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Bogotá, Colombia

August 10, 2018



Acknowledgements

To my advisor Diego Patiño, who was involved in this work providing high input
given in this document. His guide was very helpful at any time. Also, the three
professors help me during my Internship: Luigi Piroddi at the Politecnico di Mi-
lano, Yiu Lam at the Salford University and Stephen Elliott at the University of
Southampton. I learned a lot from all of them, specially from the professor Lam
that help me to define the principal concept in the document. Also, my friends at
the Pontificia Universidad Javeriana George, José, Cesar, Francisco and Jean (RIP)
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Chapter 1

Introduction

The noise generated by industrial machines is an environmental and health issue. In
the industry, the noise induced hearing loss is an studied problem. There are cases
where workers are exposed to noises until 110dB [1]. This is a high risk for hearing
health. A specific case of annoyance is the exposure to low frequency noise in the
industries [2]. Also, it was shown that vibrations and low frequency noise produced
the similar subjective perception because they are presented simultaneously [3].

Consequently, several laws around the world have banned noise emissions with
high sound pressure levels. Specifically in Colombia, the government issued a leg-
islation called “Resolución Número 1792 de 1990” for limiting the legal maximum
noise levels to exposure. This problem makes researchers to think many solutions
to reduce high noise levels. First, passive techniques were developed. They consist
in modifying the physical conditions, as move or put a wall. Their performance
obtains good results at high frequencies, but it is opposite at low frequencies. In
order to control low frequency noise, the active noise control (ANC) techniques have
been created. Instead of changing physical environment, they propose to use one or
several controlled noise sources and, using the wave superposition phenomenon, to
create an anti-noise wave such that it cancels the noise at receiver location [4].

Objetives

In industry applications, the noise is usually attenuated using the information ob-
tained by a sensor (usually called the error microphone). The location of this sensor
determines some coefficients of the control algorithms [4]. This variable changes the
secondary path. Hence, sensor location is the maximum attenuation place, but the
users cannot be located at this same position. As a consequence, this work proposes
the next aim:

• Attenuate noise at a desired and big size area without using a sensor inside it.

The main contribution of this thesis is focused on the active shielding method (a
more detailed explanation of why this method was chosen is in the next chapter).
It consists of controlling the noise at boundaries of a desired region to generate
cancellation inside. In order to show the knowledge contributed to the state of art
there are two aims.

• Regarding the usability of the system, there are several control algorithms, but
only few of them are used as active shielding methods. Furthermore, the active
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2 CHAPTER 1. INTRODUCTION

shielding algorithms are not feedback control, which is less robust. Thus, the
first aim is:

- Demonstrate that any multichannel control algorithm that ensures atten-
uation at sensor location can be used to generate a desired attenuation
in a region through an active shielding method.

• Another limitation of active shielding is characteristic of a system with high
number of sensors and actuators. It implies a high computational cost, which
is not necessary achieved by actual hardware. Thus, decentralized control
schemes have been created, which refers to several independent ANC systems
interacting between them in the same acoustic environment. The convergence
of control signals and error have not been determined. The second aim is:

- Calculate the values of convergence of error and control signals for de-
centralized systems.

A deeply discussion of these objectives is carried out in next chapter, including
the analysis of state of the art related to these topics.

Distribution of the thesis

This document is organized as follows:

* Chapter 2: This chapter presents basic concepts to understand the contribu-
tion of knowledge in future chapters and advances of other documents in this
field. It begins describing the active noise control. Then, it is explained how
the optimization is used to solve the active control problem. Therefore, the
feedback and feed-forward control schemes are defined and the most represen-
tative control algorithms for them are mentioned. Regarding the algorithms
that use these schemes, problems are remarked.

* Chapter 3: The linearity is convenient in several context due to its simplic-
ity. However, some authors have emphasized the use of non-linear controller
for ANC as an advantage. They propose non-linear control because: i) the
secondary path is not linear. ii) The controller needs a non-causal filter, then
the non-linear control reduces the error using a causal control. This chap-
ter demonstrate the possibility to use linear control and its limitations. The
linearity of secondary path is tested comparing measured noise with linear
models obtained through identification systems. Causality of a control system
is obtained analytically for one reflection system and then approximated to
several reflections.

* Chapter 4: The main contribution to the state of the art is shown in this
chapter, which achieves the aim of using different multichannel controller as
an active shielding method. It is developed in order to attenuate noise in a
desired silent zone without locate sensor inside of it. Its principle is based
on a new concept called implicit control, which defines the phenomenon that
the attenuation of pressure of a zone necessarily implies the attenuation at
another location, due to its physical relationship. Then, discretizing the wave
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equation through finite difference method, it is shown that implicit control is
present in the system. When the pressure at boundary of a desired silent zone
is attenuated, the pressure in the area inside of it too. This chapter shows the
analysis for one and two dimensional systems and simulations for one, two and
three dimensional systems.

* Chapter 5: Regarding implementation of active shielding methods, several
multichannel ANC systems are used. Thus, computational cost is a problem.
Other authors have proposed decentralized control, which consists in using
several independent controllers. The issue in this case is understanding the
behavior in steady state conditions. For this analysis, first an analogy between
game theory and decentralized control systems is proposed. Then, the Nash
equilibrium is obtained to understand when all controllers do not change their
associated control signals.

* Chapter 6: The empirical validation is carried out using the conditions neces-
sary to achieve the phenomenon called implicit control. Directly, it is validated
the linear relationship between pressure at boundary and inside the silent zone
for a one dimensional system (described in chapter 4). For the three dimen-
sional system, it is validated the mathematical model that achieved the implicit
control developed in chapter four.
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Chapter 2

Background context

Abstract
A general background of active noise control is shown in this chapter.
It begins defining active noise control and the optimization problem in-
volved with its optimal solutions. Then, the schemes feedback and feed-
forward are described. The main control algorithms are mentioned and
the Filter X Least Mean Squares (FxLMS) algorithm is deeply described.
A problem related to the mentioned algorithms is that they produce lo-
cal control at sensor location. The proposed solutions in literature are
virtual sensing and active shielding. The computational cost is a limita-
tion for these methodologies. Thus, distributed and decentralized control
are described as a possible way to decrease this cost and make applicable
the solutions. This chapter concludes remarking problems not solved in
reviewed literature.

2.1 Introduction

This chapter presents the background and problems that are addressed in this doc-
ument. Then, the aim is to describe the noise control systems and its operation.
Active noise control (ANC) is a field with several applications and restrictions. This
work is focused in active noise control for high size desired silent zone without using
sensors inside of it. Also, the content of this chapter presents the general concepts to
understand the whole document. It is defined active noise control, Feedback ANC,
Feed-forward ANC, Filtered x Least Mean Squares algorithm, silent zone, virtual
sensing, active shielding, decentralized and distributed control.

The chapter is organized with the next contents: first, the active noise control
is described. Second, the problem of increasing the silent zone is depicted. Fur-
thermore, to generate high silent zone, a massive multi-channel decentralized and
distributed systems are mentioned. This chapter ends with some concluding remarks
and the main contribution of this work.

2.2 Background of active noise control

Active noise control is a very well-known concept defined as:

5



6 CHAPTER 2. BACKGROUND CONTEXT

Definition 2.2.1. [Active noise control (ANC)] is the phenomenon in which
undesired sound, that want to be silenced, is attenuated using the wave superpositions
at a receiver location by reproducing sounds with opposite phase [5].

If it is shown mathematically, ANC is based in a simple concept, also depicted
in figure 2.1. According to wave superposition property, the total acoustic pressure
p(χ, t) at χ location can be written as the sum of the components of pressure due
to each source. Supposing there are only two sources, these components are named
p1(χ, t) and p2(χ, t) and is achieved the next equation:

=+

p1(χ, t)

p2(χ, t)

p(χ, t)

Primary Source

Secondary Source

Figure 2.1: Concept of active noise control.

p(χ, t) = p1(χ, t) + p2(χ, t) (2.1)

It is easy to notice that if p1(χ, t) = −p2(χ, t) then acoustic pressure is equal to
zero. First approaches were published by Paul Leug and Coanda [6, 7]. The concept
was explained through simple schemes. It was explained how two sine signals were
canceled, if they have same frequency, amplitude and opposite phase.

Obtaining zero pressure is not always possible or getting a control signal is not
simple. However, in any case, noise can be attenuated. Thus, an optimization
process can be carried out (see [8] for basic concepts about optimization). There
are several possible cost functions. In [9], three cost functions are compared. These
functions are the integrated potential energy PE, the squared pressure SP and the
energy density ED. They are defined by the next equations:

JPE =

∫

V

|p(χ, t)|2

4ρ0c0
dX (2.2)

JSP =
I
∑

i=1

|p(χi, t)|
2 (2.3)

JDE =

I
∑

i=1

|p(χi, t)|
2

4ρ0c0
+
ρ0
4
|V (Xi, t)|

2 (2.4)

Where I is the number of actuators and V (χi, t) = [vX1
(χi, t), vX2

(χi, t), vX3
(χi, t)]

is the particle velocity vector. It is important to remark that p(χ, t) is expressed as
an complex exponential, then the magnitude is not affected by the time and simplify
the analysis.

Notice that the pressure cannot be continuously measured for the whole space. It
implies that JPE is not measurable as well. Furthermore, the energy density allows
to obtain lower sound pressure than squared pressure over different positions to the
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sensors locations. Similar results are presented in [10] and [11]. Also, [12] shows
that the norm l∞ can be applied and the error is more homogeneous comparing the
error value for all the microphones.

In [13] and [14], solutions for the optimization problem process in equation (2.2),
using modal theory, produce the signal emitted (control signal) by controlled source
(secondary source). For [13], the control signal is a transformation of the noise
emitted by the primary source (uncontrolled noise source), scheme known as feed-
forward control (described in definition 2.2.3). [14] gives its solution from wave
equation. The modal theory has no known solutions for all shapes. Square rooms
or even cylindrical are known and irregular enclosures are studied by [15]. [16]
proposes a method to extract orthonormal set of structural radiation modes based
on measurements and applies active control, which allows to obtain the modes for
complex structures. Also, control of coupled structure to the acoustic room is studied
by [17]. A deeply analysis in [18] and [19], divides the modes in clusters. [18] also
finds that structural modes and acoustic modes interfere each other only if they are
in the same cluster. Montazeri et al. coupled the acoustic environment not only
with the structural, but also the loudspeakers of the active noise control [20, 21].
The case of an aperture such a window is analyzed by [22]. Some different modal
analysis in active noise control are summarized in [23]. The modal analysis also
allows to get conditions for the perfect noise cancellation [24].

Regarding the control algorithms, there are two schemes, both shown in figure
2.2, which are defined as follows:

Definition 2.2.2. [Feedback ANC]: it is when the control signal of an ANC
system is obtained processing only signals measured at desired attenuation location
(error sensors) [4]. The figure 2.2.a shows a simple example of a feedback ANC.

Suppose that the control signal u(t) aims to cancel the noise at any location
χ. Then, u(t) is written as a function of the measured pressure at the attenuation
location e(t) = p(χ, t):

u(t) = ffb(e(t)) (2.5)

Where ffb(·) is a transformation that depends on the specific controller.
The basic common algorithms in this case are robust control [25], optimal control

[26] and the Linear Quadratic Gaussian (LQG) [25]. Specifically, in active noise
control applications, an early design of robust control is proposed in [27]. It identifies
the transfer function which is used to obtain the feedback gain. A space state model
is obtained in [28]. [29] proposes LQG control and the space state model is obtained
through the modal response. A similar result is obtained in [30]. Also, an H2

controller is applied to a one dimensional enclosure [31]. Moreover, H∞ controller
is applied to a three dimensional enclosure [32].

The other scheme is defined as follows:

Definition 2.2.3. [Feed-forward ANC]: it is the system which has a sensor
that measures a reference signal. This signal is processed by controller to obtain
the control signal. Furthermore, error microphone is used to update the process to
increase control performance [4]. Figure 2.2.b shows this case.

Suppose that the control signal u(t) aims to cancel the noise at any location χ
and primary source emits a noise x(t). Then, u(t) is written as a function of the
pressure at the attenuation location:
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u(t)

u(t)

e(t)

e(t)

x(t)

x(t)

a. Feedback control scheme

b. Feed-forward control scheme

Controller

Controller

Figure 2.2: Scheme of feedfack and feed-forward controllers.

u(t) = fff(x(t)) (2.6)

Where fff (·) is a transformation which depends on the control algorithm. This
scheme is usually applied using adaptive filters and the most representative algo-
rithm is the Filtered X Least Mean Square (FxLMS), e.g. [33, 34] and other algo-
rithms based on it. This algorithm is deeply described in next section.

2.3 Filtered X least mean squares algorithm

The Filtered x Least Mean Squares (FxLMS) algorithm is designed specifically for
hardware devices and its analysis is in discrete time k. Controller scheme is shown in
figure 2.3, which is the scheme of the process inside the “controller” block in figure
2.2.b. The acoustic pressure at the receiver location p(χ, t) is measured by a sensor
m which produces a discrete signal em(k), with m = 1, . . . ,M and M is the number
of sensors. Mathematically, this signal can be obtained as:

em(k) = hp,m(k) ∗ x(k) +

I
∑

i=1

hi,m(k) ∗ ui(k) (2.7)
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PSfrag

Controller

x(t)
x(k)

e(t)

e(k)

u(k)

u(k)

WFx

FxLMS ruleĥ(k)

a/d

a/d

Converter

Converter

d/a converter

Figure 2.3: FxLMS scheme controller.

Where ∗ is the convolution operator, hp,m(k) is the impulse response of primary
path to sensor m, hi,m is the secondary path from the source i to the sensor m,
ui(k) is the control signal for the actuator i and I is the number of actuators. The
control signals are obtained filtering the discrete samples of the emitted noise x(k)
as follows:

ui(k) = w̄i(k)
T x̄(k) (2.8)

where:

x̄(k) = [x(k), x(k − 1), · · · , x(k − L)]T (2.9)

w̄i(k) = [wi,0(k), wi,1(k), · · · , wi,L−1(k)]
T (2.10)

w̄i(k) is the vector of time variable coefficients of the adaptive filter with length
L for the control signal of actuator i. The values of filter are obtained minimizing
the next cost function:

J = ||e(k)||2 (2.11)

In order to find the minimum square error, the gradient descent algorithm is
applied as follows:

w̄i(k + 1) = w̄i(k)− α∇J = w̄i(k)− 2α

M
∑

m=1

em(k)x̄f,i,m(k) (2.12)

with
x̄f,i,m(k) = [xf,i,m(k), xf,i,m(k − 1), · · · , xf,i,m(k − L)]T (2.13)

xf,i,m(k) = ĥi,m(k) ∗ x(k) (2.14)
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and ĥi,m(k) is the estimation of hi,m(k).
A property of this algorithm is that filtering the error signal gives priority to

some frequencies to be attenuated [35] , which is applied in [36] to increase the
loudness. Furthermore, many algorithms have been created based on the FxLMS
algorithm. [37] summarizes some of them as Filtered u Least Mean Squares (Fu-
LMS), which modifies the structure of the filter, including past values of control
signal of the filter to obtain the future output. A special case for adaptive control
is shown in [38, 39], where the adaptive variables are amplitude and phase of many
sinusoid signals. As the result, it reduces the noise 34dB. In order to avoid non-
linearity due to electro-acoustic transformation, the nonlinear approach based on
neural networks is shown by [40, 41, 42, 43]. Nevertheless, [43] shows that FxLMS
has better performance through an experiment. The multichannel case is deeply
analyzed by [44, 45, 46]. [46] concludes that the best performance is obtained using
many FxLMS single channel controllers.

2.4 Increasing the silent zone

Let us center the attention in the case that sensors cannot be located at the po-
sition of the users. They cannot always carry a microphone and recalculate the
secondary path to cancel the noise. Then, it is desired to obtain a zone where noise
is attenuated. Strictly, this zone is defined as:

Definition 2.4.1. [Silent zone]: it is the physical space where the noise is atten-
uated 10 dB due to the effect of the ANC system.

Increasing the silent zone without using microphones at the user locations is a
problem mentioned by several authors. A solution was proposed in [47], where
an optimization problem is suggested. This mentions the possibility to optimize
the sound pressure using the sensors and actuators (also called secondary sources)
as optimization variables. A similar procedure is applied in [48], but it applies
two consecutive optimization stages. The first stage takes into account only the
sources positions, and the second the sensor locations. This can be applied using a
simulation of the room. Thus, the sources and sensors are located optimally where
the simulation results indicate. It has two problems, one is that user cannot be
located in the optimal locations and the simulated model could have errors that
produce non-optimal solutions.

2.4.1 Virtual sensing

Avoiding the problems of optimal solutions, increasing the silent zone is possible
using the next definition:

Definition 2.4.2. [Virtual sensing]: this is the methodology which uses a math-
ematical transformation of measured sound pressure at one location to estimate the
one at another desired location. See the scheme in figure 2.4.

The concept is about to make a transformation f(·) ofM measured sensor signals
ei(t) = p(χi, t) at χi position, with i = 1, · · · ,M , such that the sound pressure signal
ev(t) = p(χv, t) at a desired position χv can be computed.
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Figure 2.4: A general virtual sensing scheme.

ev(t) = f(e1(t), · · · , eM(t), χ1, · · · , χM) (2.15)

Specifically, this methodology is carried out by first measuring the sound pressure
at a different location. This signal is then transformed to obtain an approximation
of the pressure at a desired location to be used as the error signal. The first al-
gorithm is called virtual microphone arrangement [49, 50]. It takes into account
the sound pressure measured by a sensor. Its limitation is due to the assumption
that the sound pressure generated by the noise sources is equal for the virtual and
real sensor locations (desired and measured locations respectively). A modification,
called remote microphone [51], applies the same concept. However, it uses a trans-
formation of the estimation of primary noise to avoid the assumption that the sound
pressure components generated by the primary source are equal at both locations.
[52] uses a Kalman filter as the estimator of the pressure, which also needs to es-
tablish a model of the system. Another proposal is based on the correlation of the
pressure at different locations [53], but it is limited by the distance between real
and virtual sensors. [54] introduces a nonlinear estimation to solve the problem
of the non-causality relation between the measured and estimated pressure. The
solution is a modification of the remote microphone algorithm. Other algorithms
have been presented but only applied to one dimensional or not enclosed systems
e.g. [55, 56, 57]. [58] deals with the problem that attenuating the noise using high
number of virtual sensors requires high computational cost. Another issue is that
the estimation is carried out using a sensor, but the real receiver is a human, which
can produce a change on the estimation. To solve it, [59] proposes an approxima-
tion of a mathematical model of the identification system by using a head and torso
simulator instead of human ears in the experiment.

2.4.2 Active shielding

Another important methodology for active control of sound field in a discrete region
is active shielding.
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Definition 2.4.3. [Active shielding]: it is a method where a given region of space
to be shielded from unwanted external noise by the active controls obtains the desired
attenuation controlling pressure at boundary locations [60].

Basically, there is a relationship between the acoustic pressure inside a desired
silent zone and the pressure at its boundaries. Thus, mathematically this relation
is written as:

P (χ, t) = f(P̄ (χ, t)) (2.16)

Where P (χ, t) = [p(χz,1, t), p(χz,2, t), · · · , p(χz,N , t)] is the vector with the pres-
sures of all locations inside the zone where the noise will be attenuated and P̄ (χ, t) =
[p(χb,1, t), p(χb,2, t), · · · , p(χb,M , t)] is the vector with the pressures at boundary lo-
cations of this zone. Then, notice that from equation (2.16), it is possible to control
P (χ, t) through controlling P̄ (χ, t).

The method developed by Jessel and Mangiante [61] and Canevet [62], known
as the JMC method, uses Huygens’ principle to formulate control of sound field in a
zone with secondary sources on the boundary. Pressure and velocity detectors and
monopole and dipole actuators are generally required to facilitate the sound field
control [63]. Active shielding can also be derived from a formulation of Kirchhoff-
Helmholtz integral equation [64]. In this case, only pressure sensors and monopole
actuators are required, but the formulation suffers from the integral equation’s in-
herent failure at the characteristic frequencies of the interior region [65]. Munjal
and Erikson developed another approach based on electroacoustic analogies, but it
is limited by sensor position. It cannot be located at the same position as that of
a node [66]. These active shielding approaches seek to minimize the total sound
pressure (noise) in the region. In some cases, it may be possible to use directional
measurements to separate the unwanted and wanted sound components in the re-
gion [67], but such application is limited since in most realistic cases the wanted
component cannot be completely separated out by directional measurement alone.
An ability to automatically preserve wanted sound in the region while attenuating
the unwanted sound coming into the region can be achieved by formulating the
control problem using surface difference potentials [68, 60]. However, similar to the
JMC method, this approach requires pressure and velocity sensors and monopole
and dipole actuators on the boundary surface. Respect to the pressure sensors used
for active shielding method, some works have shown the existence of a solution, that
works even when there are nodes [69, 70, 71]. Recently, an active shielding was
applied also based on virtual sensing for a cylindrical shell [72], which is a method
restricted to cylindrical shape and include the problems of virtual sensing. From
these methods in active shielding, it is important to remark that they have a limita-
tion. All of them produce a solution and not a control algorithm. In order to make
the control system more robust, it is desired to obtain a feedback control [73].

