smallest integer such that dpe > 2g — 1. Then

h h o0 o0
_( Z (qde’+1—g _ I)Tde) — F(qdoe-Fl—gTdoe(dZ_;)(qT)de) _ Tdoe(dz_;) TdE)) —

q-1 de>2g—1

h qdoe+1—gTdoe Tdoe h (qdoe+1—g _ 1)(Te)d0 + (qe _ qdoe+1—g)(Te)do+1
q%(l—fw _FTJ‘qA (- ¢ TO1-T)
u(T*)
(1—-gTe)1-T¢)’

where
(qdoe+l—g _ 1)Td° + (qe _ qdoe+1—g)Td0+1
q-1 '
Notice u(T) € Z[T] is a polynomial of degree at most 2g. Otherwise dy is not the smallest integer
— (T°)
such that doe > 2g — 1. Then B(T) = h(l_qe”Tew.
It follows that

w(T) =

u(T*) _ (T —-g°T® )1 —T°) + hu(T®)
(1-g°Te)YA-T¢) (1-g°T*)(1-T¢)

S
=g THA-T*)’

Z(X[F), T) = W(T) + h

3.1
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where
f(T) =v(T)A - g°T)YA - T) + hu(T) € Z[T)

is a polynomial of degree at most 2g. Moreover, the zeta function has a simple pole at 7 =1, and

w(T®) B
(1-g°T)(1-T¢) (g-De.

%iml(T -DZ(X/F,, T) = %iml(T —DwW(T) + (T = Dh (3.2)
Now we need to show that e = 1, that is, deg : Pic(X/F;) — Z is surjective. Consider the curve

Xr,. [Fge obtained from X/F, by base change. Let & be a primitive e-th root of unity. Theorem
3.2.8 shows that

Z(Xs,. [Fye, T) = | | Z0X/F,, E0T) (3.3)
i=1

Formula 3.2 applied to the zeta function Z(Xp, /Fg, T¢) shows that this function has a simple pole
at T = 1. The description of Z(X/F,, T) given in the equation 3.1 shows that

f(T°) ){

ﬂwF§D=( p— y
EJ ‘ (1—q°T)A-T)

This product has a pole of order e at T = 1. By comparison of the order of the pole at T =1 on
each side of the equation 3.3, we find that e = 1. In conclusion

f(T)

AFe D = a1y

and the first conjecture is proved. m|

Remark 3.4.2. By definition of the zeta function, Z(X/F,,0) = 1 and f(0) = 1, so we can factorize
f as

28
f) = Ja-wn eqir
i=1

Example 3.4.3. If X/F, is an elliptic curve. Then

1—aT + qT?
Z(X[Fy, T) = — 1

1-7)A-4T)
where a = w1 + ws.

At the beginning of this chapter, we stated that the Riemann {-function and the Dedekind
{-function of number fields all satisfy a functional equation relating {(s) and {(1 — s). The zeta
function Z(X/F,, T) also satisfies a functional equation. That is the second conjecture.

Theorem 3.4.4 (Functional equation of the zeta-function). Let X/F, be a nonsingular complete
curve of genus g. Let Z(T) := Z(X/F,, T) = %. Then

21y = (e,
qT
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Proof. Let Z/(T) := (q — 1)Z(T). Then

Z@)=(q-1n ) EJTEEL.
LePic(X/F,)
deg(L£)=0

Using (I), we can rewrite Z'(T) as a sum of two terms a(T) + B(T), where
G’(T) = Z qho(L)Tdeg(.E),
0<deg(L)<2g-2

and
0
ﬁ(T) = Z q/’l (L)Tdeg(L) _ Z Tdeg(L)'
deg(L)>2g-1 deg(L£)>0

Using statement (II) above, we find that

. B B h quZg—I 1
BT =h ) "' —h ) T4 = hgS(qT)* I[Z(‘mf]_ -7 h( 1—qT )_h(l—T)'

d>2g-1 d=0 120

B(1/qT) = ¢'8T*7285(T) since

gT28-1 1 T l-g2-2
ql—gTz—Zgﬁ(T) — ql—gTZ—Zgh(q ) — ( q q )7

1-gqT 1-T 1-¢gT 1-T
and
11281
PR Ll M (ngl‘ZgT2‘2g_ aT ):h( aT _ql‘gTZ‘Zg)
qT 1-q(X) 1-% T-1 qT —1 1-¢qT 1-T

Then ﬁ(qlT) = ¢'"8T?"%B(T). Now, let’s proceed similarly for a(T). Let K € Pic®(X/F,) be any
divisor class of degree dy. The map

| pic’x/E) — ] Pic(x/Fy)