2.5 Decreasing computational cost

The use of a large number of sensors and actuators transforms the ANC problem
into a high-dimensional multivariable control problem, which entails a large compu-
tational effort, and it is often referred to as massive multichannel ANC. Decentral-
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ized and distributed schemes have been introduced to deal with the complexity of
such problem [74, 75, 76]1.

Definition 2.5.1. Decentralized control: this kind of control is the one char-
acterized by using independent different controllers interacting simultaneously due
to the environment. Each one has different aim (the local objective) and actuators
[77].

In figure 2.5.a, the decentralized scheme is shown. In the case of active noise
control, each controller reproduces control signals to different sound sources and the
process uses different error signals. The interaction between controllers is due only
due to the room, because the error signals depends on all sources, including other
controllers actuators.

a  decentralized control scheme

b  Distributed control scheme

u1(t)

u1(t)

u2(t)

u2(t)

e1(t)

e1(t)

e2(t)

e2(t)

x(t)

x(t)

Controller

Controller

Controller

Controller

Figure 2.5: Scheme of decentralized and distributed control.

Definition 2.5.2. Distributed control: this is the control scheme where different
controllers, with different aim interact in the same environment. However, they

1Regarding the concepts of decentralized and distributed control we here adopt the definitions
given in [77], as opposed to those in [76].
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are not complete independent and each controller shares some information with the
others to acchieve its local objective [77].

This scheme is shown in figure 2.5.b. It is similar to decentralized control in
many aspects, as the interaction in the room. Also, each controller has its own aim,
sensors and sources. However, this scheme is differentiated because the controllers
give information to other controllers.

The idea of using different control systems interacting in the same acoustic sys-
tem was originally proposed in [46]. In a later work, a distributed feedback control
scheme is discussed where each controller operates on a specific actuator-sensor pair,
neglecting interactions between controllers inside the vibroacoustic system [78]. The
performance of this scheme is reported to be satisfactory for a vibration control prob-
lem using as many as 16 sensors. A more detailed analysis of this feedback method
is given in [79], while [80] applies it in an acoustic setting. A Linear Quadratic Gaus-
sian algorithm is proposed for the same task in [81]. A system decoupling strategy
studied in [75, 82] transforms the multichannel system in a series of independent
single channel systems, facilitating the design of the decentralized control system.
This solution involves high computational cost, or is practically applicable only to
zones with a specific shape (e.g., circular). A feed-forward control scheme based on
Particle Swarm Optimization proposed in [83] takes into account the interaction of
different controllers’ actuators and sensors. However, the error convergence is not
guaranteed. Another distributed control is given in [84] for velocity and displace-
ment of a vibrating system. It is based on H∞ controller, ensuring attenuation and
stability, but not the maximum possible attenuation. Recently, a methodology that
locates the controllers according the modes of a vibrational. Furthermore, it com-
bines two controllers (direct velocity feedback controller and negative acceleration
feedback), one for specific modes, and the other for a broad band noise attenuation
[85]. Also, [86] present a numerical analysis of the decentralized control based on
direct velocity feedback controller. The use of a decentralized ANC scheme based
on Internal Model Control and FxLMS is discussed in [87]. A decentralized ANC
scheme applied to the design of a planar sound barrier is studied in [88]. It is im-
portant to remark that those studies do not focus on the comparison to the optimal
attenuation or if the attenuation can be increased, but if it is achieved attenuation.

2.6 Concluding remarks and Main contribution

The active noise control was defined, it shows that it is possible to attenuate the
noise using the wave superposition property. Furthermore, the total zero pressure
is not always found, then an optimization problem is used to obtain a result. The
solution of this optimization has different values according to the cost function and
it has been reported different control signals based on measured acoustic pressure.
The optimization process also produces several control algorithms. They allow to
achieved attenuation even with no knowledge of primary path. However, it is com-
mon to measure the pressure at the location where the noise will be canceled. This
is a limitation because the user of the active control system does not allow to located
the sensor at a desired location. In literature are reported three methods to avoid
the previous problem. First the optimization problem to locate the sensors and actu-
ator, but it does not allow to ensure that the minimum is an acceptable attenuation.
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Second, the virtual sensing, which estimates the pressure at a desired location, but
it is limited by high computational cost and the accuracy of the prediction model
which requires information of the user. An the last one is active shielding, a tech-
nique that do not produces an algorithm, but an specific control signal, which is not
desired to make the control system robust. To use techniques as active shielding
require massive multichannel control systems. In order to reduce the computational
cost in this case, distributed and decentralized control has been proposed. They
have not been deeply analyzed in active noise control applications. Hence, problems
as ensure convergence of controllers and obtain minimum attenuation achieved have
not been not developed for control algorithms as the Fx-LMS.

According to not solved problems in the state of the art, it is an open research
field and this thesis will contribute to:

1. To give a demonstration which produces an active shielding method that allows
to obtain an attenuation in a desired zone using control algorithms reported
in literature.

2. Develop a method to predict the possible solutions of using decentralized active
noise control.
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Chapter 3

Active Noise Control linearity

Abstract
This chapter shows evidence which allows to use linear controllers. Two
problems have been solved using nonlinear control systems: the non-
linear secondary path and a controller which is non-causal. The linearity
of secondary path is proven through experiments, then measured data is
used for system identification of linear and non-linear models. These
models are compared to define if linear models are closer to the behav-
ior of measured data. Regarding causality of the controller, it is shown
analytically in time space. First it is obtained the causality for a system
with one reflection. Then, the solution for several reflections system is
obtained using one reflection system solution. The concluding remarks
are noted at the end of the chapter.

3.1 introduction

Before initial design of any active noise control system, two statements are assumed,
the linearity of the system and the causality of the control system (in feed-forward
scheme). However, there are some articles which deal the control system without
these assumptions. Solutions for both cases imply non-linear control systems. This
chapter deals with verification of these assumptions. Regarding the linearity, several
authors have applied a non-linear control because “non-linearities can arise from the
sensors, actuators, or amplifiers employed in the system, usually in the secondary
path” [89]. In first section, a deeply description of these assumptions is formulated.
In second section, in order to solve the viability to use this linearity assumption,
input and output measurements of secondary path are used to obtain linear and
non-linear models through identification system processes, which are evaluated and
compared according to their generated error. On the other hand, [90] proposes the
Filtered-s Least Mean Square algorithm to deal with non-causal secondary paths.
In third section, a time analysis of a control scheme allows to describe a unique
condition to make viable using a controller which assumes causality. The conclusions
are summarized at the end of the chapter.

17
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3.2 Description of assumptions

The control scheme is shown in figure 3.1. It corresponds to a control system with
one sensor and one actuator. In this case, it is important to remark that after sound
is emitted by sources, it is delayed by followed trajectory and attenuated by the air
and reflection on surfaces. At the receiver location, the sound is a sum of several
delayed and attenuated copies of emitted sound. There is also a transformation due
to the electro-acoustical transducer, which could have a non-linearity. This is the
transformation carried out by secondary path. Then, the linear discrete model of
error signal (as it was shown in section 2.3) is represented by next equation:

e1(k) = hp,1(k) ∗ x(k) + h1,1(k) ∗ u1(k) (3.1)

with I = 1.

Assumption The linearity in secondary path implies that the secondary path is
modeled by the term h1,1(k) ∗ u1(k).

If it is not achieved, this convolution can not represent the secondary path and
it needs another function which is restricted to be non-linear.

e1(t)

x(t)

u1(t)

Controller

Figure 3.1: Scheme of feed-forward single input-single output active noise control
inside a room.

In equation (3.1), e1(t) is not necessary zero. If it is restricted to perfect control,
then it yields:

0 = hp,1(k) ∗ x(k) + h1,1(k) ∗ u1(k) (3.2)

The control signal u1(k) depends on the algorithm. Algorithms with feedback
schemes come from optimization process bounded to causal controller, but they are
sometimes not desired because they increase noise at not attenuated frequencies
(the water bed effect [91]). Also, in all linear feed-forward control schemes in stable
state, the control signal can be represented as follows:
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u1(k) = w̃(k) ∗ x(k) (3.3)

Where w̃(k) is the impulse response of the controller. Replacing u1(k) in equation
(3.2), it yields:

0 = hp,1(k) ∗ x(k) + h1,1(k) ∗ w̃(k) ∗ x(k)

w̃(k) = −hp,1(k)hA(k) (3.4)

Notice that hA(k) is the inverse impulse response of h1,1(k). This implies that
hA(k) must achieve next equation:

δ(k) = hA(k) ∗ h1,1(k) (3.5)

Where δ(k) is the Kronecker delta function. Thereupon, next assumption is
assumed

Assumption w̃(k) is causal and achieve the next definition:

Definition 3.2.1. A controller is causal if and only if there exists a w̃(k) = 0 for
all k < 0.

Notice that this definition does not assume w̃(k) as unique. This is because the
impulse response of the inverse of a system, h−1

1,1(k) in this case, is not unique. More
details are exposed in Appendix A.

Summarizing this section, a linear controller can be applied if the next two
statements hold:

1. The signal at receiver location due to secondary path y(k) can be represented
by the term y(k) = h1,1(k) ∗ u1(k).

2. The control which achieves perfect cancellation accomplishes the definition
3.2.1

In next sections, these statements are proven, one empirically and the other
analytically.

3.3 Secondary path linearity

This section shows an empirical evaluation of the linearity assumption (first enu-
merated statement in previous section). The concept behind the validation is using
different possible linear models to predict the output of the secondary path given
a known input signal. Then, the result is compared to measured output data and
it is determined if the error of any linear model is accepted or it is better to use
non-linear models.

First, linear models must be obtained and they must be fit the measured data.
Thus, an identification process is carried out to get the models, which applies opti-
mization process to minimize the difference between the predicted output and the
measured one for the same input. The system identification process has three steps:
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1. Measure input and output data of system: in this case, input signal of
a speaker is also the input signal of the system. Regarding output signal, it is
the one produced by a microphone at a receiver location.

2. Choose a set of models: this is to define all the models that will be com-
pared and candidates to represent the system. They usually are chosen ac-
cording to evident characteristics of system. e.g. linear models with short
impulse response, they can be represented by space state models with order
50 or lower. Each value of state matrices produces a different model, and it
can represent systems with even large impulse responses. All methods and
models used in this thesis are described in Appendix B.

3. Choose the best model: here, it is defined which model is the best for
a given rule. This rule is also defined. Usually, the rule is minimizing the
difference of a set of measured data and predicted data. Then, the best model
is identified.

In the direction of making available the comparison between models, obtained
by different rules and different sets, a methodology to compare error e(n) = y(n)−
ŷ(n), of an simulated output ŷ(n) respect an measured output y(n), has to be
implemented. There is an interesting method, which normalizes the error according
the magnitude of measured output signal called FIT. Mathematically, this is written
as follows:

FIT = 100

[

1−
||~e(n)||2

||~y(n)− E [~y(n)]||2

]

(3.6)

Where E [.] is the mean, ~e(n) = [e(n), e(n−1), · · · , e(n−Ns)], ~y(n) = [y(n), y(n−
1), · · · , y(n−Ns)] and Ns + 1 is the number of samples used to evaluate the error.

Applying the definition of sound, and assuming the atmospheric pressure as zero,
then Ê(ȳ(n)) = 0. Notice that if e(n) = 0 for all n, then FIT = 100. Also, FIT = 0
means ||e(n)||2 = ||ȳ(n)||2.

3.3.1 Secondary path description and measurement

In this case, a single input-single output system is considered inside a rectangular
room with dimensions [l1, l2, l3] for the axis X1, X2 and X3 respectively, with l1 =
2.945m, l2 = 2.68m, l3 = 2.35m. The scheme is shown in Fig. 3.2. For reference
location, the coordinate [0m, 0m, 0m] was the corner of the room (left, bottom). The
sound source (input) is a speaker Kustom KBA16, its acoustic center was located
at [1.75m, 0.30m, 0.15m]. And, the receiver is a microphone Behringer ECM8000.
It was located at [1.54m, 1.30m, 1.2m]. Objects are included to make an irregular
acoustic field. Green color means the area covered by furniture and the black square
is a column inside the room. The door is in the opposite corner to the origin, and
the guide can be observed in brown color.

The input u(n) is a discrete filtered white noise generated by the software au-
dacity 1.2.6, with 44100Hz as sample frequency. The low-pass filter was used to
get a desired frequency band for active noise control application. The magnitude of
signal spectrum U(ω) can be observed in figure 3.3. Note the decay of the energy
for signals higher than 300Hz. At the receiver location, the microphone receives a
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Figure 3.2: Room and measurement setup.

signal y(n) (output) with spectrum Y (ω), also showed in figure 3.3. The energy of
system also decreases at low frequencies. It is possibly due to transfer function of
the speaker or the effect of modes of the room.
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Figure 3.3: Room and measurement setup.

For the identification process, four data sets have been taken into account. The
first set has the aim to train the algorithm, the length of input-output vectors is
40000, the apparent short length is due to the computational cost. Then, a validation
set is needed. It consists of 20.000 samples of input and 20.000 samples of output.
The initial time was chosen such that the data of these two sets are not correlated.
Due to the computational cost of some methodologies, other two shorter sets have
to be acquired instead of the two set mentioned before. They are decimated copies
of the other two sets, this is used to obtain 2.205KHz as sampling frequency.

Before selecting a set of mathematical models, it is analyzed the correlation
between input and output signals, see figure 3.4. The indicated figure shows the
correlation from the half position of vector as zero value to 15000 samples after. The
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blue line is the auto-correlation of the input Ruu. As it was expected, it is not an
impulse because of the applied filter. The green line (Ryu) is the correlation between
Y (n) and u(n). It describes the similitude between the value of each position of the
vectors, due to the input signal. This must be similar to the impulse response of the
system. Thereupon, from this figure it can be observed the dead time produced by
the crossed distance between source and receiver. it is about 3000 samples. Then,
the next 7000 samples are the most correlated to the actual output. Thus, it is
expected to use them for the prediction. Thus, the estimated model must have at
least 10000 samples of impulse response length for 44100Hz of sample frequency.
The auto-correlation of the output Ryy, in red color, shows the similarity of the
value at a time n and its past values, about 6000 past samples are correlated and
are useful to predict the actual output. This is an appropriate value to define the
order of the feedback models. It means that it is possible to increase the performance
of an identification method if these samples are included.
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Figure 3.4: Autocorrelation and Crosscorrelation of input and output signals.

The models of the system identification system process used in this work are
shown in Appendix B. Specifically, following methods have been applied: FIR filter,
AR model, ARX model, N4SID, LMS filter identification and neural networks.

• FIR: for the sake of computational cost, only the decimated sets were used
to estimate the model. In this case, the size of the order of filter is the same
length as the impulse response, then, for the frequency sample of 2205Hz, the
order has to be more than 500, according to the cross correlation (Figure 3.4).
The results of this method are very satisfactory, the FIT is 94.11 and 91.34
for the training data and verifications data sets.

• AR: as it was expected, by reason of mentioned auto-correlation Ryy, the
value at time n can be predicted by the past values. The order of filter is 500.
After simulations, outcome FIT values are 17.49 and 36.16 for training and
validation data sets respectively.

• ARX: The method which produces an ARX model (also described in Ap-
pendix B), was simulated for the order Nar = 500 for output past values and
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Figure 3.5: Impulse response of the ARX model.

Niir = 500 input past values, where Nar and Niir are the number of coefficients
that multiply past values of input and output respectively. The FIT values
are 94.11 and 91.34 for training and verification data sets respectively. This
outcome is similar to real transformation, which should obtain a FIT value
equal to 100. However, a deepest analysis shows that this model is not stable,
as it is shown by the impulse response in figure 3.5. This is not possible be-
cause the sound pressure generated inside room decreases when the source is
stopped, including an impulse. The model can represent the system only for
some kinds of input signals. This point is not obvious and it is not analyzed
here. The inconvenient is mentioned, but it is not solved. It is proposed for
future works.
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Figure 3.6: Autocorrelation and Crosscorrelation of input and output signals.

In preview examples, the order of the system uses high number of estimation
variables for the identification process. Thus, the expected FIT is a high value,
but it also increases the computational cost. Then, another intrinsic question
about the use of this method appears: what is better?, increasing the value of
Niir or Nar? To give an approach, variable values of Nar and Niir are evaluated
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but maintaining the condition Nar +Niir = 500 (see figure 3.6). It shows that
high values of Nar has bad FIT and the behavior of error changes according
to the input data set while Nar increase. When Nar > 300, then FIT < 85.
It allows to infer that the feedback increases the FIT, but not a high value.
The best measured FIT is 94.54 for the training data set when Nar = 80 and
FIT = 94.14 when Nar = 10 for verification data set.

Order FIT FIT
(training data) (verification data)

10 −2.273 −0.5335
20 1.102 4.879
30 −1.091 ∗ 10140 −5.472 ∗ 1063

40 −3.653 ∗ 1026 −1.762 ∗ 1013

50 −1.24 ∗ 109 −6.806
60 −5.68 ∗ 1013 −6.425 ∗ 106

70 −2.693 ∗ 105 −8.648
80 7.822 9.103
90 −2.337 ∗ 106 −241.1
100 20.87 23.6

Table 3.1: Fit for N4SID identification according to system order for trining data
and nontrining data

• N4SID: the requirement of some kinds of controllers and estimators implies
the state equation, see [30, 29, 32]. This model can be obtained by N4SID
method (see Appendix B). For this case, the size of square matrix An4s is
known as the order of the system. To obtain similar conditions and to com-
pare the results, an order 500 model is required. However, the computational
cost does not allow it. Less order models have been estimated, see table 3.1.
Odd FIT values are found, negative and with high magnitude. In fact, those
are consequences of the instability of the model and it cannot represent the
acoustic system. The other FITs agree to the logical structure of the model.
For larger impulse responses, a higher order must used to represent the system
and as an a consequence, a higher FIT.

• LMS: From two groups of data sets (decimated and non decimated), unique
characteristics can be extracted from the identification method that uses LMS
filter. For the decimated data set, the error during all training iterations is
shown in the figure 3.7 in the part a). The model obtained after the conver-
gence obtains FIT = 82.04 and FIT = 62.40 for the training data set and
verification data set respectively with non-amplified output. Notice that the
error converges. In order to increase the FIT , the output is amplified 200
times and the result convergence is shown in the part b) of the figure 3.7. The
amplified output obtains FIT = 91.11 for training data set and FIT = −9.14
for verification data set. Another FIT value can be obtained, it is when the
algorithm is still updating the weights according to the equation (B.5). The
result is FIT = 90.41 for the training data and the amplified output.

A similar procedure is implemented for the non decimated data sets, and the
results can be observed in figure 3.8. The part a) of this figure shows that the
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Figure 3.7: LMS error and estimated output for the decimated data set, a) estima-
tion for non amplified output and b) estimation for amplified output.

error does not converge for non amplified data. On the other hand, the part b)
shows a brief convergence for the amplified output. It means that the amplified
output is needed for high sample frequency. The FIT values for the stationary
filter coefficients are −459.95 and −335.3451 for the non amplified output and
the training data and verification data respectively, and for amplified output
8.48 and 18.9730 for both data sets.

• Neural Network: In order to obtain non-linear identification, neural net-
works are applied. This online identification approach is applied for the sec-
ondary path in active noise control. The used neural network for this identi-
fication is composed by 40 neurons and 500 past input samples as the input.
Using short data set, the acquired error and estimated output during the train-
ing phase are shown by figure 3.9. It is evident that the error does not converge
to a low error magnitude. FIT values are obtained under the same condition
that the LMS filter, FIT = 57.09 for updating weights, FIT = −38.34 for the
training data set and FIT = −44.04 for the verification data set.

Other results using neural network are obtained applying the non decimated
data sets, see figure 3.10. Over sampling makes the FIT increases significantly
while the weights are updating, FIT = 87.96. Nevertheless, the stationary
behavior has FIT = −1.62 ∗ 103 and FIT = −1.56 ∗ 103 for training and
verification data sets respectively.

All results are summarized in table 3.2. The FIR model is a good result for
modeling with FIT values over 90 and the limitations are related to computational
cost. On the other hand, in the AR model, the past values of y(n) (unless they are
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Figure 3.8: LMS error and estimated output for the non decimated data set, a)
estimation for non amplified output and b) estimation for amplified output.

correlated) do not have enough information to make an estimation of future values.
Thus, it has the worst results of the offline identification methods. The ARX models
have the best performance, and their advantage is low difference between FIT of
training data and verification data sets. Additionally, the N4SID model does not
achieve a high values of FIT , probably due to the computational cost. Therefore,
it is not recommended using it instead previous methods. The LMS filter has high
FIT values and since it updates weights without decimate the signals, it has the
best FIT of all tested methods using training data. Finally, the neural network does
not decrease the error value. This is expected because the neural network does not
have linear models for any kernel and the model with less error is probably linear.
It agrees with the result of [42], where the linear model allows better control. This
means that the secondary path can be represented by a linear model.

3.4 Causality

The section 3.2 enumerates the assumptions that allow to use a linear controller.
The second one is regarding the causality and it is related to the impulse response
of the controller in definition 3.2.1. Therefore, it is analyzed the impulse response
in time space of a feed-forward controller for perfect control conditions (when it is
attenuated 100% of noise). Taking into account the proposed system in figure 3.1,
defining if the impulse response of a controller is causal is very complex. Hence,
next steps are followed:

1. A simplified system of one reflection is analyzed. According to this scheme,
there are two trajectories from each source to receiver.

2. Then, the result of one refection system is used to find an approximation to
the impulse response.
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Figure 3.9: Error and estimated output for decimated data set using neural network
model.
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Figure 3.10: Error and estimated output for non decimated data set using neural
network model.

3.4.1 One reflexion analysis

The simplified system is shown in figure 3.11, for a two dimensional system. Accord-
ing to this scheme, there are two trajectories from each source to receiver. The first is
the trajectory with distance dp,0 or ds,0 (shortest trajectory to ri), which corresponds
to the direct trajectory between the primary or secondary source respectively and
the receiver. The other trajectory between sources and receiver occurs due to the
reflection in the surface, and its distance is dp,1 or ds,1 respectively for each source.
Each crossed distance by the sound produces a delayed copy signal of the emitted
sound pressure. The delay depends on the sound velocity c as:

kp,0 =
dp,0
c

; ks,0 =
ds,0
c

; kp,1 =
dp,1
c

; ks,1 =
ds,1
c

; (3.7)

Note that due to the definitions of the crossed distances and Eq. (3.7), the next
inequalities can be declared:
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Method FIT FIT
(training data) (other data)

FIR 94.11 91.34
AR 17.49 36.16

ARX (k = 500;m = 500) 97.89 96.19
ARX (k = 420;m = 80) 94.59 92.82
ARX (k = 490;m = 10) 93.76 94.14

N4SID 20.87 23.6
LMS(Short,Unamplified) 82.04 62.40
LMS(Short,Amplified) 91.11 −9.14

LMS (Updating,
Short,Amplified) 90.41 -

LMS(Long,Unamplified) −459.95 −335.34
LMS(Long,Amplified) 8.48 18.97

LMS (Updating,
Long,Amplified) 97.44 -

NN(Updating,Short) 57.09 -
NN(Short) −38.34 −44.04
NN(Long) −1.62 ∗ 10−3 −1.56 ∗ 10−3

NN(Updating,Long) 87.96 -

Table 3.2: Fit according to the model for training data and non training data.

e1(t)

x(k)

u1(t)

Controller

dp,0

dp,1

ds,0

ds,1

Figure 3.11: Scheme of active control with only one surface.

tp,0 < tp,1 (3.8)

ts,0 < ts,1 (3.9)

These conditions allow to find restrictions to the system in the analysis of w̃(k).
The analysis starts by defining the impulse responses for the simplified system.
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According to the proposed scheme and assuming that the surface does not produce
diffusion, the impulse responses hp,1(k) and h1,1(k) can be inferred as:

hp,1(k) = αp,0δ(k − ki,0) + αp,1δ(k − kp,1) (3.10)

h1,1(k) = αs,0δ(k − ks,0) + αs,1δ(k − ks,1) (3.11)

Where αp,0, αp,1, αs,0 and αs,1 are attenuation coefficients due to the crossed
trajectories and its associated reflection for the distances dp,0, dp,1, ds,0 and ks,1; also
kp,0, kp,1, ks,0 and ks,1 are the associated delays.

Using above equations the next lemma can be proven:

Lemma 3.4.1. The controller with feed-forward scheme and impulse response w̃(t)
is causal if the impulse response of the inverse system of secondary path hA(k) = 0
for k < −kp,0.

Proof. Substituting (3.10) in Eq. (3.2), it becomes:

w̃(t) = −αp,0hA(k − kp,0)− αp,1hA(k − kp,1) (3.12)

According to Eq. (3.12), and due to the restriction w̃(k) = 0 for k < 0 (see
definition 3.2.1), the next condition allows to determine the controller as causal:

(hA(k − kp,0) = 0) and (hA(k − ko,1) = 0) if (t < 0) (3.13)

Furthermore, taking into account (k − kp,0) > (k − kp,1), if hA(k − kp,0) = 0 for
t < 0, then hA(k−kp,1) = 0 for k < 0. Thus, the condition expressed in (3.13) yields
to lemma 3.4.1.

Besides, a further analysis of hA(t) allows to obtain the next theorem:

Theorema 3.4.1. If an acoustic system that takes into account only direct sound
and one reflection, and the system is assumed as linear, then:

if (ds,0 < dp,0) , then the transfer function of the controller is causal

Proof. Lemma 3.4.1 shows the conditions of hA(t) ensuring that the controller is
causal. Thus, to determine hA(t) is the aim of this proof.

First, replacing (3.11) in equation (3.5) and solving the convolution, following
equations are obtained:

αs,0hA(−ks,0) + αs,1hA(−ks,1) = 1 if k = 0 (3.14)

αs,0hA(k − ks,0) + αs,1hA(k − ks,1) = 0 if k 6= 0 (3.15)

hA(t) depends only on the attenuation and delays of secondary path (known
values).

Since Eq. (3.14) and (3.15) use the same function hA(k), they are related for some
k values. This interaction can be used to find a specific function hA(k) achieving the
lemma 3.4.1. Furthermore, Eq. (3.14) implies that (hA(−ks,0) 6= 0) ∨ (hA(−ks,1) 6=
0). Thus, the next step is to know the influence of these values in (3.15).
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There are two ways to replace (3.14) in (3.15). First is when k = ks,0−ks,1, then
the term hA(−ks,1) is equal to hA(k − ks,0). Another form is when k = ks,1 − ks,0,
then hA(−ks,0) is equal to hA(k − ks,1).

From Eq. (3.14), hA(−ks,1) is:

hA(−ki,1) =
1− αi,0hA(−ki,0)

αi,1
=: hin,0 (3.16)

Furthermore, an important characteristic can be obtained solving the Eq. (3.15)
at time k = ψki,0 − ψki,1, with ψ ∈ Z+/{0}.

hA(ψks,0 − (ψ + 1)ks,1) =
−αs,0hA((ψ − 1)ks,0 − ψks,1)

αs,1
(3.17)

From (3.17), note that hA(ψks,0 − (ψ+1)ks,1) depends on the hA(ψ1ks,0 − (ψ1 +
1)ks,1), where ψ1 = ψ − 1.

If ψ = 1, hA(ks,0 − (2)ks,1) depends on hA(−ks,1). Thus, (3.16) can be replaced
into (3.17). It yields:

hA(ks,0 − 2ks,1) =
−αs,0hin,0

αs,1
(3.18)

Equation (3.18) can be replaced into (3.17), if ψ = 2. This procedure can be
carried out successively, increasing the value of ψ with each iteration, giving the
value for hA(ψks,0 − (ψ + 1)ks,1):

hA(ψks,0 − (ψ + 1)ks,1) =
(−αs,0)

ψhin,0
(αs,1)ψ

(3.19)

On the other hand, the same analysis can be carried out, but replacing (3.14) in
(3.15). From (3.14), hA(−ks,0) is:

hA(−ks,0) =
1− αs,1hA(−ks,1)

αs,0
=: hin,1 (3.20)

Following a similar procedure, solving (3.15) for k = ψks,1 − ψks,0, it obtains:

hA(ψks,1 − (ψ + 1)ks,0) =
−αs,0hA((ψ − 1)ks,1 − ψks,0)

αs,1
(3.21)

Thus, for ψ = 1, substituting (3.20) into (3.21), and generalizing for any value
of ψ, the next equation is deduced:

hA(ψki,1 − (ψ + 1)ki,0) =
(−αi,1)

ψhin,1
(αi,0)ψ

(3.22)

Equations (3.16), (3.19), (3.20) and (3.22) give values of hA(k) for k = Ψks,1 −
(Ψ + 1)ks,0, but hA(k) is unknown for other time. Nevertheless, other k values do
not affect Eq. (3.14), (3.19) and (3.22). Consequently, for other values of k, hA(k)
is restricted to achieve (3.15). Therefore, the next proposition holds:

hA(k) = 0 if k 6= Ψks,1 − (Ψ + 1)ks,0 for Ψ ∈ Z (3.23)
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In order to prove the causality of controller, it is enough to achieve the lemma
3.4.1. The time values when hA(k) 6= 0 are given by (3.16) and (3.19), (3.20), (3.22).
First, taking the Eq. (3.16) and (3.19), the next condition achieves lemma 3.4.1:

ψ(ks,0 − ks,1) ≥ ks,1 − kp,0 for ψ ≥ 0, ψ ∈ Z (3.24)

From equation (3.8), it is evident that ψ(ks,0−ks,1) decreases towards −∞ when
ψ increases. Thus, from Eq. (3.19), h(k) = 0 for k = ψks,0 − (ψ + 1)ks,1 if and only
if hin,0 = 0.

According to this result, in order to achieve the lemma 3.4.1 and from Eq. (3.20)
and (3.22), it implies the next constraint:

ψ(ks,1 − ks,0) ≥ ks,0 − kp,0 for ψ ≥ 0, ψ ∈ Z (3.25)

From Eq. (3.8), ψ(ks,1 − ks,0) increases to ∞ when ψ also increases. It means
that if (3.25) is achieved for ψ = 0, this is also achieved for ψ > 0. Then, from
(3.25), a general constraint is:

kp,0 ≥ ks,0 (3.26)

The condition (3.26) is the only restriction to accomplish lemma 3.4.1. And, it
can be replaced by a condition in space, due to equation (3.7). This condition is
expressed in (3.4.1) by the theorem 3.4.1.

Even though the previous condition is enough to ensure causality for the sim-
plified acoustic system mentioned in this Section, it also implies two definitions for
w̃(k). In order to obtain them, replace hA(k) from (3.16), (3.19), (3.20), (3.22),
(3.23), and hin,0 = 0 in (3.12). It can occur at two different times. i) The first, when
k = ψks,1− (ψ+1)ks,0+ kp,0, (3.20) and (3.22) can be replaced by the first term. ii)
The second is when k = ψks,1 − (ψ+ 1)ks,0+ kp,1, (3.20) and (3.22) can be replaced
by the second term. (3.16), (3.19), (3.23), and hin,0 = 0 ensures w̃(k) = 0 for other
k. As a result, the next two equations can be obtained for ψ ∈ N:

w̃(ψks,1 − (ψ + 1)ks,0 + kp,0) = −αp,1hA(ψks,1 − (ψ + 1)ks,0 + kp,0 − kp,1)

− αp,0
(−αs,1)

ψhin,1
(αs,0)ψ

(3.27)

w̃(ψks,1 − (ψ + 1)ks,0 + kp,1) = −αp,0hA(ψks,1 − (ψ + 1)ks,0 + kp,1 − kp,0)

− αp,1
(−αs,1)

ψhin,1
(αs,0)ψ

(3.28)

Let us take different values for ψ, ψa ∈ Z+/0 represents the value of ψ in (3.27).
Also, ψb ∈ Z+/0 represents the value of ψ in (3.28). Note that (3.27) and (3.28)
must be equal if the time is the same. It means that 3.4.1 also must achieve next
preposition:

Proposition 3.4.1. If

(ψaks,1 − (ψa + 1)ks,0 + kp,0) = (ψbks,1 − (ψb + 1)ks,0 + kp,1) (3.29)

, then

(w̃(ψAks,1 − (ψa + 1)ks,0 + kp,0)) = (w̃(ψbks,1 − (ψb + 1)ks,0 + kp,1)) (3.30)
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For this condition, ψa 6= ψb also must be accomplished. Thus, the next step is
to show if this is true.

In order to simplify the Eq. (3.27) and (3.28), the time equality condition, shown
in proposition 3.4.1, is also simplified to:

(ψa − ψb)(ks,1 − ks,0) = (kp,1 − kp,0) (3.31)

Then, (3.31) can be replaced inside the terms hA(ψaks,1−(ψa+1)ks,0+kp,0−kp,1)
and hA(ψbks,1 − (ψb + 1)ks,0 + kp,1 − kp,1). Then:

hA(ψaks,1 − (ψa + 1)ks,0 + kp,0 − kp,1) =

hA(ψbks,1 − (ψb + 1)ks,0) (3.32)

hA(ψbks,1 − (ψb + 1)ks,0 + kp,1 − kp,0) =

hA(ψbks,1 − (ψb + 1)ks,0) (3.33)

According to the value of ψa and ψb, (3.32) and (3.33) can be obtained from Eq.
(3.20) or (3.22). Replacing in (3.27) and (3.28), it becomes:

h(ψaks,1 − (ψa + 1)ks,0 + kp,0) = αp,0
(−αs,1)ψahin,1

(αs,0)ψa

+αp,1
(−αs,1)

ψbhin,1

(αs,0)
ψb

(3.34)

h(ψbks,1 − (ψb + 1)ks,0 + kp,1) = αp,0
(−αs,1)ψahin,1

(αs,0)ψa

+αp,1
(−αs,1)

ψbhin,1

(αs,0)ψb
(3.35)

Notice that (3.34) and (3.35) are equal. It proves that proposition 3.4.1 is true.
Then, theorem 3.4.1 is also true for all time interval.

The analysis of one reflection system was based on the analysis of the inverse
of secondary path and how the controller interacts with primary path. The direct
sound, represented by the first impulse of the impulse response, produces a specific
meaning in theorem 3.4.1. It is that sound produced by primary source has to be
delayed by the primary path as long as it allows the actuator process the reference
signal with present and past values and affects acoustic pressure at receiver location.
In the spatial distribution, this means that distance between primary source and
error sensor has to be higher than the distance from secondary source to error
sensor. Otherwise, the controller needs to predict future values to achieve the desired
attenuation.

3.4.2 Several reflections

Once the one reflection analysis has been carried out, it is possible to get a several
reflections analysis. The complete acoustic system includes all surfaces of an enclo-
sure. See scheme in figure 3.1. Thus, the room has many surfaces where sound is
reflected. It means that the sound at the receiver is a sum of several delayed copies
of the generated sound. The impulse responses for the two locations can be inferred
from the proposed model, as:
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hp(k) =
∑L

l=0 αp,lδ(k − kp,l) (3.36)

hs(k) =
∑L

l=0 αs,lδ(k − ks,l) (3.37)

Where l = 0 represents the parameters according to the direct sound, l 6= 0
represents a trajectory given by one or more reflections. This is why the next
inequalities are proposed:

kp,0 < kp,l ∀ l 6= 0 (3.38)

ks,0 < ks,l ∀ l 6= 0 (3.39)

Replacing (3.36) in (3.2), it yields:

w̃(k) = −
L
∑

l=0

αp,lhA(k − kp,l) (3.40)

In order to ensure the definition 3.2.1, the next condition must be fulfilled:

(k < 0) ⇒ (hA(k − kp,l)) = 0 for l = {0, · · · , L} (3.41)

Inequality (3.39) allows to affirm that (3.41) is achieved if lemma 3.4.1 is also
achieved. Thus, the lemma 3.4.1 holds for several reflection case.

Analogous to equations (3.10) and (3.11), (3.37) is substituted in equation (3.5)
produces the next equations for hA(k) in several reflections case:

∑L

l=0 αs,lhA(−ks,l) = 1 if k = 0 (3.42)
∑L

l=0 αs,lhA(k − ks,l) = 0 if k 6= 0 (3.43)

The number of variables produces several difficulties to follow the same procedure
in one reflection analysis. Therefore, an approximation based on the result of one
dimensional approach is proposed.

ĥA(k) = h̄A(k) + E1(k) + E2(k) (3.44)

Where h̄A(t) can be obtained using the result of one reflection (see Section 3.4.1).
This cancels all reflections but generates error in two different origins E1(k) and
E2(k). The impulses generated by reflections can be canceled using equation (3.22)
and hi,0 = 0 as follows:

h̄A(k) =
(−αs,l)

ψαs,0
(αs,0)(ψ+1)

if k = ψki,l − (ψ + 1)ki,0 (3.45)

h̄A(k) = 0 if other k (3.46)

However, the first error E1(k) occurs if ψ is truncated to a value ψmax instead of
∞, then this error can be calculated as:
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E1(k) =

L
∑

l=1

−(−αs,l)
(ψmax+1)αs,0

(αs,0)(ψmax+2)
δl (3.47)

δl :=δ(ψmaxkS,l − ψmaxks,0) (3.48)

(3.49)

On the other hand, the approximation h̄A(k) produce another error E2(k). It is
generated because h̄A(k) does not take into account the interaction between multi-
ples impulses to achieve equation (3.5). The error can be calculated as:

E2(k) =
L
∑

m=1

L
∑

l=1l 6=m

kmax
∑

k=1,k

hA,m,l,ψ (3.50)

hA,m,l,ψ :=hA(ψts,m − ψts,0)αs,lδ(ts,l + ψts,m − ψts,0) (3.51)

Then, it is important to show that equation (3.44) allows to approximate a
causal impulse response of the controller, using equation (3.2). Also it is important
to remark that the approximation ŵ(k) = −ĥA(k) ∗ hp,1 achieves the condition in
equation (3.4.1).

3.4.3 Simulation of control performance

In order to show which is the meaning of the theorem (3.4.1), several simulations
are carried out. They consists on simulate the system in figure 3.1 using different
impulse responses for primary and secondary path. Also, the important character-
istic of both impulse responses is the time before the first value different to zero.
Then, simulations take into account these parameters which are represented by the
variables kp,0 and ks,0. The ratio between them is compared with performance of
the controller.

The simulation consists in a FxLMS algorithm applied as it is shown in section
2.3. The primary and secondary paths are chosen as follows:

• The value of kp,0 is equal to 10, 30 or 50, three cases are evaluated.

• Values of the impulse response hp,1(k) between k = kp,0 + 1 and k = kp,0 + 15
are randomly chosen and hp,1(k) = 0 for k > kp,0+15. This values are constant
for any kp,0.

• ks,0 is evaluated for values from 1 to 100.

• Also, the values of hp,1(k) between k = kp,0+1 and k = kp,0+15 are randomly
chosen and hp,1(k) = 0 for k > kp,0+15. This values are constant for any ks,0.

Notice that the only parameters that changes in all simulations are kp,0 and
ks,0, which are the only variables that affects the causality of the controller. The
performance of controller is shown in figure 3.12. This result confirms the theoretical
approach of the theorem (3.4.1). For the condition ks,0 < kp,0, shown in values lower
than one, the noise is attenuated, only the case when kp,0 = 50 the noise increases
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at ks,0 << kp,0 but this limitation is due to length of adaptive filter and will be
investigated in future works. When the ratio is near to ks,0/kp,0 = 1, the error signal
increases its amplitude as ks,0 is also increased. Thus, for high values of ks,0/kp,0 the
attenuation is almost zero. Hence, these simulations of FxLMS controller achieved
the theorem (3.4.1).
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Figure 3.12: Atenuation of control system respect to the ratio ks,0/kp,0.

3.5 Conclusions

This chapter described the possibility to assume linearity in the control system.
Two problems of non-linear controllers where taken into account, the non-linearity
of secondary path and non-causality of the controller. The linearity was empiri-
cally proven, comparing measured data with estimated linear and non-linear models,
based on identification system methods.

Regarding system identification methods, using the same data, offline methods
produced a model with less error. The ARX model is the best of the chosen one
for non-training data, with a FIT value equal to 96.19. Nevertheless, online identi-
fication can continuously update the model, which produces even less error, as the
LMS filter that obtains a FIT equal to 97.44. Those FIT values are quite high, and
non-linear proven models obtain lower FIT values. It implies that a linear model is
usefull to describe the secondary path.

Analyzing causality, the one reflection system allows a simplification of the prob-
lem. Furthermore, this allows to find that location of actuator is the only variable
needed to ensure causality, it must be located closer to sensor location than the
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primary source. The solution for the causal controller at one reflection is used to
solve the problem when several reflections are taken into account adding one error,
which is possible to calculate.

The main conclusion is that it is possible. The secondary path was measured
and several models were estimated. They confirmed that it can be assumed as linear
and the error of estimated output is less than 10% of the energy of output signal.
Furthermore, the non-linearity is also used to solve the case where the controller
needs non-causal system. It was found that the controller is causal if the distance
between actuator and receiver is lower than the distance between primary source
and receiver.



Chapter 4

Active Shielding with Implicit
Control

Abstract The main contribution of this document is shown in this
chapter, which is the active shielding method that allows to use any con-
trol algorithms ensuring attenuation using sensors located at boundaries
of desired silent zone. First, it defines the concept of implicit control.
Then, this definition is used to develop the proposed active shielding
method. It comes from wave equation analysis. The demonstration is
carried out for one and two dimensional system. Simulations are shown
for one, two and three dimensional systems. At the end, a limitation
regarding the distance of sensors is statistically analyzed. Using simu-
lations, mathematical model for predicting this limit is obtained using
statistical estimation. Furthermore, an active shielding system is com-
pared to a virtual sensing model. This solves the same problem and the
advantages for this case are shown.