0<d<dy 0<d<dy
L>K-L
is a bijection. Indeed, if 0 < deg(L) < dp, then
0 < deg(K — L) = deg(K) — deg(L) < dy,

the inverse is the same application.
Choosing K to be the canonical class of degree 2g — 2 allows us to write

(Y(T) — Z qh0 (7(—.6) Tdeg(‘K—L) X

0<deg(L)<2g-2
By statement (III), we obtain
0 — — —
o(T) = Z qh (L)—deg(L) 1+gTdeg(7() deg(L) _

0<deg(L)<2g-2
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1 deg(K) w1 _ e ig2g2 1
¢ s = T (),
75}
0<deg(L)<2g-2 (qT)"# qar

In conclusion

Z(T) = oT) + B(T) = ¢ T% 20— + g T 2B(—=) = ¢ T%27 (=)
qT qT qT

1
LT) = ¢*'T*7*Z(—)
qT

Corolary 3.4.1. The degree of f(T) is equal 2g.

Proof. Replacing Z(T) = #ﬁm in the previous result gives us f(T) = g*T% f(J). This implies
that

2g 2g 1 2g qT —w 2g
) =[Ja-om =g Ja-w = a7 [Z 7= =] |67 - .
i=1 i=1 i=1 =1

Hence f(T) is a polynomial of degree 2g. m|

Remark 3.4.5. w; are algebraic integers. To prove this, let A(s) := s28 f/s) = §28 Hl_zfl(l _ %
[1%,(s — wi) € ZLs]. Then h(w;) = 0.

Corolary 3.4.2. ]_[l.zf1 w; = ¢%, and the map w; — q/w;, from the set {wi,...,wy} to itself, is
well-defined and bijective.

Proof. From the proof of the previous theorem we have

28
A =g ] |@T - w.
i=1

Take T = 0, then
1=fO) =q*¢ [or = [ [wi=¢
i=1 i=1

Notice {w,-}?fl are the inverses of the zeros of Z(T). An element of this set may appear multiple
times depending on the multiplicity of each root. Apply T = w;/q in the functional equation
Z(qiT) = (¢qT*)'"$Z(T). The result is

1 i 91
0=2(=)= (q(“’;)%l SZwilq) = Lwi/g) =0,

and q/w; € {wi}}%).

Let w;,w; such that w; = wj, i.e, they are the same root, then w;/q = w;/q, and the map is
well-defined. Now assume that w; # wj, then w;/q # w;j/q, so the map is injective. Hence it is
also bijective. O

Remark 3.4.6. Corollary 3.4.2 allows us, upon a possible renumbering of the indices, to write the
set {wy, ..., we} as {wy,...,wg, qlw,...,q/wy}
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There is a formula that expresses the value of N, in terms of w;. To obtain it, observe that

28

log(Z(T)) = log(f(T)) — log((1 = T)(1 - ¢qT)) = Z log((1 — w;T)) —log((1 = T)) — log((1 - ¢T))
i=1

2
Then N, =q" +1- Y .
i=1

The main goal of our study of curves over finite fields is to obtain explicit bounds for the
integers N,. The third conjecture, called the Riemann hypothesis for curves provides this bounds.
Recall that the Riemann hypothesis of the Riemann J-function says that

If 0 < Re(s) <1, and {(s) =0, then Re(s) =1/2.
By analogy, the statement for the zeta function says
If 0 < Re(s) <1, and Z(g~*) = 0, then Re(s) =1/2. (3.4)

Since Z(T) is a rational function, the algebraic integers 1/w; are the only zeros of Z(T). If
1/w; = ¢~%, then |w;| = ¢gR"°®). The statement 3.4, if true, would imply that |w;| = ¢'/%.

Theorem 3.4.7 (Riemann Hypothesis for curves over finite fields).
lwil = g%, VYi=1,...2g.
From the Riemann Hypothesis for curves and the formula for N, we obtain that
INa = (¢" + DI < 2gq"". (3:5)

Unfortunately, we do not prove this theorem, although we prove that the Riemann hypothesis
follows from a statement seemingly weaker than 3.5.

Theorem 3.4.8. Assume that there exist two constants, Cyp and Cq, and an integer d > 1 such

that for all n € N,
28
Nan = (@™ + Dl =1 Y Wl < Co + C1g™"2.
i=1

Then the Riemann hypothesis holds.
Proof. Assume that |wi| < |ws| < ... < |wagl.
INan = (g™ + DI < ICo + C1g™"?| < [Col +1C1g™"* < ¢™*ICol + 1C1lg™"* = (ICol + ICiNg™"* = Cq™"?,

where C := (|Co| + |C1)).