4.1 Introduction

In chapter 2, active noise control problems have been described. There, it is men-
tioned the necessity of controlling noise at locations where the sensor is not located.
A solution for a high volume is active shielding (it produces a field with sensors
and actuators at boundaries of a desired silent zone) and its advantage is not using
estimation as virtual sensing. This chapter proposes an active shielding method,
which does not produce a specific control signal, but any control algorithm can be
applied to obtain desired attenuation in whole region. This allows to ensure that
if a multi-channel controller attenuates the noise at boundaries of a desired silent
zone, then it also attenuates sound pressure inside.

The chapter is organized as follows: the first section defines a concept called
implicit control, the basis for the active shielding method. The second section
shows the active shielding method and demonstrations for one and two dimensional
systems (the three dimensional approach is shown in Appendix C). In third section,
simulations are graphed for one, two and three dimensional cases. Then, a statistical
analysis from simulations produces equations that describes the limits of theoretical
approach in fourth section. The fifth section shows an example which compares and

37
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shows the potential advantage of active shielding with respect to virtual sensing.
This chapter ends with some concluding remarks.

4.2 Concept of Implicit Control

Before understanding how the proposed active shielding system works, it is necessary
to define next new concept:

Definition 4.2.1. Implicit control: It is the phenomenon that obtaining a specific
value of variable implies getting a desired value for another variable.

For active noise control, it occurs when attenuating (controlling) the pressure
at the sensor location, implies the attenuation at other location. It is important
to remark that the pressure at each location is defined as a different variable. The
aim of this new concept is to be applied as a method to ensure that attenuating the
boundaries of a desired silent zone, any location inside it is also attenuated.

In order to clearly show this concept, an example of an active noise control
system in two dimensional free field is taken into account. See the locations in the
scheme in figure 4.1. The figure shows two point sources, one generates the noise
and the other is the actuator (controlled source). They are located at χ1 = [χ1,a, 0]
and χ2 = [χ2,a, 0] respectively (for the axis [x1, x2]). The sensor is located at χl =
[χl,a, χl,b] (Location which is the pressure to be controlled) with a distance d1 and d2
from the noise source and actuator respectively. As additional restriction χ1,a < sa
and χ2,a > sa. Additionally, a location χ′

l is defined as the point where the distance
to both sources is equal to the distance between χl and the sources.

Actuator

Noise source

Sensor Location

Implicit control locationx1

x2

d 1

χ1,a

χ1,a

χ2,a

χ2,a

d
2

χl

χl

χ′
l

χ′
l

χl,b

−χl,b

χ1,a

Figure 4.1: Scheme of implicit control example for a 2D acoustic system.

The total pressure pt(χ, t), at χ = [χ1, χ2] location and time instant t, can
be expressed as a function of the pressure components p1(χ, t) and p2(χ, t), which
represent the pressure due to the noise source and the actuator respectively. Then,
it can be expressed as:

pt(χ, t) = p1(χ, t) + p2(χ, t) (4.1)
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For the frequency analysis of this case, these two components of pressure can be
expressed as functions of distance d1 or d2 between the receiver at location χl and
source locations (each one for each source respectively), i.e.:

p1(χl, t) = jρ0c
Q1η

4πd1
ej(ωt−ηd1) (4.2)

p2(χl, t) = jρ0c
Q2η

4πd2
ej(ωt−ηd2) (4.3)

Where ρ0 is the air density; c is the speed of sound; Q1 and Q2 are the source
strength; η is the wave number; and ω is the frequency of sound.

Furthermore, the control of the pressure at χl is achieved if pt(χl, t) = 0. It
means p1(χl, t) = −p2(χl, t). This condition is accomplished from (4.1), (4.2) and
(4.3) if:

Q2 = −
Q1d2
d1

ej(ηd2−ηd1) (4.4)

Notice that Q2, p1(χl, t) and p2(χl, t) only depend on the distances d1 and d2
due to ρ0, c and η, which are constants. Hence, equation (4.4) is a solution for any
other location S ′

l such that the distance between the sources and χ′
l are equal to χl,

i.e. χ′
l = [χa,−χb] and both locations have the same value of pressure. It means

that the implicit control occurs and controlling the pressure at χl implies to control
the pressure at χ′

l because the attenuation of the pressure at one location implies
the attenuation at the other location.

As a consequence of the implicit control phenomenon, a related issue appears:

Problem How to find the locations to be controlled in order to obtain implicit
control in a desired silent zone?

From the definition of implicit control, the issue is to find a set of locations
χ1,b, χ2,b, · · · , χN,b such that they achieve the implicit control at another set of loca-
tions χi,sz, with i = 1, · · · ,M whereM is the number of locations where the implicit
control occurs. Defining two vectors with the pressure in frequency space for these
locations as:

P (ω) := [F (pt(x1,sz, t)), F (pt(x2,sz, t)), · · · , F (pt(xM,sz, t))] (4.5)

P̄ (ω) := [F (pt(x1,b, t)), F (pt(x2,b, t)), · · · , F (pt(xN,b, t))] (4.6)

where F (·) is the Fourier transform.
It is evident that the implicit control can be proven for locations that achieve

the following condition:

{

P (ω) = G(ω)P̄ (ω)
}

and P̄ (ω) is controlled (4.7)

Where G(ω) is any linear transform.
For the example in figure 4.1, the equation (4.4) ensures the restriction (4.7) for

[χ1,s = χl], [x1,b = χ′
l] and G(ω) = 1. Hence, the implicit control is accomplished in

the case of figure 4.1.
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4.3 Active shielding method

This section describes a novel methodology to implement an active shielding system
based on implicit control. It means obtaining a controller which produces a desired
silent zone using the information of the pressure at its boundaries instead the pres-
sure inside the silent zone with the concept shown in the previous section. Basically,
the aim is to solve the problem 4.2 with a set of pressure at boundaries P̄ (ω). For
sake of simplicity, the analysis will be carried out in one and two dimensional free
field systems (the analysis for three dimensional system is in Appendix C). The
procedure consists of discretizing the wave equation through the finite difference
method. It allows the description of the pressure at one location as a function of
the pressure at contiguous locations. Thus, the relation of the pressure inside the
silent zone and its boundary can be written as a space state model (This is a general
form to write equations which describes linear systems, see [73] for a more detailed
description), which ensures a linear relationship between them and the restriction
(4.7).

Theorema 4.3.1. Considering the sources are outside the desire silent zone, the
relation between the vector of pressure at all discrete locations inside the desired silent
zone Z(k) and the vector with pressure at the discrete locations at its boundaries U(k)
is linear and can be written as a space state model of the form:

[

Z(k + 1)
Z(k)

]

=

[

A Â
I O

] [

Z(k)
Z(k − 1)

]

+

[

B
O

]

U(k) (4.8)

Where A, Â and B are real matrices; I is an identity matrix; and O is a zero
matrix. The size of all matrices depends on the number of discrete locations inside
of desired silent zone and at its boundaries .

It means, this relation achieves the restriction (4.7).

The demonstration for one and two dimensional systems is developed below.

4.3.1 One dimensional system

In one dimensional system, the scheme taken into account is shown in figure 4.2.
The desired silent zone has green color. The aim is to obtain information about the
behavior of its pressure based on the behavior of the pressure at its boundaries to
prove the theorem 4.3.1.

Desired silent zone Boundary discrete locations

Discrete locations inside silent zone

χ1 χ2 χ3χ0 χL−1 χL+1χL

· · ·

Figure 4.2: Scheme of acoustic system taken into account.

The equation that describes the behavior of pressure by the desired silent zone
in figure 4.2 is the damped wave equation:
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∂2p(χ, t)

∂χ2
− ζ

∂p(χ, t)

∂t
−

1

c2
∂2p(χ, t)

∂t2
= 0 (4.9)

Where ζ is the damping coefficient. Notice that this equation assumes that the
noise source is located away from the silent zone, where the analysis is carried out.

From equation (4.9), it is quite complex to express the pressure in a desired area
based on the pressure of another location. Hence, it is discretized using the finite
difference method. Specifically, the differential operator is approximated by:

∂p(χi, t)

∂t
≈

p(χi, (k + 1)∆t)− p(χi, (k − 1)∆t)

2∆t

(4.10)

∂2p(χi, t)

∂t2
≈

p(χi, (k + 1)∆t)− 2p(χi, k∆t) + p(χi,j, (k − 1)∆t)

∆2
t

(4.11)

∂2p(χi, t)

∂x2
≈

p(χi+1, k∆t)− 2p(χi, k∆t) + p(χi−1, k∆t)

∆2
χ

(4.12)

Where ∆t is the sampling time and ∆χ is the distance between χi and χi+1 for
all i ∈ Z. Discrete locations and time variables are identified by i and k respectively.

Replacing equations (4.10), (4.11) and (4.12) in equation (4.9) and after algebraic
simplifications, the term p(χi, (k + 1)∆t) yields:

p(χi, (k+1)∆t) = γ1 [p(χi+1, k∆t) + p(χi−1, k∆t)]+γ2p(χi, k∆t)+γ3p(χi, (k−1)∆t)
(4.13)

Where:

γ1D,1 =

[

2c2∆2
t

∆2
χ (ζc

2∆t + 2)

]

(4.14)

γ1D,2 =

[

4

ζc2∆t + 2

]

−

[

4c2∆2
t

∆2
x (ζc

2∆t + 2)

]

(4.15)

γ1D,3 =

[

ζc2∆t − 2

ζc2∆t + 2

]

(4.16)

Let us consider a set of sound pressure of L successive locations of the desired
silent zone such as:

Z1D(k) = [p(χ1, k∆t), p(χ2, k∆t), · · · , p(χL, k∆t)]
T (4.17)

In Fig. 4.2, the discrete locations are shown by circles and the locations of the
pressures that form Z1D(k) are in black color. On the other hand, χ0 and χL+1 are
empty circles. Using the equation (4.13), Z1D(k) can be written as:

Z1D(k + 1) = A1DZ1D(k) + γ3ILZ1D(k − 1) + B1D

[

p(χ0, k∆t)
p(χL, k∆t)

]

(4.18)

Where IL is an identity matrix with size L× L and
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A1D =























γ2 γ1 0 · · · · · · 0

γ1 γ2 γ1 0
...

0 γ1 γ2 γ1
. . .

...
... 0

. . .
. . .

. . . 0
...

. . . γ1 γ2 γ1
0 · · · · · · 0 γ1 γ2























(4.19)

B1D =















γ2 0
0 0
...

...
0 0
0 γ2















(4.20)

Eq. (4.18) is rewritten as a space state model and it yields:

[

Z1D(k + 1)
Z1D(k)

]

=

[

A1D γ3IL
IL OL

] [

Z1D(k)
Z1D(k − 1)

]

+

[

B1D

O1,L

] [

p(x0, k∆t)
p(xL+1, k∆t)

]

(4.21)
This model has a linear relation between [p(χ0, k∆t), p(χL+1, k∆t)]

T andZ1D((k).
Notice that p(χ0, (k)∆t) and p(χL+1, (k)∆t) are the pressures at the boundary of the
desired silent zone. Hence, it proves the theorem 4.3.1 and ensures to achieve equa-
tion (4.7). As a consequence, ifA1D is stable, then to make [p(χ0, k∆t), p(χL+1, k∆t)]

T =
[0, 0]T is a sufficient condition to ensure Z1D(k) = 0. A1D is stable if the Courant
number is less than one and 0 < ζ < 1 and produces a correct discretization. More-
over, stability is expected because otherwise the pressure inside silent zone increases
to infinity.

4.3.2 Two dimensional system

For the case of two dimensional system (shown in figure 4.3), the behavior of pressure
is also described using the damped wave equation:

Discrete locations

Set of locations in z̀j(k)

Desired silent zone set z2D(k)

Discrete boundaries set u2D(k)

Figure 4.3: Scheme of active shielding system for two dimensional space.

∇2D(p(χ, t))− ζ
∂p(χ, t)

∂t
−

1

c2
∂2p(χ, t)

∂t2
= 0 (4.22)
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Where ∇2D(·) :=
∂2·
∂χ2

1

+ ∂2·
∂χ2

2

.

Using this continuous time equation, it is quite complex to express the pressure in
the desired area based on the pressure at other locations. Hence, equation (4.22) is
discretized using the finite difference method. Specifically, the differential operator
is approximated by:

∂p(χi,j , t)

∂t
≈

p(χi,j, (k + 1)∆t)− p(χi,j, (k − 1)∆t)

2∆t
(4.23)

∂2p(χi,j, t)

∂t2
≈

p(χi,j, (k + 1)∆t)− 2p(χi,j, k∆t) + p(χi,j, (k − 1)∆t)

∆2
t

(4.24)

∂2p(χi,j, t)

∂χ2
1

≈
p(χi+1,j, t)− 2p(xi,j , t) + p(χi−1,j , t)

∆2
χ

(4.25)

∂2p(χi,j, t)

∂χ2
2

≈
p(χi,j+1, t)− 2p(xi,j , t) + p(χi,j−1, t)

∆2
χ

(4.26)

Where ∆t is the sample time. In order to simplify the notation, p(χi,j, k∆t) =:
p(χi,j, k), it implies t = k∆t.

Regarding the approximation using finite difference method, it is valid when the
variation of the pressure is low with respect to its variations in space. It implies
that higher values of ∆χ produces higher error and this approximation is not valid.
Specifically, this discretization applied to the wave equation has been analyzed for
ζ = 0, e.g. [92] studies when the model is unstable and [93] deals with the phe-
nomenon called dispersion. However, for ζ 6= 0, it is not analyzed. In this chapter,
a statistical analysis of the behavior of this limitation in active shielding method
is carried out and presented in section 4.5. Also, it is important to notice that
this limitation does not affect the one dimensional system because for any ∆χ value
always has the same two boundaries. Then, the result is the same.

Using previous approximations, the pressure at a discrete location can be written
as:

p(χi,j , k + 1) = γ2D,a [p(χi−1,j, k) + p(χi+1,j, k) + p(χi,j−1, k) + p(χi,j+1, k)]

+ γ2D,bp(χi,j, k) + γ2D,cp(χi,j, k − 1) (4.27)

With:

γ2D,a =
2c2∆2

t

∆2
χ (ζc

2∆t + 2)
(4.28)

γ2D,b =

[

4
(

∆2
χ − 2c2∆2

t

)

∆2
χ (dc

2∆t + 2)

]

(4.29)

γ2D,c =

[

ζc2∆t − 2

(ζc2∆t + 2)

]

(4.30)

It is important to remark that equation (4.27) produces a set of equations for
different values for i and j. For example, for i = 1, 2 and j = 1:
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p(x1,1, k + 1) = γ2,a [p(x0,1, k) + p(x2,1, k) + p(x1,0, k) + p(x1,2, k)]

+ γ2,bp(x1,1, k) + γ2,cp(x1,1, k − 1) (4.31)

p(x2,1, k + 1) = γ2,a [p(x1,1, k) + p(x3,1, k) + p(x2,0, k) + p(x2,2, k)]

+ γ2,bp(x2,1, k) + γ2,cp(x2,1, k − 1) (4.32)

In order to obtain a space state model and achieve theorem 4.3.1, and assuming
the silent zone is a square (as the scheme in figure 4.3), the next procedure shows
how to obtain the desired model.

First, the pressures of discrete locations inside the desired silent zone form a
vector. In order to organize this vector, a set of pressures along a line (for a fixed
value of j) produces a vector as follows:

Z̀j(k) := [p(χ1,j, k), p(χ2,j, k), · · · , p(χI,j, k)]
T (4.33)

The vector Z̀j(k) contains the pressures at the locations inside red rectangles in
figure 4.3. Each value of j produces a vector and contains the pressure of discrete
locations of each line in red of the desired silent zone. These vectors Z̀j(k) are
concatenated as:

Z2D(k) := [Z̀1(k)
T Z̀2(k)

T · · · Z̀J(k)
T ]T (4.34)

Thus, the vector Z2D(k) is the analogous to P (ω) in discrete time space.
On the other hand, the vector of pressures at locations of the boundary of desired

silent zone is formed as:

Ùa(k) := [p(χ1,0, k), p(χ2,0, k), · · · , p(χI,0, k)]
T (4.35)

Ùb(k) := [p(χ1,J+1, k), p(χ2,J+1, k), · · · , p(χI,J+1, k)]
T (4.36)

Ùc(k) := [p(χ0,1, k), p(χ0,2, k), · · · , p(χ0,J , k)]
T (4.37)

Ùd(k) := [p(χI+1,1, k), p(χI+1,2, k), · · · , p(χI+1,J , k)]
T (4.38)

U2D(k) := [Ùa(k)
T , Ùb(k)

T , Ùc(k)
T , Ùd(k)

T ]T (4.39)

Each vector of Ùa(k), Ùb(k), Ùc(k) and Ùd(k) contains the pressures of the loca-
tions inside each green rectangle in figure 4.3. Hence, U2D(k) contains the pressure
at all the discrete locations at the boundaries of the silent zone and is analogous to
P̄ (ω). The following system of linear equations can be written to obtain Z2D(k):

Z2D(k + 1) = A2DZ2D(k) + B2DU2D(k) + Â2DZ2D(k − 1) (4.40)

Where the matrices A2D, B2D and Â2D are the relations between the vectors
Z2D(k + 1), Z2D(k), Z2D(k − 1) and U2D(k). Indeed, they come from (4.27) and
they are explained below:

• Â2D: equation (4.27) expresses that γ2D,c is the coefficient which relates the
values of the pressure p(χi,j, k−1) with p(χi,j, k+1). In equation (4.40), these
pressures are located in the vectors Z2D(k + 1) and Z2D(k − 1) respectively
at the same position. As a consequence, the diagonal locations of the matrix
Â2D are equal to γ2D,c and zero at any other locations. Mathematically, this

is written as Â2D = γ2D,cIIJ .
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• A2D: lets begin analyzing the relation between Z̀j(k + 1) and Z̀j(k). In order
to simplify the notation, a matrix Ab2 is defined as the relation between these
two vectors and it is a sub-block-matrix in A2D. Its values depend on the
pressures p(χi,j, k + 1) and p(χi,j, k), which are at the position i inside the

vectors Z̀j(k + 1) and Z̀j(k). The relationship between these pressures is the
multiplication of the constant γ2D,b which is the value for the locations i, i of
the matrix Ab2. Furthermore, the pressures p(χi−1,j , k) and p(χi+1,j , k) are

also located in Z̀j(k) at positions i−1 and i+1, except if i−1 ≤ 0 or i+1 > I
(this exception is for locations that are not inside the vector because they are
out of the desired silent zone). Their relation with p(χi,j , k + 1) is given by
the constant γ2D,a and it is the value for all locations i, i− 1 and i, i+ 1 in the
matrix Ab2. Hence, the matrix Ab2 is:

Ab2 :=























γ2D,b γ2D,a 0 · · · · · · 0

γ2D,a γ2D,b γ2D,a 0
...

0 γ2D,a γ2D,b γ2D,a
. . .

...
... 0

. . .
. . .

. . . 0
...

. . . γ2D,a γ2D,b γ2D,a
0 · · · · · · 0 γ2D,a γ2D,b























(4.41)

Another relationship that needs to be taken into account is between Z̀j(k+1)

and Z̀j+1(k). The pressure at position i in the vector Z̀j(k + 1) is p(χi,j, k)

which is related to p(χi,j+1, k) at the position i in Z̀j+1(k). Then, the matrix
that relates these two vectors is γ2D,cII . The same matrix relates the vectors

Z̀j(k + 1) and Z̀j−1(k). For these two cases, it is important to remark that
they do not apply for j − 1 ≤ 0 and j + 1 > J (it only applies for the discrete
locations inside the desired silent zone). Using this result and Ab2, the matrix
A2D can be constructed, due to the relationships between the vectors, as:

A2D =



























Ab2 γ2D,aII OI,I · · · · · · OI,I

γ2D,aII Ab2 γ2D,aII OI,I
. . .

...

OI,I γ2D,aII Ab2 γ2D,aII
. . .

. . .
...

... OI,I
. . .

. . .
. . . OI,I

...
...

. . .
. . .

. . .
. . .

. . . OI,I

...
. . . OI,I γ2D,aII Ab2 γ2D,aII

OI,I · · · · · · · · · OI,I γ2D,aII Ab2



























(4.42)

• B2D: as it was mentioned before, the relation between the silent zone and the
boundary locations has not been analyzed yet. This is because it corresponds
to the matrix B2D. The vectors Z̀1(k + 1) and Ùa(k) contain the pressures
p(χi,1, k + 1) and p(χi,0, k) respectively. Thus, the relation between these
vectors is given by the matrix γ2D,aIL. Notice that this matrix also relates the

vectors Z̀I(k + 1) and Ùd(k) and it becomes a sub-block-matrix inside B2D at
two locations.
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On the other hand, p(χ1,j , k + 1) for j = 1 to J , which is the first term in

the vector Z̀j(k), is related by the constant γ2D,a to p(χ0,j , k), the pressures in

Ùb(k). Thus, the matrix that relates Z̀j(k) with p(χ0,j, k) is:

b2D,1 :=















γ2D,a
0
...
0
0















(4.43)

The constant γ2D,a also relates the pressure p(χI,j, k + 1) for j = 1 to J . It

means, the last location in vector Z̀j(k) is associated to p(χI+1,j, k), which is

located in the vector Ùc(k). Following the same analysis to obtain b2D,1, it is

obtained the matrix which multiplies p(χI+1,j, k) to obtain Z̀j(k). This is:

b2D,2 :=















0
0
...
0

γ2D,a















(4.44)

The matrices γ2D,aIL, b2D,1 and γ2D,a are used to obtain B2D as follows accord-

ing to the locations of the vectors Z̀j(k + 1), Ùa(k), Ùb(k), Ùc(k) and Ùd(k) in
the vectors Z2D(k + 1) and U2D(k):

B2D =













γ2D,aII b2D,1 OI,2 · · · · · · OI,1 b2D,2 OI,1 · · · · · · OI,1 OI,I

OI,I OI,1 b2D,1 · · ·
... OI,1 b2D,2 OI,1 · · ·

...
...

...
. . .

...
...

. . .
...

...
..
.

..

. b2D,1 OI,1

..

. b2D,2 OI,1 OI,I

OI,I OI,1 · · · OI,1 b2D,1 OI,1 · · · OI,1 O2D,2 γ2D,aII













(4.45)
Notice that the model (4.40) is now completed and it can be rewritten as the

space state model in equation (4.22) as follows:

[

Z2D(k + 1)
Z2D(k)

]

=

[

A2D Â2D

IIJ OIJ

] [

Z2D(k)
Z2D(k − 1)

]

+

[

B2D

0

]

U2D(k) (4.46)

It means the condition in equation (4.7) and Theorem 4.3.1 are achieved. Also,
it shows that the pressures in Z2D(k) are variables where the implicit control occurs
when the pressures in U2D(k) are controlled. This also proves that controlling the
noise at the boundaries of a desired square silent zone is a sufficient condition to
control the noise inside this square. Furthermore, using a controller for the pressure
at boundaries is an active shielding method because it does not need additional
information, such as the pressure inside the desired silent zone. Also, it is important
to remark that equation (4.7) has a limitation when G(ω) has poles. Nevertheless,
the equation (4.7) here does not have this limitation, but the matrices A2D and Â2D

should ensure stability. The conditions of stability is assumed because it is expected
that for any constant pressure at boundaries the pressure inside does not increase
to infinity.
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4.4 Simulations of active shielding

Towards validating analytically the proposed Theorem 4.3.1, several simulations will
be carried out. The idea is evaluating benefit of the relation between the implicit
control and the active shielding method. Therefore, using an active noise control
system is focused on the pressure at the boundaries, the desired silent zone is eval-
uated. This evaluation consists of examining the value of the attenuation, with
respect to an emitted sinusoid noise signal. The attenuation only can be visualized
in one dimensional system. Therefore, it is only considered the silent zone for two
and three dimensional systems (satisfactory attenuation). These simulations are
based on the control method proposed in Appendix D. It implies the control signal
is the optimum value to minimize the pressure at boundary locations.

4.4.1 One dimensional system

According to theory in previous section, the attenuation inside the silent zone must
be similar to the one obtained in the control sensor locations. It means, a control
law is applied only to attenuate the noise at χ0 and χL+1. Then, the result that
confirms the theory is that the noise at χi with 1 = 1, · · · , L is also attenuated.

The simulated system is shown in the figure 4.4. It consists of a duct with length
equal to 6.8m and the reference (χ = 0) is the start of the duct. Two noise sources
are located at the end of both sides of the duct. Two actuators (secondary sources)
are located at 0.2m and 5.7m. Also, χ0 = 1.7m and χL+1 = 5.1m. It is assumed the
location of the control sensors and all possible location between them is the desired
silent zone. The system is simulated using the ray tracing method and the reflection
coefficients for the end surfaces (the surface of the noise sources) is 0.7.

Desired silent zone Boundary discrete locations

Discrete locations inside silent zone

Noise source Secondary source

χ1 χ2 χ3χ0 χL−1 χLχL

· · ·

Figure 4.4: Scheme of acoustic measured system.

The attenuation achieved as function of the distance is shown in the figure 4.5.
The frequencies tested in the simulation are 63Hz, 125Hz, 250Hz, 500Hz, 1KHz. For
all the frequencies, the behavior of the attenuation is the same. The silent zone is
achieved for all the locations between the actuators. Hence, the attenuation inside
the desired silent zone is very high (more than 100dB) and similar to the obtained
at χ0 and χL+1. It means that the proposed theory is coherent with the simulation
results, independent of the frequency.

4.4.2 Two dimensional system

In order to show the active shielding method in a two dimensional system, the
pressure inside the desired silent zone is evaluated. To facilitate visualization, if
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Figure 4.5: Attenuation given by each location.

it is higher than 10 dB, then these locations are plotted as a location where silent
zone is achieved. If the whole desired silent zone achieves satisfactory attenuation,
then it means that the implicit control is also achieved and the theory exposed in
Section 4.3, for the two dimensional case, is valid. It is important to remark that
attenuation higher than 10 dB is not assumed to be 100% attenuation, but this is a
common limit for a desired attenuation used by other authors, e.g. [94].

In the two dimensional system, shown in figure 4.6, 408 noise sources have been
taken into account in free field. They formed a circle with radius equal to 14 meters.
In the figure, this circle is shown in red. In the center of it, 12 actuators form a
square with each side 12 meters long and three actuators on each side. Each actuator
is shown by a blue asterisk. A set of sensors forms another square with each of its
sides 3 meters long. Each location of this set is shown by a black small circle
and their pressures form the vector u2D(k). There are 12 locations and represent
the sensors of the control system. For this case, the control system is focused on
minimizing the square of pressure in the zone inside these 12 sensor locations. It is
necessary to remark that for this case I = J = 3 and ∆χ is 0.75 m.

The attenuation is hard to be visualized for a total area, instead of that, the silent
zone obtained is shown in color green. In figure 4.6, it is evident that the theory
works well at low frequencies, at 100Hz, 125Hz and 160Hz. For more detailed
information, figure 4.7 shows the achieved percentage of the desired silent zones
according to the frequency. It is evident, if the frequency is increased, the achieved
silent zone decreases. At frequencies lower than 125Hz, 100% of the silent zone is
achieved. For higher frequencies, lower values of this percentage are obtained until
less than 10% at 500Hz. It implies that the attenuation decreases inside the silent
zone when the frequency is increased. These results show that implicit control is
achieved for low frequencies, where it is expected to work according to the finite
difference discretization. This is a limitation of the theoretical approach in previous
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Figure 4.6: Scheme of acoustic active shielding 2D system and its generated silent
zone.

section. The value of ∆x, which is less than the wave length at 125Hz (1.72m),
means that the theory is assured if ∆x is lower than 1/3 of the wave length for this
scheme. Thus, the implicit control is achieved. This agrees with the theorem 4.3.1.

4.4.3 Three dimensional system

After the simulations obtained using the two dimensional systems, the three dimen-
sional system is also simulated (see the theory in the Appendix C). Analogous to
the simulations in two dimensions, the three dimensional system replaces the circle
of noise sources by a shell of a sphere with 14 meters of radius and 114 sources, as
it is shown in figure 4.8 in the part a. The squares (two formed by actuators and
sensors each one) are replaced by the shell of cubes. Each one has 54 positions for
actuators or sensors according it corresponds. The biggest cubic shell in the figure
(formed by dots in black color) locates the actuators. Each side of this cube is a
square of 3x3 actuators, the size of each side of the squares is 12 m. The other
cubic shell (formed by dots in blue color) contains the locations where the control
is achieved. It is similar to the other cube, the only difference is the size of each
side that is 3 m. The pressures of these locations are contained in U3D(k). For this
case, also ∆χ is 0.75m and I = J = L = 3.
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Figure 4.7: Percent of the desired silent zone achieved with respect to the frequency
in a two dimensional system.

The 3D results are very similar to the two dimensional system as they are shown
in figure 4.8 b. This figure shows a front view of the scheme with the generated silent
zone. The frequencies of 100Hz, 125Hz and 160Hz produce the target attenuation,
but it cannot be achieved at higher frequencies. A more detailed analysis of the
achieved silent zone is shown in figure 4.9. It confirms the high percentage of the
attenuation for the mentioned frequencies. However, at 160Hz, 100% of the silent
zone is not achieved. This silent zone is achieved at the frequencies lower than
125Hz. In order to obtain the desired silent zone, it implies that ∆χ must be lower
than 1/3 of the wave length.

The results using a three dimensional system totally agree with the results for
two dimensional system. They also lead in the direction of the theoretical approach
of the theorem 4.3.1, which is proven for three dimensional system in Appendix C.

4.5 Limits of theoretical approach

According to previous simulations, one of the questions to be solved is: which value
for ∆χ is valid to achieve the desired silent zone? This is important because it defines
the number of sensors at boundary locations for two and three dimensional systems.
It is important to notice that ∆χ does not affect the number of sensors at one
dimensional system. This is the reason why, at higher frequencies, the attenuation is
not decreased in the simulation. Using similar simulations to those shown previously
for two and three dimensional systems, different values of ∆χ are tested. Using a
boundary formed by the sensors with the same length from previous simulations,
the values of I, J and L are changed. This produces the variation for ∆χ. Also,
this variation is evaluated for different frequencies and the parameter to compare
the different cases is the percentage of area achieved of the desired silent zone.

For simulations with two dimensional and three dimensional systems, the figures
4.10 and 4.11 show the percentage of the desired silent zone which achieves the
attenuation higher than 10 dB with respect to the relation between the distance ∆x

and the wave length λ. For all the frequencies and from both systems, the result
produces the same performance. For low values of ∆χ/λ, the silent zone is not
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a) b)

Figure 4.8: Scheme of acoustic active shielding 3D system with the generated silent
zone.
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Figure 4.9: Percent of the desired silent zone achieved with respect to the frequency
in a three dimensional system.

achieved because the controller produces undetermined mathematical operations.
This controller needs to calculate the pseudo-inverse matrix of secondary paths,
which is not possible when they are very similar. Hence, sensors must be separated
enough with respect to the wave length or the control signal cannot be calculated, for
more information see Appendix D (This interval is not shown in figures 4.7 and 4.9
because it occurs at very lower frequency to be shown). As result, the attenuation
is not obtained at the boundaries. Therefore, the implicit control is not achieved.
This first interval is due to the controller, not to the proposed theory. In spite of
it, this interval is taken into account to ensure completeness in the analysis. Then,
according figures 4.10 and 4.11, there is an interval of values of ∆χ/λ where the
control system obtains the complete silent zone. The second interval is explained
due to the theory exposed in theorem 4.3.1. Other values of ∆χ/λ produce an
interval which shows that the attenuation is not achieved. This is when the implicit
control is not achieved. The third interval is due to the limitation when the finite
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difference step is not sufficiently fine to discretize the wave equation. Moreover, it
is important to remark on the variation of these intervals when the frequency also
varies. For higher frequencies, the desired silent zone is obtained even for higher
values of ∆χ/λ.
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Figure 4.10: Effectiveness of implicit control varying ∆χ and frequency for the 2D
system.

For a more detailed analysis, figures 4.12 and 4.13 plot the maximum and mini-
mum values of ∆χ/λ where the 90% of the desired silent zone is achieved. In figure
4.12, these maximum and minimum values of ∆χ/λ are shown with respect to the
frequency for the two dimensional system, while figure 4.13 shows the same infor-
mation, but obtained using the three dimensional system. These figures also show
the estimated models used to relate the parameters ∆χ/λ and the percentage of the
achieved silent zone. For the estimated models, the next equations are proposed:

ψM = ξM,1(ln(ω)) + ξM,0 (4.47)

ψm = ξm,1(ln(ω)
2) + ξm,0 (4.48)

Where ψM and ψm are the maximum and minimum values of ∆χ/λ where the
achieved silent is expected to be higher than 90% of the desired silent zone, ξM,0,
ξM,1, ξm,0 and ξm,1 are coefficients obtained through an optimization process which
minimizes the mean square error between the data obtained and their corresponding
model. The values obtained for these coefficients are shown in the table 4.1

The most important result of this section is that there exists a relation between
the frequency of the sound, ∆χ and the achieved silent zone. Additionally, this
relation agrees with the case where the approximations (4.23), (4.24), (4.25) and
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Figure 4.11: Effectiveness of implicit control varying ∆χ and frequency for the 3D
system.

(4.26) are expected to be valid. The figures 4.12 and 4.13 confirm this statement.
Furthermore, this section obtains the equation (4.47) which describes the maximum
relation ∆χ/λ to obtain the 90% of the desired zone while the controller attenuates
the discrete boundaries.

4.6 Comparison with respect to virtual sensing

In this document, the active shielding is proposed as an alternative solution for
virtual sensing. Thus, a simulation between these two methodologies is carried
out in this section. Here, it is presented simulations for different frequencies using
same locations for sensors and actuators for active shielding and virtual sensing.
This comparison is carried out to show advantages of active shielding through an
example. However, this is not conclusive. Indeed, this is just to show an example
as a first step for future works.

For this simulation, it uses a similar scheme to the one proposed in section 4.4.2.
The results can be visualized in figures 4.14 and 4.15. 408 noise sources form a circle
with 6 m of radius. The array of 12 actuators is the boundary of a square, which each
side is a three meters line. The sensors are located forming the boundaries of another
square with two meters side length. In order to apply the virtual sensing method,
the desired silent zone is full of a square of 5× 5 virtual sensors (25 virtual sensors
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Figure 4.12: Maximum and minimum values of ∆χ/λ where the active shielding
method achieves 90% of the silent zone for a two dimensional system.

Coefficient 2D data 3D data
ξM,0 0.0235 0.0224
ξM,1 0.4727 0.2778
ξm,0 −0.1220 -0.2288
ξm,1 0.0642 0.0947

Table 4.1: Coefficient values of the mathematical models.

are located). The control signal for active shielding is the method in Appendix D.
While, for virtual sensing, it is obtained using the optimum value to decrease noise
energy according to [94].

The generated silent zone, for frequencies 63, 100, 160 and 250 Hz, is visualized
in figures 4.14 and 4.15 for active shielding and virtual sensing respectively. Both
methodologies obtain a desired silent zone when the frequency is very low (63 and
100 Hz). At the frequencies of 160 and 250 Hz, attenuating the whole silent zone
is not achieved. Previous section explains the reason why attenuation of active
shielding is limited, but it is interesting that the virtual sensing method also does
not obtain a significant difference in the achieved silent zone. It can be remarked
that although the virtual sensing is the optimum at sensor locations based on an
estimation, there is a similitude in the silent zone generated between the optimum
at the virtual sensors locations and the optimum using active shielding at silent zone
boundary.

Regarding the computational cost, it is one of the most important issues to decide
which technique is convenient according to hardware limitation. Generalizing, the
computational cost of an active shielding system is the computational cost of the
controller specified for the number of sensors. It means, depends on the control
algorithm, the size of the boundaries and ∆χ, which must achieve the restriction
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Figure 4.13: Maximum and minimum values of ∆χ/λ where the active shielding
method achieves 90% of the silent zone for a three dimensional system.

in equation (4.47). On the other hand, virtual sensing implies more operations by
sensor location due to the transformation to the measured signals to obtain the
estimated pressure at virtual sensor locations. The number of operation varies for
each virtual sensing algorithm according to the transformation, e.g. it has different
value for a Kalman filter [52] than a filter as the method in [51]. Using this analysis, it
is evident that the active shielding methods are convenient when the sensor locations
at boundary of silent zone are less than the needed by virtual sensors to cover the
same area inside. Specifically, in the example shown in this section, active shielding
method uses a multichannel controller with 12 sensors and 12 actuators. On the
other hand, virtual sensing uses a multichannel control algorithm with 25 sensors
and 12 actuators. Moreover, it requires the computational cost for the estimation
of the error signal at this locations. Then, it is shown that the computational cost
is satisfactorily reduced. A more detailed cases will be the subject of future work.

4.7 Conclusions

This chapter showed a method for active shielding using the definition of implicit
control. In section 4.2, the implicit control concept was defined and explained
through an example. This section ended up proposing a linear relation to ensure
that the implicit control occurs. Then, the wave equation was discretized to obtain
a discrete model. It yields a space state model which relates the pressure at the
boundaries of a desired silent zone with the pressure inside it. Based on this, an
active shielding method was proposed. Later, the simulations presented the silent
zone achieved for the proposed active shielding method. This result allows to con-
clude that if the finite difference approximation is valid, controlling the pressure at
the boundaries of the desired silent zone implies controlling the pressure inside it.
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Figure 4.14: Silent zone generated by an active shielding system.

It means, it is an implicit control case. Moreover, it was concluded that applying
an active control system to this case is an active shielding system, because it is only
needed to control the pressure at the boundaries. It does not need more information
to obtain the desired silent zone. From the simulated data, it can be inferred the
same conclusion validating the theoretical approach for one, two and three dimen-
sional systems. It is valid for all frequencies for one dimensional systems because
∆χ does not affects the number and locations of sensors. The simulations for two
and three dimensional systems also showed that it happens for frequencies lower
than 1/3 of the wave length in the proposed scheme. However, an even more de-
tailed analysis shows that changing the frequency also produces a variation between
the maximum value for ∆χ to achieve the implicit control. When the frequency is
higher, the relation ∆χ/λ can be increased without loosing the attenuation effect
inside the silent zone. Besides, the maximum acceptable relation between ∆χ/λ to
achieve 90% of the desired silent zone with respect to the frequency was modeled
by equation (4.47), which is the last contribution of this chapter.
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Figure 4.15: Silent zone generated by a virtual sensing system.
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Chapter 5

Gaming viewpoint of ANC

Abstract
This chapter is focused on the decentralized control as a solution for
massive multichannel active noise control. It begins describing the cen-
tralized and decentralized active noise control schemes applied to feed-
forward and feedback schemes. Then, an analogy between these schemes
and the game theory is proposed. This analogy allows to determine the
points where the controller does not have incentive to change the control
signal, called Nash Equilibrium. This is analyzed in frequency and time
spaces. Furthermore, the Filtered x Least Mean Squares (FxLMS) algo-
rithm with single input and single output is applied as local control as
an special case of decentralized control.

5.1 Introduction

In chapter 4, an active shielding method that uses any controller that attenuates the
pressure at boundaries is proposed. In order to cover all boundaries as the method
requires, several sensors and actuators have to be used. Furthermore, the chapter 2
shows that decentralized and distributed control are methodologies to decrease the
computational cost applied to multichannel active noise control, but its convergence
and evolution have not been analyzed. In this chapter, the decentralized control
is deeply described, analyzed as a game and control signal where the controllers
convergence is found using the Nash equilibrium, which gives the values of control
signals where the system is in equilibrium and controllers do not have incentive to
change the control signal.

5.2 Description of control systems

Taking as reference the definitions given in section 2.5 for decentralized control, this
section describes feedback and feed-forward schemes on this context. Figure 5.1
depicts a multichannel feedback ANC scheme, with a fully centralized and a decen-
tralized structure (see Figure 5.1.a and 5.1.b, respectively). It is important to notice
that all sources affect the acoustic pressure at all sensor locations in both schemes,
but the sensor signals do not affect the control signals in the same way. This section

59
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describes the interaction going on inside the enclosure among the various signals and
formulates a general optimization problem to address the ANC task with reference
to decentralized scheme.

Room

a) Centralized Control scheme

Room

b) Decentralized Control scheme

Noise source Actuator

Sensor

Centralized Control

Controller 1

Controller 2

Controller M

e1(t)

e1(t)

e2(t)

e2(t)

eN (t)

eN (t)

···

···

···

···

···

···

···

u1(t)

u1(t)

u2(t)

u2(t)

uM(t)

uM(t)

Figure 5.1: Multichannel feedback ANC control inside an enclosure: centralized
(Above) and decentralized (Below) schemes.