Claim: Let Ai,...,ws € C be such that |41 = ... = |45] = 1. Then, Ye > 0, there exist arbitrarily
large integers n such that |1 + ...+ A{| > s — €.
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Proof. The proof is omitted. O

Claim: Let wy,...,ws € C with |wq| < ... < |wg|- Then, for all € > 0, there exist arbitrarily large
integers n such that |wf + ... + wf| = (1 - 2€)|w;|".

Proof. Let [ < s be such that |ws| = ... = |wi41] > |lwjl. Then there exist arbitrarily large integers n
such that
Wi 6‘);l+1
|—— +... [2(s=1—€) = | +...0" | = |lw"(s=1—€)
lewsl lwrl” : ok '
and
lw§ + .. | > i + ... )| = lw) + ... W

> |ws["(s —1—€) = I |lwl" 2 lwsl"(1 = €) — lwil"(s = D).

If n is large enough, then |w;|*(s — 1) < €|w,|". Therefore

Wi + .. 0] > s (1 =€) = lwl"(s = 1) > w,l" (1 - €) — elwy|" = (1 - 2e)lw,|".

The inequality of the previous claim imply that, for arbitrarily large n,
Cq™? > |wyp + ...+ 0’| = (1 - 26)|wf,|".

Hence |(u‘21g|/(q)d/2 < |C/A - 26)[V". Since |C/(1 — 2¢€)|Y" tends to 1 as n tends to co, then

lwag| < g"?. Since w; = q/wag and |wi| < |we,l, we conclude that |w;| = g’? foralli=1,...,2g. O

The hypothesis of theorem 3.4.8 is always true, however, we omit it. The proof is in [Lor96]
which is based on the proof given in [Bom74].

To conclude, we want to summarize the conjectures stated above but for a variety, including
the fourth conjecture. Also, a historical overview of the work will be given.

Conjecture 3.4.1 (Weil Conjectures). Let X be a smooth projective variety of dimension n over
F,. We define its zeta function by

(o] T"
Z(X,T) := eXp(Z Nn7),
n=1

where N, is the number of closed points of X where considered over Fn.
The Weil conjectures are:

1. (Rationality) Z(X,T) is a rational function of T.

2. (Functional equation) Let E be the Euler characteristic of X considered over C. Then

1

v/
(an

) = +¢"EPTEL(T).
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3. (Riemann hypothesis) We can write

P(T) ... Py (T)

2D = BTy o)

where Po(T) =1—-T,P9,(T) =1—-¢"T and all the P;(T) are integer polynomials that can be
written as

PAT) = [ |~ ai).
i

Finally, |a;jl = ¢'/2.

4. (Betti numbers) The degree of the polynomials P; are the Betti numbers of X considered
over C.

In [Har77][Appendix C], there is a short historical review about the effort to prove these
conjectures. We just mention the most remarkable discoveries, so we invite the reader to consul
the reference for more information. One of Weil’s major pieces of work is in his book [Wei48a],
the proof that Weil conjectures hold for curves. The rationality and the functional equation follow
from the Riemann-Roch theorem on the curve. He deduces the analogue of Riemann hypothesis
from an inequality of Castelnuovo and Severy about correspondences on a curve. In [Wei48b],
Weil gave another proof using [-adic representation of Frobenius on abelian varieties, which
inspired the later cohomological approaches.

For higher-dimensional varieties, the rationality of the zeta function and the functional equa-
tion were first proved by Dwork in [Dwo60]. He used methods of p-adic analysis. Most other work
on the Weil conjectures has centered aroung the search for a good cohomology theory for varieties
defined over fields of characteristic p, which would give the right Betti numbers. Furthermore,
the cohomology theory should have its coefficients in a field of characteristic zero, so that one can
count the fixed points of a morphism as a sum of traces on cohomology groups.

The first cohomology introduced into abstract algebraic geometry was that of Serre using coherent
sheaves. Although it could not satisfy the present need, because of its coefficients being in the
field over which the varieties is defined, it served as a basis for the development of later cohomol-
ogy theories. Grothendieck inspired by some of Serre’s ideas, saw that one could obtain a good
theory by considering the variety together with all its unramified covers. This was the beginning
of his theory of étale topology, developed jointly with M. Artin, which he used to define the [-adic
cohomology, and thus to obtain another proof of the rationality and functionality equation of the
Zeta function which can be found in [Gro95].

The analogue of the Riemann hypothesis has proved more difficult to handle. Lang and Weil
established an inequality for n-dimensional varieties, which is equivalent to the analogue of the
Riemann hypothesis if n = 1, but falls short of it if n > 2. It was until seventies that Deligne in
[Del74] proved the general analogue of the Riemann hypothesis.

To conclude, we invite the reader to consult the following references: [FK88] and [KWO01]
to read about étale cohomology and the proof of the Weil conjectures. [Gro73] to consult the
foundations of étale chomology by Grothendieck et. al.
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