5.2.1 Sound transmission in the enclosure

The characteristics of the enclosure affect sound transmission in the same way in
both schemes in Figure 5.1. For simplicity, we assume that only one noise source
is present in the room, shown in gray color. The generalization to the case with
multiple noise sources can be easily carried out as shown by [94]. The noise emitted
is transmitted directly, through the air, and indirectly, by reflection on the surfaces,
finally reaching the receiver microphones. The transfer function between the noise
source and the receivers is referred to as primary path. A set of M actuators gener-
ates the control signals {u1(t), u2(t), . . . , uM(t)} designed to attenuate the noise. The
transfer function from the secondary sources to the receivers (involving again both
direct and indirect sound transmission) is called the secondary path. The sound at



5.2. DESCRIPTION OF CONTROL SYSTEMS 61

the receiver locations is the sum of all the sounds generated and transformed inside
the room. At each receiver location, a microphone measures the acoustic pressure
signal ei(t), with i = 1, . . . , N . To simplify the explanation and comparison, it is
assumed that the number of sensors equals the number of actuators. Formally, the
sound transmission from sources to receivers can be written as:

Ei(ω) = Di(ω) +

M
∑

j=1

Hi,j(ω)Uj(ω) ; i = 1, . . . , N, (5.1)

where Ei(ω) and Uj(ω) are the Fourier transforms of the error signal ei(t) and control
signal uj(t), respectively, and Di(ω) is the Fourier transform of the noise due to the
primary source at the location of sensor i. Letting E(ω) = [E1(ω), E2(ω), . . . , EN(ω)]

T ,
D(ω) = [D1(ω), D2(ω), . . . , DN(ω)]

T and U(ω) = [U1(ω), U2(ω), . . . , UM(ω)]T , and
defining the matrix

H(ω) =











H1,1(ω) H1,2(ω) · · · H1,M(ω)
H2,1(ω) H2,2(ω) H2,M(ω)

...
...

. . .
...

HN,1(ω) HN,2(ω) · · · HN,M(ω)











(5.2)

The previous expression can be written in the following compact form:

E(ω) = D(ω) +H(ω)U(ω). (5.3)

5.2.2 Feedback Decentralized control

The decentralized control scheme employs several controllers, each one pursuing its
own objective and generating one control signal. Here, it is assumed for simplicity
thatM = N . Then, similarly to the control scheme in appendix D, the cost function
for the ith controller is the energy of the acoustic pressure at the location of sensor
i:

JD,i(Ui(ω)) = EH
i (ω)Ei(ω) i = 1, . . . , N (5.4)

The control signal is obtained by solving the following optimization problem:

U∗
DB,i(ω) = argmin

Ui(ω)
Ji(Ui(ω))

= −Hi,i(ω)
−1

(

Di(ω) +

N
∑

j=1;j 6=i

Hi,j(ω)UDB,j(ω)

)

, (5.5)

where the subscript DB,i indicates that this solution refers to the decentralized feed-
back control scheme and the ith actuator. The solution in Equation (5.5) shows
clearly that the optimum control signal of an individual controller depends on the
values of the control signals of the others, which makes calculation difficult in prac-
tice when all controllers operate simultaneously and all the control signals are chang-
ing over time.

A gradient descent algorithm can be designed to find the optimum, in the same
way to the one carried out by [88], as follows:
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Uk+1
D,i (ω) = Uk

D,i(ω)− µ∇JD,i(U
k
D,i(ω))

= Uk
D,i(ω)− 2µEk

i (ω)Hi,i(ω)
H , (5.6)

where the superscript k indicates the iteration number and ∇JD,i(U
k
D,i(ω)) de-

notes the gradient of JD,i with respect to the value of UD,i(ω) at iteration k. This
method may be employed during online operation, but it may take several itera-
tions to converge to the minimum. Furthermore, even if the optimization algorithm
converges, there is no method to evaluate if the cost functions can reduce the error
signal value for all locations.

5.2.3 Feed-forward Decentralized control

In feed-forward scheme, the control signals are obtained through a transformation of
reference signal x(t), with notationX(ω) in frequency space. Thus, next relationship
is achieved:

Di(ω) = X(ω)Hp,i (5.7)

Where Hp,i is the primary path transformation to sensor i. Hence, control signal
is written as:

ŪDF,j(ω) = Wi(ω)X(ω) (5.8)

Where Wi(ω) is the transfer function associated to controller i.

The value ofWi(ω) is the decision variable of the optimization problem as follows:

W ∗
D,i(ω) = argmin

Wi(ω)
EH
i (ω)Ei(ω) with j 6= i

= −hi,i(ω)
−1

(

hp,i(ω) +
I
∑

j=1,j 6=i

hj,i(ω)WD,j(ω)

)

(5.9)

The subscript D, i indicates the actuator i and the decentralized scheme.
Analogous to the feedback scheme, the gradient descent algorithm also can find

the minimum as follows:

W k+1
D,i (ω) = W k

D,i(ω)− µ∇JD,i(W
k
D,i(ω))

= W k
D,i(ω)− 2µEk

i (ω) [Hi,i(ω)X(ω)]H , (5.10)

where ∇JD,i(W
k
DB,i(ω)) denotes the gradient of JD,i with respect to the value of

WD,i(ω) at iteration k.

Again, gradient descent method may be used during online operation. However,
the value of the transfer function WD,i(ω) after algorithm convergence is not known.
Thus, next sections center attention on determining its value of convergence, as well
as UDB,i(ω) for feedback scheme.
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5.3 Game theoretical perspective

Game theory studies the interaction of different agents with different aims under the
same rules ([95]). Each agent uses one option of a set of strategies to obtain its aim.
In the analysis of a game, it is important to establish what is the benefit gained
by each agent according to its preference. This section formulates the decentralized
multichannel ANC problem as a game and uses the concept of Nash Equilibrium to
evaluate the amount of attenuation obtained inside the enclosure as a result of the
interaction of the different controllers.

A game consists of more than one agent, a relation of preference for each agent,
and a set of strategies for each agent. The decentralized multichannel ANC problem
configures a game where the agents are the independent controllers operating on
different input/ouput pairs. The relation of preference is represented by the aim
of each agent, which amounts to the sound pressure minimization at its own sensor
location. The strategy is the decision variable of the optimization process, i.e. Ui(ω)
for the ith feedback controller and Wi(ω) for the ith feed-forward controller. Since
the control signal or control filter take values in a real interval, infinite strategies
are possible, and the game is characterized as a continuous one. See the evolution
of each controller in equations (5.6) and (5.10), which do not employ information
related to the other controllers. Table 5.1 summarizes the similarities between the
game and the control problem described in this section.

Game Feedback ANC Feed-forward ANC
Environment Physical acoustic system Physical acoustic system

Agents Controllers Controllers
Relation of preference Ji Ji

Strategy Ui(ω) Wi(ω)

Table 5.1: Reformulation of the decentralized multichannel ANC problem as a game.

5.4 Nash Equilibrium in frequency space

A solution for games is the Nash equilibrium [95], which describes the chosen strate-
gies for all agents such that no controller has incentive to use another strategy. In
the Nash equilibrium, there does not exist an alternative strategy for any given agent
that may increase its benefit (that is, if all the other agents keep the same strategy).
In other words, it represents a condition where all the agents simultaneously find
a minimum. With reference to the decentralized multichannel ANC problem, the
fact that the Nash equilibrium condition provides a minimum for each controller is
important because it implies that at this point a gradient-based algorithm such as
the one proposed in equation (5.6) will not alter the control signal. In other words,
the Nash equilibrium constitutes a (local) convergence point for the optimization
problem. If Ji(Ui|{Uj|j = 1, . . . , N ; j 6= i}) (for feedback control) denotes the cost
incurred by the ith controller for applying the strategy Ui, given that the other
controllers apply the control signals Uj , with j 6= i, then the formal definition of the
Nash equilibrium for this case is given as follows:



64 CHAPTER 5. GAMING VIEWPOINT OF ANC

Definition 5.4.1. Nash Equilibrium for the decentralized multichannel
ANC problem: this is the set of possible strategies {U∗

1 , U
∗
2 , . . . , U

∗
N} such that

Ji(U
∗
i |{U

∗
j |j = 1, . . . , N ; j 6= i}) ≤ Ji(Ui|{U

∗
j |j = 1, . . . , N ; j 6= i}) for i = 1, . . . , N .

It is important to remark that , for feed-forward control, U∗
i (ω) = W ∗

i (ω)X(ω).
Then, the same definition applies for both schemes.

5.4.1 Nash Equilibrium for feedback scheme

When a local controller follows (5.6), it can be assumed that it converges to the
solution in (5.5). If all the controllers converge, then the Nash equilibrium must be
achieved and it can be expressed as

U∗
D,i(ω) = −Hi,i(ω)

−1 ×

(

Di(ω) +
N
∑

j=1;j 6=i

Hi,j(ω)U
∗
D,j(ω)

)

. (5.11)

When (5.11) holds for all value of i between 1 and N . In matrix form, this is

U∗
D(ω) = −Hd(ω)

−1D(ω)−Hd(ω)
−1H̃(ω)U∗

D(ω)

= −
[

IN +Hd(ω)
−1H̃(ω)

]−1

Hd(ω)
−1D(ω),

(5.12)

where

Hd(ω) = diag (H1,1(ω), H2,2(ω), . . . , HN,N(ω)) , (5.13)

and

H̃(ω) = H(ω)−Hd(ω)

=











0 H1,2(ω) · · · H1,N(ω)
H2,1(ω) 0 H2,N(ω)

...
...

. . .
...

HN,1(ω) HN,2(ω) · · · 0











. (5.14)

The corresponding error signal is calculated as follows:

E(ω) = D(ω) +H(ω)U∗
D(ω)

= D(ω) +H(ω)

[

−
(

IN +Hd(ω)
−1H̃(ω)

)−1

× Hd(ω)
−1D(ω)

]

=

[

IN −H(ω)
(

IN +Hd(ω)
−1H̃(ω)

)−1

× Hd(ω)
−1
]

D(ω). (5.15)

Now, exploiting expressions IN = Hd(ω)
−1Hd(ω) and H̃(ω) +Hd(ω) = H(ω), it

can be shown that
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H(ω)(IN +Hd(ω)
−1H̃(ω))−1Hd(ω)

−1

= H(ω)(Hd(ω)
−1Hd(ω) +Hd(ω)

−1H̃(ω))−1Hd(ω)
−1

= H(ω)(Hd(ω)
−1H(ω))−1Hd(ω)

−1

= H(ω)H(ω)−1Hd(ω)Hd(ω)
−1

= IN (5.16)

Substituting expression (5.16) in Equation (5.15), one obtains the zero error
condition, as for the centralized case. This is an important result because it shows
that the Nash equilibrium associated to the N independent controllers, with the aim
to minimize (5.4), produces the same error compared to the centralized controller
with control signal (E.1) (see the error of centralized control in appendix E). In
other words, the decentralized control system described in this section is in principle
capable of achieving the same result as the centralized control one.

Remark Taking into account the several controllers that updates the control signal
with equation (5.6), if the decentralized control does not achieve the same minimum
as the centralized control(see equation (5.12)), then at least one of the controllers
has not obtained the minimum.

5.4.2 Nash Equilibrium for feed-forward scheme

For Nash equilibrium in feed-forward case, the equation (5.9) is analyzed when the
minimum is obtained for all controllers using W ∗

D,j(ω) as follows:

W ∗
D,i(ω) = −hi,i(ω)

−1

(

hp,i(ω) +

I
∑

j=1,j 6=i

hj,i(ω)W
∗
D,j(ω)

)

(5.17)

To solve this equation, it is proposed the next array:

W̄ ∗
D(ω) =

[

W̄ ∗
D,i(ω), W̄

∗
D,i(ω), · · · , W̄

∗
D,i(ω)

]T
(5.18)

Rewriting equation (5.17) as the form of W̄ ∗
D(ω), it yields:

W̄ ∗
D(ω) = −H̃−1

d

[

Hp(ω) + H̃W̄ ∗
D(ω)

]

(5.19)

= −
[

II + H̃−1
d H̃

]−1

H̃−1
d Hp(ω) (5.20)

where
Hd(ω) = diag (H1,1(ω), H2,2(ω), . . . , HJ,J(ω)) , (5.21)

and

H̃(ω) = H(ω)−Hd(ω) =











0 H1,2(ω) · · · H1,J(ω)
H2,1(ω) 0 H2,J(ω)

...
...

. . .
...

HJ,1(ω) HJ,2(ω) · · · 0











. (5.22)

Obtaining the pressure at the sensor locations, it yields:
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E(ω) = Hp(ω)ν(ω) +H(ω)ν(ω)W̄ ∗

D(ω)

= −

[

II −H(ω)
(

II + H̃−1

d H̃
)

−1

H̃−1

d

]

Hp(ω)ν(ω) (5.23)

Notice that the term in rectangular brackets of this result has the same form of
equation (5.16), it means the error is equal to zero. It shows that if the controllers
converge, then the control signals go in the direction of centralized control solution,
see the appendix E for the error when centralized control is applied. Moreover, if
they do not obtain the centralized control solution, then, the decentralized control
system will not converge.

Summarizing this section, it was found that the decentralized control can be
analyzed as a game. This analysis is not based on the control algorithm, but the
optimization problems of all controllers. Thus, it is necessary to assume that the
control algorithm obtains the solution of the minimum error signal energy at its
local sensor. When this simultaneously happens to all controllers, it is known as
the Nash Equilibrium. This value coincide with the control signals where there is
no controller that can decrease further its local cost function without changing the
control signal of another controller. For the decentralized active noise control, using
local control of one actuator and one sensor, the Nash equilibrium yields the same
control signal as the centralized case.

5.5 Nash Equilibrium in time space

For the decentralized control, in time analysis, error signals are written as follows

ei(k) = x(k) ∗ hp,i(k) +
J
∑

j=1

hj,i(k) ∗ uj(k) (5.24)

This is an expression analogous to equation (5.1). Furthermore, control signal is
a filter which can be represented by multiplication of vectors.

uj(k) = x̄T (k)W̄j (5.25)

where x̄(k) = [x(k), x(k−1), x(k−2), · · · , x(k−Nf )]
T is a vector with the actual

and past values of noise signal, W̄i = [wj,0, wj,1, wj,2, · · · , wj,Nf ]
T is the vector with

the coefficients filter and Nf is the size of the filter.

Replacing uj(k) in (5.24), the error signal becomes:

ei(k) = x̄T (k)h̄p,i +
J
∑

j=1

h̄Tj,ix̃(k)W̄j (5.26)

With h̄p,i = [hp,i(0), hp,i(1), hp,i(2), · · · , hp,i(N1)]
T ,

h̄j,i = [hj,i(0), hj,i(1), hj,i(2), · · · , hj,i(N2)]
T , N1 and N2 are the size of the impulse

response of primary and secondary paths respectively and:
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x̃(k) =















x̄T (k)
x̄T (k − 1)
x̄T (k − 2)

...
x̄T (k −N2)















(5.27)

Furthermore, the aim of all controllers is to minimize the energy of the control
signal, which is assumed as a random variable. Then, the cost function is:

Ji = E
[

e2i (k)
]

(5.28)

Where E [·] is the expected value operator.
The equilibrium of previous decentralized control system described is summa-

rized in the next theorem:

Theorema 5.5.1. More than one independent control systems that interact in same
acoustic field, and if they ensures the local optimal value of the cost function in
equation (5.28) and if the next constraints are achieved:

1. One sample is an estimation of the mean.

2. [h̆Tx,i,i(k)h̆x,i,i(k)]
−1 exists and the inverse can be calculated. Where:

h̆x,i,j(k) := h̄Tj,ix̃(k) (5.29)

Then, only has one value of control signals that ensures equilibrium and they
obtain minimum pressure (zero).

Proof. Using equation (5.26), the gradient ∇WJ of Ji respect to the filter coeffi-
cients yields:

∇W̄i
Ji =

∂

∂W̄i

[Ji]

= 2E
[

x̃T (k)h̄i,ih̄
T
i,ix̃(k)W̄i + x̃T (k)h̄i,ih̄

T
p,ix̄(k)

+ x̃T (k)h̄i,i

(

J
∑

j=1,j 6=i

h̄Tj,ix̃(k)W̄j

)]

(5.30)

Making ∇W̄i
Ji = 0 it can be obtained the optimum value of the filter coefficients.

W̄ ∗
i = −E

[

x̃T (k)h̄i,ih̄
T
i,ix̃(k)

]−1
E

[

x̃T (k)h̄i,i

(

h̄Tp,ix̄(k) +

J
∑

j=1,j 6=i

h̄Tj,ix̃(k)W̄j

)]

(5.31)
Then, the expected value operator does not allow to simplify the previous equa-

tion. Thus, in order to avoid this limitation, it is assumed that one sample of the
signals involved are estimations of its mean. This assumption is used by the Least
Mean Squares (LMS) algorithm [96] and subsequently by algorithms based on it, as
the FxLMS [97]. It allows to solve the next array:
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W̃ ∗ =











W̄ ∗
1

W̄ ∗
2
...

W̄ ∗
N











= −H̃−1
x (k)H̃x,p(k)− H̃−1

x (k)Ȟx(k)W̃
∗ (5.32)

Where

H̃−1

x (k) =













h̀x,1,1(k) O · · · O

O h̀x,2,2(k)
...

...
. . . O

O O h̀x,N,N(k)













(5.33)

h̀x,i,i(k) = [h̆Tx,i,i(k)h̆x,i,i(k)]
−1h̆x,i,i(k) (5.34)

H̃x,p(k) =











h̄Tp,1x̄(k)
h̄Tp,2x̄(k)

...
h̄Tp,N x̄(k)











(5.35)

and

Ȟx(k) =













O h̆x,1,2(k) · · · h̆x,1,N(k)

h̆x,2,1(k) O
. . .

...
...

. . .
. . . h̆x,N−1,N(k)

h̆x,N,1(k) · · · h̆x,N,N−1(k) O













(5.36)

Thus, the Nash equilibrium is:

W̃ ∗ = −
[

I+ H̃−1
x (k)Ȟx(k)

]−1

H̃−1
x (k)H̃x,p(k) (5.37)

In order to know the error signal generated by controllers at Nash Equilibrium,
equation (5.26) is written in matrix form as follows:

ē(k) = H̃x,p(k) +Hx(k)W̃
∗ (5.38)

with
ē(k) = [e1(k), · · · , eN(k)]

T (5.39)

Hx(k) = H̃x(k) + Ȟx(k) (5.40)

And

H̃x(k) =













h̆x,1,1(k) O · · · O

O h̆x,2,2(k)
...

...
. . . O

O O h̆x,N,N(k)













(5.41)

Furthermore, analogous to equation (5.16), one can show:

Hx(k)
[

I+ H̃−1
x (k)Ȟx(k)

]−1

H̃−1
x (k) = I (5.42)
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Then, replacing W̃ ∗ in (5.43), it yields:

ē(k) = H̃x,p(k)−Hx(k)
[

I+ H̃−1
x (k)Ȟx(k)

]−1

H̃−1
x (k)H̃x,p(k)

= H̃x,p(k)− IH̃x,p(k) = O (5.43)

Summarizing this section, the Nash equilibrium can be applied to controllers in
time domain. This analysis shows that using two restrictions, the attenuation of
decentralized control is zero. It implies some restrictions for the input signal.

5.6 Analysis of convergence of Distributed FxLMS

The FxLMS is one case of the controllers that minimizes function in equation (5.28)
using a control signal of the form (5.25). Thus, this section depicts the behavior
of this algorithm and the conditions to obtain the Nash equilibrium. First, it is
evaluated the behavior respect to the local optimum. Then, it is evaluated if the
local minimum varies its value faster than the filter coefficients. This allows to define
if at infinity time, the algorithm obtains the minimum.

To obtain the filter coefficients, a gradient descent algorithm is used in the opti-
mization process as follows:

W̄i(k + 1) = W̄i(k)− µi,0∇W̄i
Ji (5.44)

W̄i(k + 1) = W̄i(k)− µix̄f,i(k)ei(k) (5.45)

Where µi,0 is the size of the step, µi = 2µi,0 and:

x̄f,i(k) = [xf,i(k), xf,i(k − 1), · · · , xf,i(k −Nf + 1)]T (5.46)

xf,i(k) = h̄i,ix̄(k) (5.47)

In order to analyze the evolution of each coefficient of the filter wi,l(k), They are
compared respect to its optimum value w∗

i,l. According to their difference, the next
lemma is proposed:

Lemma 5.6.1. The difference εi(k) = W̄i(k)− W̄ ∗
i (k) can be related with the opti-

mum error ei(k)
∗ as a linear time variant system of the form:

z(k + 1) = A(k)z(k) +B1(k)E(k) +B2(k)∆̄w∗(k) (5.48)

Where:

ε̄(k) = [εT1 (k), ε
T
2 (k), · · · , ε

T
N (k)]

T (5.49)

z(k) = [ε̄T (k), ε̄T (k − 1), · · · , ε̄T (k −N2)]
T (5.50)

E(k) = [e∗1(k), e
∗
2(k), · · · , e

∗
N (k)]

T (5.51)

∆̄w∗(k) = [∆T
w∗

1

(k),∆T
w∗

2

(k), · · · ,∆T
w∗

N
(k)]T (5.52)

Where ∆w∗

i
(k) = W̄ ∗

i (k + 1) − W̄ ∗
i (k) and e∗1(k) is the error when the filter W̄ ∗

i (k) is
applied.1

1W̄ ∗

i (k) is the local minimum shown in equation (5.31), then it is not necessary the Nash
equilibrium.
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Proof. Let’s begin focusing on the value of ei(k) described in equation (5.26). It is
writing in terms of εi(k) as follows:

ei(k) = x̄T (k)h̄p,i +

J
∑

j=1

[

N2
∑

n=0

hj,i(n)x̄
T (k − n)

(

W̄j(k − n) + W̄ ∗
j (k − n)− W̄ ∗

j (k − n)
)

]

ei(k) = e∗i (k) +

J
∑

j=1

[

N2
∑

n=0

hj,i(n)x̄
T (k − n) (εj(k − n))

]

(5.53)

with:

e∗i (k) = x̄T (k)h̄p,i +

J
∑

j=1

[

N2
∑

n=0

hj,i(n)x̄
T (k − n)W̄ ∗

j (k − n)

]

(5.54)

It is important to remark that W̄ ∗
j (k) is the one given by equation (5.31). It

implies that the local minimum for the instant k given non-optimal values for W̄i(k)
with i 6= j. Furthermore, it is assumed as a dynamical variable, due to the variation
of W̄i(k). Hence, it cannot be simplified using x̃(k).

Also, the equation (5.47) allows to obtain the evolution of εi(k) adding the term
W̄ ∗
i (k + 1) = W̄ ∗

i (k) + ∆w∗

i
(k).

W̄i(k + 1)− W̄ ∗
i (k + 1) = W̄i(k)− W̄ ∗

i (k) + ∆w∗

i
(k) + µiX̄f,i(k)ei(k)

εi(k + 1) = εi(k) + ∆w∗

i
(k) + µiX̄f,i(k)ei(k) (5.55)

Then, substituting equation (5.53), it yields:

εi(k + 1) = εi(k) + ∆w∗

i
(k) + µiX̄f,i(k)

×

[

e∗i (k) +
J
∑

j=1

(

N2
∑

n=0

hj,i(n)x̄
T (k − n) (εj(k − n))

)]

(5.56)

Thus, taken into account ǭ(k), defined in equation (5.49), this is used to express
equation (5.56) in matrix form.

ǭ(k + 1) = ǭ(k) +

N2
∑

n=1

Ā(k, n)ǭ(k − n) + ∆̄w∗(k) + B̄ē∗(k) (5.57)

Where:

Ā(k, n) =







ā1,1(k, n) · · · ā1,N(k, n)
...

. . .
...

āN,1(k, n) · · · āN,N(k, n)






(5.58)

ā1,1(k, n) = µiX̄f,i(k)hj,i(n)x̄
T (k − n) (5.59)

B̄ =











µiX̄f,1(k) O · · · O

O
. . .

. . .
...

...
. . .

. . . O

O · · · O µiX̄f,N(k)











(5.60)
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Equation (5.57) has an analogous form in equation (5.48). It is obtained when
sum in the second term of the right side is written as a multiplication of vector,
where z(k) appear and the next matrices are defined:

A =

[

I+ Ā(k, 0) Ā(k, 1) · · · Ā(k, n)

I O

]

(5.61)

B̄1 =

[

B̄
O

]

(5.62)

B2 =

[

I

O

]

(5.63)

Lemma 5.6.1 proves that the evolution of the difference between actual value of
the coefficient of filter and optimal values can be written as a linear time varying
system. Furthermore, convergence can be achieved if the value of µi produces a
stable system. Stability of time variant systems has been studied e.g. [98] which
produces specific characteristics for the matrix A(k), but more specific characteris-
tics for µi will be analyzed in future works. It is interesting to see that there are
two disturbances that do not allow to obtain the local minimum, even though A(k)
achieves stable conditions:

1. The minimum possible error e∗i (k) is a disturbance to the number of the opti-
mization algorithm used as controller. If it is high, then the difference between
the optimal adaptive filter and its optimal value is increased. Also, it is im-
portant to note that the number of actuators affects e∗i (k), as it is shown in
equation (5.54). Then, it is obvious that more actuators increases the distur-
bance of the optimization algorithm.

2. The other disturbance is the variation of the local optimum ∆w∗

i
(k), which can

be obtained using equation (5.31) for the coefficients in (5.45).

5.7 Simulated examples

In the previous sections, the Nash equilibrium concept was used to obtain an ana-
lytical solution for the decentralized multichannel feedback and feed-forward ANC
schemes. This section illustrates this result with the aid of some simulation exam-
ples.

5.7.1 Free field system with two decentralized controllers

We first consider the free field system depicted in Figure 5.2. Only one noise source is
presented, located at the origin. This source emits a noise signalD(100) = −0.8311−
j0.2004. Two actuators are located at [0.5, 0.5] and [0.5, 1], respectively. The initial
values of the control signals are chosen at random: U0

D,1(100) = −0.4803 − j0.6001
and U0

D,2(100) = −0.1372 − j0.8213. Additionally, one sensor is located one meter
to the right of each actuator. The simulation frequency is ω = 100 and µ = 0.5.
The error in frequency space is calculated using equation (5.3).



72 CHAPTER 5. GAMING VIEWPOINT OF ANC

−0.5 0 0.5 1 1.5 2
−0.5

0

0.5

1

1.5

2

Axis X [m]

A
xi

s 
Y

 [m
]

 

 
Noise source
Actuator 1
Actuator 2
Sensor 1
Sensor 2

Figure 5.2: Scheme of the locations of sources and sensors.

Equation (5.6) is used to compute the control signals at each iteration k. The
corresponding error and control signals are plotted in Figure 5.3. After 600 iterations
of the algorithm, the values of the cost functions of both controllers have decreased
below 10−15, with a logarithmic evolution with respect to the number of iterations
(after iteration 25). Notice that even the number of iterations before convergence
is high, the error decreases with only few iterations, with Ei < 10−2 ∀ i = 1, 2 with
30 iterations. The control signal values converge to U300

D,1(ω) = 0.5953 + j0.0846
and U300

D,2(ω) = −0.0605− j0.0558i, respectively. These values are very close to the
Nash equilibrium, calculated to be U∗

D(ω) = [0.5952+ j0.0847,−0.0604− j0.0559]T .
Besides convergence of the two controllers to the Nash Equilibrium, we can also
observe that, as expected, the cost function decreases almost to zero.

5.7.2 Nash equilibrium for an active shielding system

Active shielding is one of the most common applications of massive multichannel
ANC systems. In order to evaluate the Nash equilibrium for this case, we consider
the active shielding scheme proposed by [99], depicted in Figure 5.4.a. The system
consists of two squares around the noise source, the internal one formed by actuators
and the external by sensors. Each side of the internal square is 5m long and contains
eight actuators. The external square has the same number of sensors per side (of
length 6m). Both squares are centered on the origin. The noise source is positioned
inside both squares, but not necessarily at the origin. In the example case considered
here, the noise source is located at [0.5, 0]. The emitted noise is a tonal component
at 100Hz.

The control signals produced in equilibrium of the optimization process entailed
by (E.1) are shown in Figure 5.4.b. For comparison purposes, the corresponding
values calculated by means of (5.12) are also represented in the figure. As expected
from the theory developed in the previous sections, there is a good correspondence
between the results obtained for the error of centralized control and Nash equilib-
rium. Indeed, the obtained attenuation performance (see Figure 5.4.c) is extremely
good, with an essentially null residual error (the magnitude of the error signals is
below 1 × 10−14), and the apparent differences between the two methods can be
ascribed to numerical errors and safely considered negligible.

The evolution of control signal of gradient descent algorithm is obtained using
(5.6). Figure 5.5 shows the error and control signals for two controllers, its actuators
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Figure 5.3: Evolution of the error (top) and control (bottom) signals.

and sensors are shown in triangles in figure 5.4 part a. The value of cost function
shown in figure 5.5 part a decreases exponentially until less than 10−30, even lower
than the obtained using the centralized control using the open loop control with the
equation (E.1) (cont function value very close to zero, the difference is probably due
to computational limitations). It takes around 1600 iterations to converge to the
same value of centralized error and agrees with figure 5.4. The control signals confirm
the same as the theoretical approach and previous simulation, that it converges to
Nash equilibrium even though there are 32 controllers. This simulation confirms
that the minimum energy inside the controlled zone can be obtained either through
the centralized control scheme or using a decentralized control scheme provided that
convergence to the Nash equilibrium is achieved.

5.8 Conclusions

This chapter reformulates the decentralized multichannel ANC problem into a non-
cooperative continuous game. This allows to compute explicitly the Nash equilib-
rium which represents the optimal solution for the decentralized control, the control
signals where no controller can decrease further its cost function without access to
the control signals of the other controllers. Furthermore, for the proposed scheme,
the Nash equilibrium also corresponds to the optimal solution of the centralized
control, which remarkably implies that the same attenuation performance can be
achieved using a decentralized scheme. A simulation example with a 32×32 system
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Figure 5.4: Active shielding system simulated for centralized control and distributed
at Nash equilibrium.

shows that with an appropriate learning algorithm the controllers can independently
converge to the Nash equilibrium.
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Chapter 6

Experimental Verification

Abstract
In previews chapters, it has been described the active noise control, This
Chapter depict the procedure to make experimental validations of the ac-
tive shielding method. A linear relation between boundaries and discrete
locations are directly validated using a comparison between an identified
linear model with measured data. On the other hand, the 3D dimensional
systems are more complex and prove it implies more sensors. Thus, the
model (the dicretized wave equation), which allows demonstrate the im-
plicit control, is evaluated and compared to empirical evidence, validating
the necessary conditions to obtain the active shielding method. Further-
more, a discussion about the implementation and a scheme of the active
shielding method is carried out.

This chapter shows the empirical evidence that the discrete model in chapter 4
occurs in experimental environment. The procedure to prove this relation is similar
to the one followed in Chapter 3. In order to prove that the model of silent zone
achieve equation (4.7), the model is identified and compared to experimental data.
Specifically, the linear relationship between the pressure at one location and discrete
contiguous positions is analyzed.

6.1 Validation of linear relation in 1D system

This section shows a proposal to obtain empiric evidence that ensures the necessary
condition to achieve the theory in section 4.3.1. See the chapter 4 for a complete
description of the theory. The condition (4.7) is the unique necessary restriction to
achieve active shielding method. However, this is a mathematical relation, it means
it cannot be measured. The empirical evidence proposed to compare a simulation
using mathematical model that achieve the condition (4.7) with the measured data.

In order to obtain the mathematical model, [58] shows that the system identifi-
cation method called output error is useful for a one dimensional acoustic system. It
uses measured data to estimate the coefficients a1,i, a2,i, b1,j and b2,j for i = 1, · · · , Na

and j = 1, · · · , Nb of the next mathematical model:
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y1(k) = a1,1y1(k − 1) + · · ·+ a1,Nay1(k −Na) + b1,1u1(k − 1) + · · ·

+ b1,Nbu1(k −Nb) (6.1)

y2(k) = a2,1y2(k − 1) + · · ·+ a2,Nay2(k −Na) + b1,1u2(k − 1) + · · ·

+ b1,Nbu2(k −Nb) (6.2)

y(k) = y1(k) + y2(k) (6.3)

Where Na is the number of coefficients related to the actual and past input, Nb is
number of coefficients related to the past outputs of the model. u1(k) := p(x0, k∆t)
and u2(k) := p(xL+1, k∆t) are the input signals, y1 and y2 are state variables without
physical meaning and y(k) is the output. Notice that Na and Nb are the order of
the model. For this case, y(k) is an estimation of p(xi, k∆t). In order to simplify
the notation, y(xi, k) indicates the pressure at location xi and time k∆t. Notice
that i has different possible values between 1 and L. It means the procedure must
be carried out L times, one by each possible value. The procedure to obtain the
coefficients is detailed in [100].

The system in figure 4.2 does not have noise sources, which makes impossible to
prove its behavior. For this reason, it is measured the system in scheme in figure
6.1. The difference consists of adding a sound source at the beginning and a surface
at the end of the duct. Also, for this case, L = 3, ∆x = 0.2m. The distance between
the source and x0 is 0.2m. The distance between xL +1 and the surface is 0m. The
sample frequency is 4410Hz. The system is identified using 22 seconds of audio. The
order of the system is Na = 4 and Nb = 16.

Desired silent zone Boundary discrete locations

Discrete locations inside silent zone

Source Surface

x1 x2 x3x0 xL−1 xLxL

· · ·

∆x

Figure 6.1: Scheme of acoustic measured system.

After obtaining the mathematical model using measured data, the model is com-
pared with the measured data. Another measured data set is used to validate the
condition (4.7). The parameter to quantify this comparison is called FIT, see equa-
tion (3.6). Measured and simulated output for the location x1 is shown in figure 6.2.
Both signals are very similar and is expected to achieve the condition (4.7). The
FIT value obtained for the simulation of pressure at each location is:

FIT (x1) = 81.8514 (6.4)

FIT (x2) = 89.2338 (6.5)

FIT (x3) = 91.8943 (6.6)

These FIT values are commonly accepted for a system identification procedure.
For this reason, it can be assumed that the condition (4.7) is achieved.
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Figure 6.2: Estimated and measured signals for p(x1, t).

6.2 Validation of linear relation in 3D system

The difference regarding the section 6.1 is that, for this case, the discrete model is
shown in Appendix C in equation (C.2). The concept is to use an identification
system method using measured acoustic pressure p(xi,j,l, k + 1) to estimate coeffi-
cients γ̂3,a, γ̂3,b and γ̂3,c of the discretized model of wave equation. Thus, the discrete
model to be estimated is:

p(xi,j,l, k + 1) = γ̂3,a [p(xi−1,j,l, k) + p(xi+1,j,l, k) + p(xi,j−1,l, k)

+ p(xi,j+1,l, k) + p(xi,j,l−1, k) + p(xi,j,l+1, k)]

+ γ̂3,bp(xi,j,l, k) + γ̂3,cp(xi,j,l, k − 1) (6.7)

Notice that this model estimates the pressure at one location using the pressure
of discrete locations around. It implies 6 input signals (two for each space axis).
The model also needs 1 output signal, in the center. Furthermore, γ̂3,a, γ̂3,b and γ̂3,c
are coefficients that have meaning in theoretical approach (see γ3,a, γ3,b and γ3,c in
Appendix C). However, in order to prove the hypothesis, with unknown damping
coefficient, they have to be estimated.

The first step of the identification system procedure is to obtain measure data.
The measurement set up is shown in figures 6.3 and 6.4. In figure 6.3, it is shown
the sight from above to below. It means, the axis x1 and x2 . The microphones
get the pressure signals, and two speakers, which are at the two source locations,
reproduce the sound. The reference of the system is the center of the microphone
array, elevated 1.07m from the floor. In this position of the axis x1 and x2 are 3
microphones located, but they have different height (position in axis x3 ), as it is
shown in figure 6.4. There are 30cm from the center to each microphone, setting a
cross. Regarding the sources, in the experiment, first, one source is on and the other
is off, then they exchange switch. Respect to the green sound source, it is located
with a distance equal to 78cm in the axis x1 , 1.6m in axis x2 and −36cm in axis
x3 (negative value means below the axis). The second source location is the same
height than first source location. Respect to the center of microphone array, it is
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Figure 6.3: Plane cut of measurement scheme for 3 dimensional validation of model

2.39m and −0.42m for x1 and x2 axis respectively. The figure 6.5 shows a picture
of the measurement. This locations are summarized in the table (6.1)

Element Location [χ1, χ2, χ3] (in meters)

Sensor 0 (p(χi,j,l, k)) [0,0,0]

Sensor 1 (p(χi+1,j,l, k)) [0.3,0,0]

Sensor 2 (p(χi−1,j,l, k)) [-0.3,0,0]

Sensor 3 (p(χi,j+1,l, k)) [0,0.3,0]

Sensor 4 (p(χi,j−1,l, k)) [0,-0.3,0]

Sensor 5 (p(χi,j,l+1, k)) [0,0,0.3]

Sensor 6 (p(χi,j,l−1, k)) [0,0,-0.3]

Source 1 [0.78, 1.6,−0.36]

Source 2 [2.39,−0.42,−0.36]

Floor [·, ·,−1.07]

Table 6.1: Experimental set up locations for the three dimensional validation

Two sets have been measured, one for estimation procedure and the other for
validation. The first set contains 7 seconds of audio, using noise filtered with a low
pass filter at 250Hz. The second set contains 7 seconds of measurements of sinusoid
signals for 63Hz, 80Hz, 100Hz, 125Hz, 160Hz and 200Hz. Additionally, another noise
filtered measurement was contained in the validation set. All the measurement was
carried out first with one source location, and then with the other, which implies
that each set was measured twice.

The auto-regressive with exogenous model, shown in equation (B.3), contains the
same form that equation (6.7). Thus, the procedure of the Output Error method
described in Appendix B, allows to estimate the parameters γ̂3,a, γ̂3,b and γ̂3,c.

The estimated values of coefficients are shown in the table 6.2. It is interesting the
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Figure 6.4: Plane cut of measurement scheme for 3 dimensional validation of model

Figure 6.5: Plane cut of measurement scheme for 3 dimensional validation of model

similitude between the same parameter estimated using different source locations.
Its value does not significantly vary. It is expected because the source location does
not affects the model of the wave equation.

Regarding the validation set, it is used the FIT value to compare estimated
and measured data. The estimation, obtained with each source position model, is
compared with its corresponding measured validation data set. The acquired values
are plotted in figures 6.6 and 6.7, for first and second source location respectively.
The lower FIT value corresponds to the frequency at 160Hz, which is 75.21%. All
other FIT values are between 82.67% and 88.50%. Moreover, the source location
again does not show an affectation of the FIT, for both positions the FIT has similar
values.

Another interesting result corresponds to compare the signal obtained with the
model using the same source location to the one obtained using another source
location. Specifically, the model obtained with using the training data with first
location is validated using the data set obtained with the second source location.
The opposite case is also carried out and all results are shown in the table 6.3. It
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Coeficient Source location 1 Source location 2
γ̂3,a 0.0042 0.0044
γ̂3,b 1.9683 1.9640
γ̂3,c -0.9926 -0.9901

Table 6.2: Estimated cofficients of the discretized wave equation based on empirical
evidence
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Figure 6.6: FIT obtained for the validation data sets using the location 1 for the
estimation of the model

is important to remark that for all cases the FIT is very similar, with a difference
lower than 2%. It confirms the statement inferred from table 6.2, the non affectation
of the source location in the model.

Source location 1 data set Source location 2 data set
Source location 1 model 85.5048 86.1371
Source location 2 model 86.5867 86.9981

Table 6.3: FIT value for estimated data using models obtained with two locations.

Taking into account that the perfect estimation is the FIT equal to 100%, this
estimation is acceptable and proves that empirically data also achieves the condition
(4.7). Furthermore, the non-affectation of source location in the model is a property
of the model in equation (B.3). This is the basis for active shielding method, which
declares that pressure inside the silent zone can be controlled using only the pressure
at boundary locations and source locations is redundant information because it
affects pressure at boundaries.

6.3 Active shielding system validation scheme dis-

cussion

In previous sections, the condition in (4.7) was validated. It implies that the anal-
ysis in chapter 4 was completely based on assumptions which are achieved in real
implementations. However, the complete system can be implemented to be proven.
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Figure 6.7: FIT obtained for the validation data sets using the location 2 for the
estimation of the model

A general scheme to validate the active shielding system is the one simulated and
exposed in figure 4.8, but the high number of sources and actuators could complicate
this scheme. However, according to limitations they have not been implemented.
The number of sensor in the simulation is 54, for I = J = L = 3, very high, which
implies a high cost. Furthermore, inside a room, the controller implies an adaptive
filter with a very high order. From section 3.3, it was expected at least an order
equal to 500 for each location. Even though the decentralized control was taken into
account in chapter 5, the time analysis was very restrictive for real implementation.

6.4 Conclusions

This chapter presented the empirical validation of the condition (4.7) for one and
three dimensional systems. For a one dimensional system, an identification system
method was applied to compare linear simulated and measured data. It was proven
that there exists a linear relationship between boundaries and desired silent zone.
On the other hand, the three dimensional system was not proven in the same way
due to hardware limitations. Thus, it was validated the basic concept of the implicit
control for active shielding, which is the discrete model of wave equation. The linear
relationship between contiguous locations is an evidence of linear relationship be-
tween pressure at boundaries and inside of silent zone. The procedure was obtaining
a model with the same form than discrete model of wave equation and compare with
measured data. The results showed that empirical evidence FIT a higher value than
80%, except for 160Hz. This implies an acceptable linear model to represent the
pressure at contiguous discrete locations. Furthermore, the model does not change
when the source location changes and confirms the second location.

For future works, there is a possibility to locate boundaries of a room as bound-
aries of the desired silent zone, which reduces the sensors and actuators as well.
This analysis also can produce a system for windows, doors or from half room to
the other half.
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Chapter 7

Concluding remarks and future
work

This document shows a whole research which aims controlling the noise inside a
desired silent zone without using elements that obstruct the path of any user inside.
This work is focused on the active shielding method to be obtained using any control
algorithm. Moreover, using techniques as active shielding requires massive multi-
channel control systems, which consequently requires high computational cost. In
literature, distributed and decentralized control have been proposed, but not deeply
analyzed in active noise control applications. Thus, this document dealt with the
convergence of decentralized control algorithms.

In this work, the first step was to determine which class of control to use. The
literature has reported non-linear control and linear control algorithms. They have
been used to solve two problems: the non-linearity of the secondary path and non-
causality of controller. With respecto to linearity, it was shown a high performance
using simulation of an acoustic secondary path with linear models for a case study,
comparing measured data with estimated output based on identification system
methods. Regarding causality, an analysis of a one reflexion system yields to infer
that if the distance between actuator and receiver is lower than the distance be-
tween primary source and receiver, then the controller is causal. This result was
extrapolated to several reflexions using an approximation of the impulse response.
Therefore, it is feasible to use linear active noise control inside rooms.

The main contribution was developed due to a new definition called implicit
control. This concept produces a condition that determines when attenuating the
pressure at one location also produces attenuation at another location. This was
used with a discretization of wave equation to ensure that attenuating the boundaries
at a desired silent zone is enough condition to attenuate pressure inside. For one
dimensional system, simulations show that method works as the theoretical approach
described. However, at two and three dimensional system, attenuation is not achieve
inside the silent zone when the sensors are highly separated with respect to the
wave length. Probably, the system cannot be described by the discretized model.
Moreover, the limit frequency was obtained using a statistical estimation of a non-
linear model.

In order to solve the computational cost due to high number of sources and
sensors of active shielding, decentralized multichannel ANC problem was analyzed
as a non-cooperative continuous game. The Nash equilibrium of this game is the

85



86 CHAPTER 7. CONCLUDING REMARKS AND FUTURE WORK

optimal solution for the decentralized control. It was found that Nash equilibrium
of proposed scheme and optimal solution of the centralized control are the same,
which remarkably implies that the same attenuation performance can be achieved
using a decentralized scheme. A 32 × 32 active control system was simulated and
results show that controllers independently converge to the Nash equilibrium.

Regarding empirical validation, condition (4.7) (linear relationship between pres-
sures) for one and three dimensional systems was proven. An identification system
method was applied to compare linear simulated and measured data. For the one
dimensional system, the linear relationship was directly obtained. The Output Er-
ror method obtains FIT values higher than 80%. Three dimensional system was
validated through the model that ensures the implicit control for the conditions of
the active shielding. This is the discrete model of wave equation. The coefficients
of discrete model was obtained using Output Error method. A comparison between
measured and simulated data yields a FIT value higher than 80% for noise and
all sinusoid signals, excepting for 160Hz. Then, it was found that a linear model
explains the relation between the pressure at silent zone and boundaries locations,
which confirms the condition (4.7). The model also has a specific characteristic
regarding source location, that it does not affect the implicit control, because this
information is implicit in pressure at boundaries. The experimental results confirm
that coefficients obtained for two different source locations are similar and the FIT
values have a lower difference to 2%.

The most important future work is to validate the proposed active shielding
method. Even though the computational cost have some issues, this is not a limi-
tation for open loop control systems when the noise signal is known. This charac-
teristic reduces the problem to get all sensors, actuators and a method to reproduce
the corresponding signals simultaneously.

Regarding the secondary path linearity, in chapter 3, it was not proven for all
signals. Experiments obtains different behavior for impulsive noise. Thus, in order
to expand the results in this thesis to another kind of noises, it is necessary to find
non-linear models and controllers for the systems.

In linear systems, the active shielding implies high number of sensors and actua-
tors, as it was shown in chapters 4 and 6. From this condition two problems appear.
First one is how to reduce the number of sensors and actuators. A particular case is
that the boundary of desired silent zone coincides with a surface of the room. Thus,
if it is assumed that the noise does not come from outside the room, or flanking, the
condition of zero pressure at this boundary can be expected without using control.
Then, area of boundaries exposed to noise is lower than other case, which reduce
number of sensors on it. This kind of systems also could allow to propose systems
for active noise control for windows.

The second problem of the application of active noise control is the computa-
tional cost. A solution was analyzed in chapter 5. The theoretical game approach
developed shows the possibility of obtaining the optimal centralized control using
decentralized active noise control. Specifically, the frequency space has been demon-
strated, but the optimization algorithm requires a Fourier transform and its appli-
cation becomes difficult. On the other hand, the FxLMS algorithm was evaluated
using the Nash Equilibrium, the conditions to obtain the minimum was very re-
strictive, different to the frequency space analysis. Furthermore, the convergence
algorithm requires other conditions for obtaining the local minimum. This analysis
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brings to anticipate that new algorithms that find the Nash Equilibrium will be a
complete field of study.

The validation in chapter 6 of the discrete active shielding produces a new model
very interesting. This model could be applied in any field of acoustics, because is
very simple, the computational cost is very low and the accuracy with measured
data is very high. However, the implementation is very far from obtaining a gen-
eralized discrete model. In future works, this model will be developed, including
different distances for discrete locations and sample time. Moreover, this model can
be complemented with the response of surfaces. This will complement the proposed
analysis with boundaries of silent zone on surfaces.

Summarizing, this thesis developed an active shielding method which its imple-
mentation has several challenges to be solved. In the future works proposed in this
chapter, it is expected new applications as windows, vehicles, different kind of noises,
a more accurate new mathematical model based on measurements and more.
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Appendix A

Multiple inverse impulse responses

The aim of this appendix is to show that it is possible to have more than one model
that represents an inverse of the system. Let us begin with an analysis in discrete
time, then a similar analysis in continuous time can be carried out.

Let h(τ) be the discrete impulse response of a system with discrete time τ . The
inverse system with impulse response hinv(τ) has to achieve the next equation:

κ
∑

i=0

h(i)hinv(−i) = 1 if τ = 0 (A.1)

κ
∑

i=0

h(i)hinv(τ − i) = 0 if τ 6= 0 (A.2)

Where κ is the length of the impulse response (if it is infinite, κ = ∞).
Notice that this system of equations has more variables (hA(τ − i) for each value

of τ and i) than equations (one for each value of τ). Even, the number of variables
η can be calculated as a functions of the number of equations Γ:

η = Γ + κ− 1 (A.3)

The number of variables increases with Γ, then, while κ > 1 it always has infinite
solutions.

For the case of continuous time t, with an impulse response h(t) the same analysis
can be carried out using the definition of the Riemann integral. The restriction of
the inverse system is:

∫ b

a

h(ψ)hA(t− ψ)dψ = lim
Ξ→∞

b− a

Ξ

+

Ξ
∑

ξ

h(
(a− b)ξ

Ξ
)hA(−

(a− b)ξ

Ξ
) =1 if t = 0 (A.4)

∫ b

a

h(ψ)hA(t− ψ)dψ = lim
Ξ→∞

b− a

Ξ

+

Ξ
∑

ξ

h(
(a− b)ξ

Ξ
)hA(−

(a− b)ξ

Ξ
) =1 if t 6= 0 (A.5)
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From (A.4), (A.5) and the discrete solution, it is evident that in continous time
also has the same property. It has infinite inverse systems.



Appendix B

System identification methods

This section describes general form of system identification methods used in this
work. For a deep description it is recommended [100]. The models are the next:

1. Finite impulse response (FIR) filter: This method finds a model as-
suming that the system can be represented through a FIR filter. Then, the
estimation ŷfir(n) of the output y(n) of the system, at discrete time n, can be
expressed as:

ŷfir(k) = w̄Tfirū(k) (B.1)

where w̄fir = [w0, w1, · · · , wk−1]
T , wi are the coefficients of the FIR filter, with

i = 1, · · · , Nfir; T denotes transpose; ū(k) = [u(k), u(k − 1), · · · , u(k − Nfir +
1)]T ; and u(k) is the input of the system. This method gives as result the
value of filter coefficients, ie. w̄fir.

2. Autorregresive (AR): This is a similar method to the FIR filter, the dif-
ference consists is that prediction of future values of the output based using
previous values the same signal as follows:

ŷar(k) = w̄Tarȳ(k − 1) (B.2)

where ȳ(k−1) = [y(k−1), · · · , y(k−Nar)]
T , for a Nar order filter. This method

also give the values of the coefficients w̄ar.

3. Autorregresive with exogenous input (ARX):

Both previews models can be combined as a new mathematical model that
can be expressed as:

ŷarx(k) = w̄Tfirū(k) + w̄Tarȳ(k − 1) (B.3)

The result of this identification is the values of the coefficient filters, w̄fir and
w̄ar. This minimum is produced to minimize the error of one step estimation
using least squares.
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4. Output Error method (OE):

This method obtain the same model in equation (B.3) and also produce as
result the coefficients w̄fir and w̄ar. The difference consists on the optimization
algorithm, which is focused on simulation, minimize not only based on one
step estimation, but all future steps. The procedure used usually based on a
gradient descent algorithm.

5. N4SID:

The method N4SID is helpfully and commonly applied to find a model of the
form:

x(k + 1) = An4sx(k) + Bn4su(k)

y(k) = Cn4sx(k) +Dn4su(k) (B.4)

where x(k) is the state vector, and An4s, Bn4s, Cn4s and Dn4s are matrices to
be found. For more details about the method, [101] is recommended.

6. Least Mean Square (LMS) Filter:

The classic LMS algorithm can be applied to find a model of equation (B.1).
Nevertheless, at this case, the optimization is not an analytical model, but
the gradient descent concept is applied. More information about this filter is
given in [96]. Then, the value of the filter weights w̄LMS(k) can be updated as:

w̄LMS(k + 1) = w̄LMS(k)− αLMSū(k)e
∗(k) (B.5)

Where αLMS is the step size coefficient,∗ is the complex conjugate operator,
e(k) is the estimation error, ū(k) = [u(k), u(k − 1), · · · , u(k −NLMS + 1)] and
k is the order of the system.

7. Neural Networks:

The nonlinear identification is based on neural networks exposed in [41]. The
proposed network contains one layer, the input to each neuron is ū(n) and it
is processed by the next function chosen as kernel:

Φη(k) = exp

(

−
1

σ2
η

||ū(k)− tη||
2
2

)

(B.6)

where ση and tη are the width and the center of the Gaussian function. And
the output is defined for ηm neurons as follows:

ŷnn(k) =

ηm
∑

η=1

WηΦη(n) (B.7)

The coefficients Wη are the optimization variables in order to minimize the
quadratic error of the estimation. The result of this optimization gives the
model that represents the system. As it is common in neural network, the
method to find the optimum is the gradient descent.



Appendix C

Active Shielding for a three
dimensional system

Analogous to the analysis shown in the chapter 4, the three dimensional system
obtains an active shielding method using implicit control. This case changes the
wave equation, it uses ∇3D(·) := ∂2·

∂x2
1

+ ∂2·
∂x2

2

+ ∂2·
∂x2

3

instead ∇2D(·). Notice that the

third axis added is called x3, i.e.:

∇3D(p(X, t))− d
∂p(X, t)

∂t
−

1

c2
∂2p(X, t)

∂t2
= 0 (C.1)

Subsequently, discretizing equation (C.1) using finite difference method yields:

p(xi,j,l, k + 1) = γ3,a [p(xi−1,j,l, k) + p(xi+1,j,l, k) + p(xi,j−1,l, k) + p(xi,j+1,l, k)

+ p(xi,j,l−1, k) + p(xi,j,l+1, k)] + γ3,bp(xi,j,l, k)

+ γ3,cp(xi,j,l, k − 1) (C.2)

With:

γ3,a =
2c2∆2

t

∆2
x (dc

2∆t + 2)
(C.3)

γ3,b =

[

4 (∆2
x − 3c2∆2

t )

∆2
x (dc

2∆t + 2)

]

(C.4)

γ3,c =

[

dc2∆t − 2

(dc2∆t + 2)

]

(C.5)

Then, the vector that contains the whole discrete locations inside a cubic silent
zone z3D(k) is:

Z̄j,l(k) := [p(x1,j,l, k) p(x2,j,l, k) · · · p(xI,j,l, k)]
T (C.6)

Żl(k) :=
[

Z̄1,l(k) Z̄2,l(k) · · · Z̄J,l(k)
]T

(C.7)

z3D(k) :=
[

Ż1(k) Ż2(k) · · · ŻL(k)
]T

(C.8)

Also, the vector which contains the pressures at the boundary of this cube is:
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u̇j(k) :=
[

Z̄j,1(k) Z̄j,2(k) · · · Z̄j,L(k)
]T

(C.9)

ũi,l(k) := [p(xi,1,l, k) p(xi,2,l, k) · · · p(xi,J,l, k)]
T (C.10)

ūi(k) := [ũi,1(k) ũi,2(k) · · · ũi,L(k)]
T (C.11)

u3D(k) :=
[

Ż0(k) ŻL+1(k) u̇0(k) u̇J+1(k) ū0(k) ūI+1(k)
]T

(C.12)

The next equation relates the vectors z3D(k) and u3D(k)

[

z3D(k + 1)
z3D(k)

]

=

[

A3D Â3D

IIJL OIJL,IJL

] [

z3D(k)
z3D(k − 1)

]

+

[

B3D

OIJL,2IJ+2JL+2IL

]

u3D(k)

(C.13)
Where the matrices are Where Â3D = γ3,cIIJL and:

A3D =





























Ȧ γ3,aIIJ OIJ,IJ · · · · · · OIJ,IJ

γ3,aIIJ Ȧ γ3,aIIJ OIJ,IJ
. . .

...

OIJ,IJ γ3,aIIJ Ȧ γ3,aIIJ
. . .

. . .
...

... OIJ,IJ
. . .

. . .
. . . OIJ,IJ

...
...

. . .
. . .

. . .
. . .

. . . OIJ,IJ

...
. . . OIJ,IJ γ3,aIIJ Ȧ γ3,aIIJ

OIJ,IJ · · · · · · · · · OIJ,IJ γ3,aIIJ Ȧ





























(C.14)

With:

Ȧ =



























Ā γ3,aII OI,I · · · · · · OI,I

γ3,aII Ā γ3,aII OI,I
. . .

...

OI,I γ3,aII Ā γ3,aII
. . .

. . .
...

... OI,I
. . .

. . .
. . .

. . .
...

...
. . .

. . .
. . .

. . .
. . . OI,I

...
. . . OI,I γ3,aII Ā γ3,aII

OI,I · · · · · · · · · OI,I γ3,aII Ā



























(C.15)

And the tridiagonal matrix Ā = [am,n] defines its components as:

am,n =







γ3,a if m = n
γ3,b if [m+ 1 = n] and [m− 1 = n]
0 otherwise

(C.16)

Besides, the relation between z3D(k + 1) and u3D(k) is given by:

B2D = [B1 B2 B3 B4 B5]] (C.17)

where:
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B1 =















γ3,aILJ O(IJ),(IJ)

O(IJ),(IJ) O(IJ),(IJ)
...

...
O(IJ),(IJ) O(IJ),(IJ)

O(IJ),(IJ) γ3,aILJ















(C.18)

B2 =















B̄2 O(IJ),J · · · O(IJ),J

O(IJ),J B̄2 O(IJ),J · · · O(IJ),J
...

. . .
. . .

. . .
...

...
. . .

. . . B̄2 O(IJ),J

O(IJ),J · · · · · · O(IJ),J B̄2















(C.19)

B̄2 =

















B̂2 0I,1 · · · OI,1

OI,1 B̂2 OI,1 · · · OI,1
...

. . .
. . .

. . .
...

...
. . .

. . . B̂2 OI,1

OI,1 · · · · · · OI,1 B̂2

















(C.20)

B̂2 =

[

γ3,a
O(I−1),1

]

(C.21)

B3 =















B̄3 O(IJ),J · · · O(IJ),J

O(IJ),J B̄3 O(IJ),J · · · O(IJ),J
...

. . .
. . .

. . .
...

...
. . .

. . . B̄2 O(IJ),J

O(IJ),J · · · · · · O(IJ),J B̄3















(C.22)

B̄3 =

















B̂3 OI,1 · · · OI,1

OI,1 B̂3 OI,1 · · · OI,1
...

. . .
. . .

. . .
...

...
. . .

. . . B̂3 OI,1

OI,1 · · · · · · OI,1 B̂3

















(C.23)

B̂3 =

[

O(I−1),1

γ3,a

]

(C.24)

B4 =















B̄4 O4(IJ),I · · · O(IJ),I

O(IJ),I B̄4 O(IJ),I · · · O(IJ),I
...

. . .
. . .

. . .
...

...
. . .

. . . B̄4 O(IJ),I

O(IJ),J · · · · · · O(IJ),I B̄4















(C.25)

B̄4 =

[

γ3,aII
OJ(I−1),I

]

(C.26)
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B5 =















B̄5 O(IJ),I · · · O(IJ),I

O(IJ),I B̄5 O(IJ),I · · · O(IJ),I
...

. . .
. . .

. . .
...

...
. . .

. . . B̄5 O(IJ),I

O(IJ),J · · · · · · O(IJ),I B̄5















(C.27)

B̄5 =

[

OJ(I−1),I

γ3,aII

]

(C.28)

Thereby, a space state model can be written to express the behavior of pressure
at the discrete locations in the silent zone. It is shown that the condition (4.7) is
achieved also for a three dimensional system. Thus, if the desired silent zone is a
parallelepiped, it can be obtained by controlling the noise at discrete location in
the boundaries of this parallelepiped while it can be discretized as it was shown in
this section. Consequently, the restrictions are given only by the finite difference
method, which basically relates the frequency with ∆x.



Appendix D

Optimum controller description

In this article it is important to obtain the control signal at its maximum attenuation.
The process to obtain the minimum attenuation at the sensor location is described
below, similar as it is shown by [94]. It begins by describing the relation between the
secondary source and error sensors signals, mathematically it is written as follows:

Eι(ω) = Dι(ω) +

Λ
∑

j=1

Hι,λ(ω)νλ(ω), i = 1, . . . , N, (D.1)

Where Eι(ω) = F {p(xi, xj, t)} for two dimensional systems or El(ω) =
F {p(xi, xj , xl, t)} for three dimensional systems; ι expresses a different combination
of i, j or i, j, l at boundary locations and its maximum value is the number of discrete
locations at boundary of silent zone; Dι(ω) is the noise due to the primary source
at sensor ι location; Hι,λ(ω) is the secondary path from the secondary source λ to
the sensor ι; νλ(ω) is the sound emitted by the secondary source λ; and Λ is the
number of secondary sources. Equation (D.1) can be written in matrix form as:

E(ω) = D(ω) +H(ω)ν(ω). (D.2)

With E(ω) = [E1(ω), E2(ω), . . . , EΛ(ω)]
T , D(ω) = [D1(ω), D2(ω), . . . , DΛ(ω)]

T ,
and ν(ω) = [ν1(ω), ν2(ω), . . . , νΛ(ω)]

T and defining the matrix:

H(ω) =











H1,1(ω) H1,2(ω) · · · H1,Λ(ω)
H2,1(ω) H2,2(ω) H2,Λ(ω)

...
...

. . .
...

HΛ,1(ω) HΛ,2(ω) · · · HΛ,Λ(ω)











(D.3)

Notice that it is assumed the number of sensors equal to Λ, it implies H to be a
square matrix, which will be useful below. The control signal is obtained with the
aim to minimize the energy of the sensors signals. It means:

ν∗(ω) = argmin
ν(ω)

EH(ω)E(ω) = −(HH(ω)H(ω))−1HH(ω)D(ω), (D.4)

Simplifying this result with the properties of square matrices, the control signal
becomes:

ν∗(ω) = −H(ω)−1D(ω), (D.5)
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Appendix E

Error of the optimum controller
description

In appendix D, the optimal control signal for feedback scheme is obtained, see
equation (E.1). This appendix shows the error signal obtained when this controller
is applied. Furthermore, this result is extended for feed-forward control scheme.

U∗
C(ω) = argmin

U(ω)
JC

= −(HH(ω)H(ω))−1HH(ω)D(ω), (E.1)

where the subscript C refers to the centralized feedback control scheme. This
solution simplifies to

U∗
C(ω) = argmin

U(ω)
JC = −H(ω)−1D(ω) (E.2)

in the square case, i.e. with M = N .
Substituting the last expression in Equation (5.3) immediately yields E(ω) = 0.
The feed-forward scheme with centralized control usually focuses on minimizing

the energy of all sensed signals. Thus, the value of Wi(ω) is the decision variable of
the optimization problem as follows:

W̄ ∗
C(ω) = argmin

W̄ (ω)
JC = argmin

W̄ (ω)
EH(ω)E(ω)

= −(HH(ω)H(ω))−1HH(ω)Hp(ω) (E.3)

where the superscript H indicates the Hermitian transpose operator and:

W̄ ∗
C(ω) = [W ∗

1 (ω),W
∗
2 (ω), · · · ,W

∗
J (ω)]

T (E.4)

Replacing W̄ ∗
C(ω) and Ū

∗
FFC,i(ω) and equation (5.8) in equation (5.3) yields:

E(ω) = Hp(ω)X(ω) + (H(ω)
[

−(HT (ω)H(ω))−1HT (ω)Hp(ω)
]

X(ω)
)

= OJ,1 (E.5)

Where OJ,1 is a column vector with size J .
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